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IIPEOMCJIOBUE

Kak ¥ MHOTHE MaTeMaTHKHU, i ABAaKALI IOJIb30BAJICH 3TOH OUeHb
onyJAsSpHOH KHUTOH: MepBhid pa3, KOrAa MeHd Y4UJIH aHAJAU3Y, a
aaTeM, KOrJa caM yyuJa eMy Apyrux. Pag moaroroBke odepelHOTO
napanus 3agadnuka B. I1. [lemuposuda u ¢ ocobsiM 4yBCTBOM 6GJia-
roflapHOCTH OTKIHKAIOCh Ha npeasioskente ero celHa, B. B. Jlemuno-
BHYa, HAMCATD 10 3TOMY IOBOAY NPeAHCIOBHUE.

Mrak, HECKOJHLKO CJOB 00 3TOM 3aMeuaTelbHOM YHHBEDPCUTET-
CKOM 3alauHKKe [10 MaTeMaTHIeCKOMY aHaJIHU3y U 0 ero aBTope, Mpo-
deccope MOCKOBCKOTo rocyaapCTBeHHOro yHHBepcuTeTa bopuce
Tlasnosuue leMugoBuye.

B. II. demugosuu (1906-—1977) 6u151 pogom us Benopyccun, rae
ero oren Ilasen [MerpoBud JIeMUAZOBUY CAYIKUJI YUUTENEM U OJHO-
BPEeMEHHO C yCIIeXOM 3aHHMaJsca sTHorpadueil 1 MeCTHHIM DOJIbK-
JIOpOM, 34 UTO 651 gake u3bpan ujseHOM-cOTPyAHUKOM ViMnepaTop-
cxoro Ob6uiecrBa Jlro6uTeneit EcrecTBo3HAHKUA, AHTPONOJOTHN 1 IT-
norpaduu npu MockoBckoM yHuBepcuteTe. Cam Bopuc IlasioBuu,
3aK0BUMB BesopyCcCKMil rocylapcTBeHHBIM YHUBEPCUTET, TOXKe He-
CKOJIBKO JIET YYHTEJIHLCTBOBAJ, a 33aTeM I[OCTYIUJ B aclUPaHTYPy
Hayuno-uccaenosaTeIbCKOT0 HHCTHTYTA MAaTeMaTUKH U MeXaHUKK
MockoBeckoro rocygapcTBeHHOTO yHHUBepcUTeTa. B acnupaHType OH
3aHUMaJICA 10 O0LIMM PYKOBOACTBOM BsaiyecnaBa Bacunnesuua Cre-
[IaHOBA, UMes CBOMM HENOCpPeACTBeHHBIM PyKoBoauTedeM BuKTOpa
Branumuposnua Hembinkoro. MMeHHO OHY B 3HAUNTENILHOI CTelleHN
" onpejesuad OCHOBHYIO 00JacTh HayyHOU gesrenbHocty B. I1. le-
MHZOBHYA: KJIACCHYECKHI MaTeMaTHYeCKUH aHaIN3 ¥ TeOPUS OObIK-
HOBeHHBIX gu(DdepeHITUaIbHbIX YPaBHEHUH.

ITo oxonuasuy acnupanTypsl B. II. leMunosuu GbLT 3auuCieH
4CCHCTEHTOM MEXaHHMKO-MaTeMaTHYecKoro haxkyiabreTa MOCKOBCKO-
IO ToCcyzapCTBEHHOIO YHHUBEPCUTeTa HA Kadelpy MaTeMaTHUYeCcKOIo
anammaa. C Toro BpemMesu, Ba IPOTSxKeHNH 6ojee COPOKa JIET OH sAB-
JIAJICA COTPYAHUKOM 9TON KadeApsl, CTAB MOCJe 3alIUThl KaHAUJaT-
CKOMI AuccepTrany ee JOIeHTOM, a IIocJje 3auiThl JIOKTOPCKOM jfuC-
Cepranuu — ee npodeccopom. Kpome Toro, OH npenozasana u B APY-
THX By3zax MocKBBI. MHOrHe U3 ero HeIOCPEeJCTBeHHBIX YYEHUKOB
CTamy xKaHauMAAaTAMH U LJOKTOPaMH HaVK.

IIpodeccuonannam u 6oraTeiiunii negarorudeckuit onsit B. I1. Ie-
MHIA0OBMya HAIIJIXA OTpaskeHUe B ero HAyUHBIX paboTax (MX OKOJO
WiecTHurecATH), B TOM YHCJIe B MOHOrpadhuax u yuyebGHBIX IIOCOOHAX,
TMONyynBINKX NpU3HaHWe KAaK y HAc, Tak ¥ 3a pyberxom.



Ocoboe MecTO B 3TOM pAAY 3aHUMAaeT NpeAsaraeMbiil YUTaTeN 0
cbopuuK 3azad. [lepBoe ero uspanume, matepuan koroporo B. I1. JTe-
MugoBHY cobupads 6ojee NATHAAIATH JeT, BBIULIO B cseT B 1952 roxy.
Kuura cpasy npuobpesa H3BeCTHOCTh U CTajla OCHOBHBIM YHUBEPCH-
TEeTCKUM 3aJaYHHKOM IIO MaTeMaTHUeCKOMY aBaiausy. B AanbHeit-
1IeM B 33JJaUHHK BHOCUJIMCH HEKOTOPHIE aBTOPCKHE KOPPEKTUBEIL, HO
JIMIUIbL B HE3HAUNTEJbHOU Mepe, IOCKOJbKY NepBoHAYATIbHAA CTPYK-
Typa KHUrKM oKasaJjach oueHb yaaunoii. K macrosaulemy BpeMeHH 3a-
JayHUK BBIJIEPIKAT MHOMKECTBO Nepensiainil Ha pyccKOM A3bIKe, e-
peBeleH HA MHOTHe HHOCTPAHHbIe A3BIKN U HCIIOJIb3YETCA BO MHOTHX
cTpaHaxX MHpa.

PassuTie MaTeMaTUKY CO BDEMEHEM IIPHUBOJUT K HOBLIM, OOBIUHO
00BEINHAIIIUM OTANbHBIe (GAKTHI NOHATHAM, METOJaM, KOHIlen-
IUAM, A3LIKY. ITO yacTo 3aTparnuBaeT U, Ka3aaoch Obl, 3aKOHYEHHbBIE
dyHzaMeHTaNbHbIe pa3fienabl. B 1oMHOU Mepe 3TO OTHOCHUTCA TaKiKe
K auddepeHIIIaIbHOMY ¥ HHTETPAJbHOMY HCYHCIEHUIO C €r0o HEI-
HellHe#l MHBAapMAHTHON TpaKTOBKOU anddepennmanra ¥ 3aKOHOB
nuddepeHIIIPOBaHUS, ¢ A3BIKOM guddhepeHIHaNbHBIX (POPM U UH-
Terpupopaliem opM, NO3BOJUBIIEM HATUCATH COBPEMeHHYIO dop-
myny Heroroda—Jleitbruna. 3toT a3biK U obmtaa dopmyaa Crokca
¥ cedHac He BCEer/la IPHUCYTCTBYIOT He TONLKO B 33laYHUKAX, HO U B 004-
3aTeJIBHBIX Kypcax aHadu3a. Ha cTeIKe HecKoabKUX obiacTeir maTe-
MATHKU HaXOAATCA TaKKe aCUMITOTHYECKHE METOJbl — Ba’KHBIA
u, 6arogapsa ceoe 3pdHeKTUBHOCTH, BEChbMa IOJIE3HBIN MATEeMAaTHU-
YyecKUH annapar, 3JIeMeHThI KOTOPOro, NIOJ00HO TeOPHUHN NpeseioB
¥ popmyae Teilnopa, skeJaTeJIbHO BUJIETH B 3aJadHUKAX 110 aHAITHU3Y.
Ho Brlciunte pasgenisl aHAIHM3a IPEANONATAIOT Y 00palllalonieroca K HUM
HAJIMYUA OIpefefieHHbIX HABBIKOB M TEXHUKHU. Beap HCIoOJHEHUE
CKOJIb-HROY/Ib CePhe3HOro My3bIKAJbHOTO NPOU3BEeHNA HeMbICIH-
MO, €CJi UCIOJNIHUTE b He BJaJeeT HHCTPYMEHTOM.

OnslT noKasal, 4To 3agauuk B. I1. [leMu10Bya O3BOJIAET CTY-
IeHTy NpuobpecTN He0OGXOANMEle HABBIKHY B HCIIOJb30BAHUY annapa-
Ta KJacCHU4YecKoro aHaausa. IlpeanaraemMslil 3afjayHUK — OJHO U3
OCHOBHBIX YHUBEPCHUTETCKUX YUeOHBIX NOCOOKUH 1A yIPaXKHEHUH 110
MaTeMaTH4eCKOMY aHaIUay.

B. A. 3opuxu,

npodeccop Kadenpbt
MaTeMATHYECKOI'0 aHaJIu3a
MeXaHUKO-MaTeMaTHYeCcKoro
tdaxynasreta MI'Y
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PASOEJ I

BBEJAEHHUE B AHAJIU3

§ 1. BemecreeHHbIE YMCaa

1. Meroa maTeMaTHYeCKON MHAYKIMH, YTO6HI J0KA3aTh, UTO HEKOTODAS
TeopeMa BepHa JAJ BCAKOro HaTypaJdbHOI'O YKCJIA 1, JOCTATOHHO JOKa3aTh:
1) uto ara Teopema cnpaBefauBa IUIA n = 1 1 2) UTO ecyiu 3Ta TEOpPEMa CIIpa-
BEJJINBA NI KAKOTO-HUOYyab HAaTypPadLHOIO Yucia 71, TO OHA CIpaBelnBa
TAKIKE U AJIA CJEeAYIOIero HarypajabHoro yuciaa n + 1.

2. Ceuenne. PasbueHue panuoHanbHbBIX YKCENT Ha ABa Kiacca A v B HA3BI-
BAaeTCA CeyeHUeM, ecIH BBINOJHEHBI cleayrolnue ycaoBusa: 1) oba kinacca He
IIyCThI; 2) KaXK{0€ PAIMOHAJNIBHOE YMCJIO NONAafaeT B OAWUH U TOJBKO B OJUH
knace u 3) moboe yucio, IpuHagnexamee knaccy A (HuxcHuit Kaacce), MeHs-
e IPou3BOJILHOI'O YUCia, IpUHaAekauero kiuaccy B (sepxruit xaacc). Ce-
uyenue A/B omnpepenser: a) paliioHAJNbHOE YKCIO0, 8CJAU WM HIGKHUHA Kaace A
uMeeT HauOboJblIee YUCJIO0 UJIU 2Ke BEpXHUI Kiaace B nMeeT HauMeHbllee Yuc-
Jo, u 6) uppanuoHaJbHOE YHCJIO, ECNIU KIAacC A He UMeeT HaubosIblero uucia,
a Kjaacc B — HauMenbliero unciaa. Yucsia panuoHabHbie H UPpanuoOHalbHbIe
HOCAT HAa3BaHUE el eCmMEeHHbLX WU deiilcmeumenbrblx’,

3. AbcoarorHasa BeauunHa (MM MOAYAL). Ecii X — BeuiecTBe HHOE Yuc-
110, TO a6coriomHolL sesuiunoll (modyaen) |x] HazplBaeTCs HEOTPULIATEIBHOE
qUCJIO0, ONpeeNnsaeMoe CNeAyIOIIMMU YCIOBUAMU:

] = { -x, ecau x < 0;
x, ecaux 20.
Jns n106bIX BellleCTBEHHBIX YKCEN X U i UMEIOT MECTO HepaBeHCTRa
o = Iyl < e + yl <l + [yl
4. Bepxusas u HukHAA rpadu. [Iyers X = {x} — orpanuuenHoe MHOXe-
CTBO BelLleCTBeHHBIX uuces. ducio
m = inf {x}
HA3bIBAGTCSH HUMNCHel zpanbio MHOXKecTBa X, ecyu:
1) kasxoe x € X? ynoBnerBopAeT HePABEHCTBY
x 2z m;
2) xakoBo 6bI Hu ObLJIO € > 0, cyntecTByeT x° € X Takoe, 4To
x'<m+e.
U B panpreiillieM HOX CJAOBOM YUCAO MbI ByJeM IMOHUMATh GCULECTMEEH-

HO€ HUCJa0, ECTU HEe OTOBOPEHO IIPOTHBHOE.
3 Banuck x € X 03HavaeT, YTO UKUCJIO X NPUHAIEKUT MHOKECTBY X.



§ 1. BewecTBeHubBIE HHCAA i

AHAJOTHYHO YUCTIO
M = sup {x}
HAGLIBAETCH GePXHell zpanbio MHOxecTsa X, ecnu:
1) kaxkaoe x € X ymoBJieTBOpAET HEPABEHCTBY
x< M,
2) ans aboro £ > 0 cymecrsyer x” € X Takoe, uTo
x">M - ¢
Ecau MHOeCTBO X HEe OrpaHUYeHO CHU3Y, TO NPUHATO MOBOPUTH, UTO
inf {x} = —o0;
ecJIy JKe MHOKECTBo X He OTpaHUUYEHO CBEpXY, TO IOJararwT
sup {x} = +oo,
5. AGconoTHaA M OTHOCHTeNbHada norpemnoctd. Ecnu a (a # 0) ects

TOYHOE 3HAUYeHUe U3MePHeMoil BeIUYUHbBI, a X — NpubJIuKEeHHOoe 3HadeHue
3TOI BEJHYUHBI, TO

A=lx-d
HABBIBAETCS AOCONIOMHKOL NOZPEULHOCTNDIO, A

- A
la]

— OMHOCUMENbHOL NOZPeulHocMbl0 U3MEPAEMOH BEeJIUYHHEL.

T'oBopaT, UTO YUCIIO X UMEET N BepHbLX 3HAKO08, ecnu abcoNTHAsA II0-
IPELTHOCTb 3TOr0 YKCJIa HE NPEeBBLIIAET MOJOBUHLI eJMHUIIBI pas3psajia, BbI-
paxaeMoro n-i sHavaueil nu@pPoii.

ITpumensst meTox MaTeMaTHYECKON UHAYKIIAY, JOKA3ATb, YTO JJd
J1000T0 HaTypaIbHOTO YKUCA 71 COpaBeJINBLI CJIeYIOLINe DABEHCTBA:

1.1+2+...+n=ﬂ”—2+—1-2.

2124924 .. +pn2= ngn+16}§2n+12

3.1 +2 + .. +nf=1+2+...+nk
4.1+2+22+ ... +2" 1=2r-1,
5. Ilyers

aM=a@a-h)...[a-(n—- 1A uad=1.

Hoxasatsb, 4TO

n
@+ =% C; at"” ™l
m=90

Iie C,; — 4yMUCJIO cOYeTaHU U3 N HIEMEHTOB 110 m. BuIBeCTH OTCIOAA
tbopmyny 6unoma Hewomona.
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6. loxasaTs HepageHcmeo Bepuyanu:
QA+l +xy)...0+tx)21+x +x,+ ...+ x,

I7Ie Xg, Xg, «vey X, — THCIA OLBOrO U TOTO Ke 3HaKa, 66nsInne ~1,
7. Hokasars, UTO ecau X > ~1, TO cIpaBeJJINBO HCPABEHCTBO

A+x)"21+nx (n>1),

NpyHYeM 3HAK PaBeHCTBA MMEET MecTO Juilb upu x = 0.
8. lokaszaTsr HepaBEHCTBO

nl < (i—;—l) opu n > 1.

Yrxasanue. Ucnonab3oBaTh HEepaBeHCTRBO

n+1 B n+1
n+ 2V (1 >2 (n=1,2,..).
1

n+1 n+

9. JokasaTh HepaBEeHCTBO:
a)2l-4l ... @Cn)!>[(n+ D) npu n > 1.
oyl .2 21 o L |
2 4 2n J2n+1
10. [lokaszaTs HepaBeHCTBA:
1 1
a)1+——-+——-+ + 2= > Jn (n>2);
J2 /8 Jn
6)n" "> (n+ 1)"(n = 3);

n
B) {sin Z xk] z sinx,(0<x,<m; k=12, ..., n);
k=1 k=1
r) (2n)! < 223 (nh.
11. ITycTh ¢ — LOJOXKUTEIBHOE THCIIO, He ABJIAIIEECH TOUHBIM
KBaJpaToM I1eJI0T0 YKucaa, U A/B — ceueHue, OnpeelAIouee Beije-

CTBEHHOe YHCI0 /¢, rhe B Kaace B BXOLAT Bee TONOMKUTEIbHbIE pa-
HOHAIbHBIE uicia b Takue, uTo b% > ¢, a B KJ1acc A — Bce OCTAJbHBIE
panuoHanabHble uncaa. [[okasaTs, 4To B Kiaacce A Her HauGOIbIIEro
4ucia, & B Kjaacce B HeT HaMMeBbIIero Ynceia.

12. Ceuenune A/B, onpegensmomniee YHCIO 1/§ , CTPOUTCS CIACRYIO-
HIMM 06pa3oM: Kjacc A COAepIKHUT Bce pallnoHaJbHbIe YICIa d TaKHe,
4yro a® < 2; kaacce B cofepKuT BCe OCTAIbHbBIE PAIlMOHAIbHBIE TICIA.
ITokasaTs, UTO B KJacce A Her HauboJspIero yuciaa, a B Kjacce B —
HauMeHbIIero.

13. TlocTpouB COOTBETCTBYOIIME CEeUEHUA, J0KA3aTh PABEHCTBA:

a) /2 + /8 = J18; ©6) /2.3 = /6.
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14. ITocTpoUTH CEUEHHE, ONPeAeAIIIee YUCI0 242,

15. JloxasaThb, UTO BCAKOE HEMyCTOE YUCIOBOE MHOXKECTBO, Orpa-
HyueHHOe CHU3Y, MMEeT HIDKHIOI IPaHb, 8 BCAKOE HENyCTOe UMCIIO0-
poE MHOXKECTBO, OrPAHMYEHHOe CBePXY, UMeeT BePXHIOIO I'DaHb.

16. [Toxasarb, 4TO MHOXECTBO BCEX MPAaBUJIBLHBIX DAIHOHANL-

HpIx gpobeil m. rge m U n — HarypaJabHbele yuciaa ¥ 0 < m < n, ue
n

pMeeT HAHMeHbIero ¥ Haubosbmero sneMenToB. HallTH HUIKHIOW
{1 BepXHIOIO TPAHH ATOTO MHOXKECTBA.
17. OnpenenuTb HUAKHIOI X BePXHIOI I'PaHY MHOKECTBa palyo-
HAJBHBIX UHCEJ I', yOBJETBOPAIONINX HEPABEHCTBY
r? < 2.

18. IIycTh {—x} — MHOXKeCTBO YMCeJ, MPOTUBOIOJOMKHBIX YUIC-
mam x € {x}. Jokasars, uTo:
a) inf {—x} = —sup {x}; 6)sup {—x} = —inf {x}.
19. IIyctd {x -+ y} ecTb MHOECTBO BCeX CyMM X+ y, rae
xe{xtuy ey}
JokasaThr paBeHCTBA:
a) inf {x + y} = inf {x} + inf {y};
6) sup {x + y} = sup {x} + sup {y}.
20. [Iycts {xy} ecTb MHOMKECTBO BCeX NPOU3BEAEHUN XY, Iie
x¢{x}nuye{y}, upuuem x > 0n y > 0.
Joka3ars paBeBCTBA:
a) inf {xy} = inf {x} inf {y}; 6) sup {xy} = sup {x} sup {y}.
21. loxasats HepaBeHCTBA:
a) lx — y| > [l - lyll; ‘
6)lx +x, + ... +x,| > x| - (lxll + o+ [x,,[).

Pemuts HepaBencTra:

22.1x + 1 < 0,01. 23.|x - 2| > 10.

24, x| > |x + 1. 25. 22 — 1] < |x — 1)
26. |x + 2| + |x - 2] < 12. 27.lx + 2| - |« > 1.
28.fx+ 1 -lx -1 < 1. 29. [x(1 - x)| < 0,05.

30. ToxasaTh TOMXIECTBO

(x+ lxlj2 n (x— lx{)z = o2
2 2
31. IIpu uamepesun gauusl B 10 cM abcosorEas NOrpemIHOCTD
cocrasnana 0,5 mm; npu namepenuu paccroanusa B 500 kM abconaror-
Hada norpemHocts 6ul1a pasHa 200 m. Kakoe usmepenue Toudee?
32. OnpenenuTs, CKOJBKO BePHBIX 3HAKOB COAEPYKUT YUCIIO

x=2,3752,
€CaM OTHOCHUTEIbHAA NOIPEIIHOCTL 3TOTO UKea cocraBader 1%.
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33. Hucno
x=12,125

COZEDPKUT 3 BEPHLIX 3HaKa. ONpeAenNTh, KAKOBA OTHOCHTEIbHAH T10-
IPEeLIHOCTb ATOrO YNCIa.
34. CTOpOHBI IPSAMOYTOJBHUKA PABHBI:

x=2,50cm = 0,01 cm,
y=4,00cm = 0,02 cm.

B kakMx rpanumax saxkJgmouaeTcs NJIOMIanb S 3TOTO NMPAMOYTOJbHH-
ka? KakoBsr abcosoTHAR IOrpetiHOCTb A U OTHOCHTEIbHAA IIOTPeil-
HOCTB & IIoONIaAil IPAMOYTOJbHHKA, €ClIH 3a CTOPOHB! ero NPUHATE
cpefHUe 3HadyeHNA?

35. Macca rena m = 12,59r+ 0,01 r, a ero o6bem V = 3,2 cm® £
10,2 cm®. OnpesenuTh NIOTEOCTD TeJa U OIleHUThH aOCONIOTHYIO B OT-
HOCHTEJNLHYIO IIOrPEIIHOCTU IIJIOTHOCTH, eCJU 3a Maccy TeJjla U ero
00beM TIPUHATHL CpeJHUE 3HAYCHUS,

36. Paguyc Kpyra

r=72mt0,1 M.

C KaKoil MUHHMAaJBHON OTHOCUTENbHOM IIOrPellIHOCTHIO MOKET ObLITh
olpejiesieHa IJIOIIAAL KPYTra, eCla MPUHATL T = 3,147
37. I3BeCcTHBI UBMePEHUA IPAMOYTOJbHOr0 NapaJjesennnesa:

x=24,Tm+0,2 ™,
y=6,5mM*0,1mMm,
z=1,2mx0,1 M.

B kaxkux rpamumnax sakJjiouaercsa o6vem V aroro napasiesenumne-
Ja? C kaxuMH abCOJIIOTHON M OTHOCHTENbHOU MOTrPeIHOCTAMY MO-
JKeT 6nITh oIpejeieH 00'beM 2TOTO Iapajfesenunesa, eciad 3a ero
U3MepeHUd NPUHATEL cpejHle 3HaueHua?

38. C Karo¥ abcoJIOTHON NOrpelIHOCTHIO CJEAYEeT U3MepPUTb
CTOPOHY KBazpaTa X, rfe 2M < X < 3 M, dToOBl UMETh BO3MOM-
HOCTH ONPeJeJUTH MJAOLIaAb 3TOro KBaJpaTa ¢ TOYHOCTBIO 10
0,001 m??

39. C kakuMu a0COJTIOTHBIMHU MOrPEIHOCTAMU A JOCTATOYHO
M3MePHUTh CTOPOHB! X U [/ NPAMOYTOJAbHKHKA, YTOOK! IIIOMaAb €ro
MOYKHO GbLJIO BBIYUCIMTS ¢ TouHOCTHI0 10 0,01 M2, eciu opuenTu-
POBOYHO CTOPOHBI IPAMOYrONbHHUKA He npessimanT 10 M Kax-
nasa?

40. ITycrs 6 (x) u 8 (y) — OTHOCHUTENLHBIE IOTPEIIHOCTH YHUCEJ X
1y, 8 (xy) — OTHOCHUTENbHAS IOTPEIIHOCTh YHCTA XY.

IokasaTsb, 4To & (xy) < 8 (x) + 8 (y) + d (x)d (y).
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§ 2. Teopua nociaenoBaTeabHOCTENH

1. IlouaTue Ipefeda nocjaexoBaTedasHOCTH. ['OBOpsAT, YTO mOCJEHOBa-
1eNBHOCTD X1, X35 «-s Xps .- HMEET CBOMM IIPEAEJIOM HUCJIO a (KOpOue, cXo-

Jumca K a), T. €.
lim x,=a,

" — oo
ecnyn aas qioboro € > 0 cymecrsyer uncsao N = N (¢) Takoe, 4TO
|x, — a| <emnmpu n>N.
B 4aCTHOCTU, X, HA3bIBAETCS 6CCKOHCYHO MAJLOLL, €CIH

lim «x,=0.

n— oo

IlocJe0BaTENBHOCTD, He MMEUas Npeaelia, Has3blBAGTCA pPacxods-

welics.
2. [Ipu3Haku cyuiecTBOBaHHA npepneda.
1) Ecan
Yo S %, < 2,
i
lim y,= lim 2z,=c¢,
n-+ 00 n— 0
O
lim x,=c.
n — oo

2) MonoTOHHAA ¥ OrpaHUYeHHAas I10CJeJ0BATeILHOCTL MMEeT IIpejest.
3) Kpumepuii Kowu. [Ins cymiecTsoBaHMA mpejelia mMoc/eJoBaTebHOC-
TH X, HeoOXOAMMO M JOCTATOYHO, yToObI gis Jwboro £ > 0 cyiiecreoBaso
N = N () rakoe, uTo
,xn _xn+p|< €
ecau tonsko n > N up > 0.

3. OcHoBHBIE TeOpemMbl 0 mpegenax mociaexosareabHocTeil. IIpeanona-
Tast, YTO CYyHIECTBYIOT

lim x, u lim y,,

n - 00 n - 00

nmeem:
Decmn x, <y, to lim x, < lim y,;
n—

noc o0

2) lim (x,ty,)=lim x, * lim y,;
n—oo n— oo n— o0

3) lim (x,y,) = lim x, im y,;

n— n—
X lim x,
4) lim = == . ecau lim y,=0.
n—oo Y, llmyn n-~— o

n-~co
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4. Yucno e. TTocienoBaTeJIbHOCTE

(1 + %L) (n=1,2,..)

UMeeT KOHeUHBbIH Impeses

lim (1 " l) =e=2, 718 281 8284... .
n

n-— o

5. BeckoHeunslit nmpenesa. CuMBosnyeckas 3anuch

lim x, =o0
n— o
ofo3HauaeT, 4T0, Kakoso 6sl Hu 6pw10 E > 0, cyiecrsyer yucao N = N (E)
Taxkoe, uTo
lx,] > E npit n> N,

6. Ilpenennnas Touka. Yuciyo & (MM CUMBOJ O0) HA3bIBAGTCA YACMUY-
HblM npedenom (npedenvHoil mOuKOIl) NAHHOHN TIOCAENOBATENBHOCTH X, (11 =
=1, 2, ...), ec1y cyuiecTByeT ee MoAIOCIeJ0RATENLHOCTD

X X

pyo Xpys wees Xp s ee A<p <py<..)

Takas, 4YTo
lim x,, = E.
n— co
Beakas orpanuyeHHas MOCJENOBATENBHOCTL HUMeeT 1O MeHbIIEH Mepe
OAMH KOHeuUHBIHl YacTHUHBIN npefen (npunyun bBoavyano— Beilepuumpac-
ca). Ecnu atoT wacTUUHBIN IIpenes eMHCTRBEHHBIN, TO OH Ke ABNAETCA KO-
HEYHBIM IPEJeOM JAHHOH I0CJIe[0BaTEeJbHOCTH.
HaumeHpminit yacTUUHBIN nipeges (KOHEUHBIN uan 6eCKOHEuHBIH) mo-
CJIeIOBATEJNBHOCTH X,
lim x,

n—

Has3bIBAETCA HUNCHUM npelesioM, a HAUOONBILINH YaCTHMUHBIA mpees ee

lim x,

nes oo

Ha3blBAETCA 8ePXHUM NpedesoM 3TOU MOCIeN0BATEIbHOCTH.
Pagenctso

lim x,= lim x,
— 00

n - n— oo

SIBJIAETCA HEOOXOJMMBIM M JOCTATOUHBIM YC/JAOBHEM CYHIECTBOBAHUA IIpeje-
J1a (KOHEeYHOro Uiy GeCKOHEYHOro) noCIe]OBATeIBHOCTH X,

41. IIycrs




§ 2. Teopusa necaeaosarenbHoOCTER 13

Jloxa3aTb, 4To
lm x,=1,
n-— oo

oTIpeeTuB A1A KAsKIOTO € > 0 1ucao N = N (€) rakoe, 4T0

lx, — 1l <&, ectu n> N.

3anoJHUTH CAeAVIOUIYVIO Tabauy:

£ 0,1 0,01 0,001 0,0001

N

42, Morasars, uto x,(n =1, 2, ...) ects Geckoneuno manaa (r. e.
uMeeT npesies, pasHbiil 0), yKasas gi1a Beakoro € > 0 uucno N = N (g)
raxoe, 4To |x,| < € mpu n > N, econ:

a)xnztll"_:; 6)x":TZL;
n nd+ 1
B) X, = r) x, = (-1)" - 0,999".

Jls KasK/0To M3 ATUX CJy4daeB 3aI0JTHUTH CJAeYIOIIYIO TabauiLy:

£ 0,1 0,001 0,0001

N

43. Jokas3aTh, UTO MOCAEN0BATEILHOCTH
a)x,=(-1)'n, 6)x,=2", Byx,=lggn) (n>2)
UMerT DeCKOHeUHpIH Ipefes IIPH 11 — OO (T. €. ABAAIOTCA 6eCKOHeuHO
bonbutumu), onpegenus Axaa seakoro E > 0 uuciao N = N (E) rakoe,
uro |x,| > £ npu n > N.
Jns Kaxkaoro U3 aTUX CAYyHAeB 3ATOJHIATD CJelYIOIyI0 Tabauiy:

E 10 100 1000 10 000

N

44, TlokasaTs, 4To

x,=ntW (n=1,2,..)

n
He orpaHmyeHa, ogHaKo He gBasAerTcsd GeCKOHEeYHO OOJBUIOR IIpU
n— oo,
45. ChopmynupoBaTh ¢ TOMOILIO HEPABEHCTB CHAeAVIOUINe YT-
BeprKmenns:
a) lim x,=o00; 6) lim x,=—0co; B) lim x, = +00.

n— oo n — oo n -+ co
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IIpeamnonarasi, uTo n Ipoberaer HaTypallbHBIM pAd UKcell, Olpe-
JeJINTh 3HAYEeHUS CJHeAYIOIINX BbIparKeHuil:

46. lim 100007 47. lim (A/n+ - Jn )
n— oo nz+1 PR
: 3n?sinn! . (=2)" + 3"
48. N — 49. 1 .
I[l];l»llo n+1 9 ”%Elio (__2)710 1, 3n+1

50. lim 111‘;:‘;?::; (al < 1, ] < 1).

51. lim (-1— +2 44 L”—l)

7 — 00 n2 nz nZ
52. lim —l-—g+§—...+§:lu.
n— o n n n n
53. lim [E +2+..+§-"—‘—1L2]
n — oo n3 n3 n3
54. lim [E +32 4 M}
n— oo 3 n3 n3
, 1 3 5 2n-1
55. nlljlgo (-2- + -2—2- +§ + ...+ -—2-n—).
56. lim [_1_ +-1 4k __1_J
n-ootl-2 2.3 n{n+1)
57. lim (ﬁ‘ﬁ’i/ﬁ B'L/é).
n — co
Hoxkasarhb cllefyoije paBeHCTBa:
58. lim & =0. 59. lim 2% =o.
n—oo 20 n-oo !
60. im X =0(a > 1). 61. lim % =0
n~oa0 @an n--0 nt
62. lim ng"=0,ecam|g <1. 63. lim %a =1 (a > 0).
n— 00 - o
64. lim L(lg;ﬂ —0(a> 1) 65. lim /n = 1.
n -+ oo noeeoo
66. lim - =0.
n— oo ’k/ﬁ

67. Kaxoe BbhIpakenne 60MBINE P JOCTATOUHO HOJBIINX 11!
a) 1001 + 200 uau 0,01n72?;  6) 2" uan n'®007;
B) 1000" nxu nl?

68. [loxasars, 4TO

: 1 .3 2n—-1
1 (— - ) =
nl<nlo 2 4 2n 0

Yrxaszanue. Cm. upumep 9 6).
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69. [lokasarh, 4TO IIOCAEN0BATEILHOCTD

x, = (1 + l)” (n=1,2 ..

n

MOHOTOHHO BOBpaCTaET U OrpaHyMiyeHa CBery, a I10CJjIeJO0BaTeJIbHOCTb
1 n+t
y,,=(1+;) (n=1,2,..)

MOHOTOHHO y6bIBAET U orpaHudeHa cHu3y. OTciofa BbIBECTH, UTO 3TH
ocJae0BATeIbHOCTH UMEIOT 061Ul Ipesesx

R 1 n . 1 n+ 1

lim (1+—) = lim (1+—) =e.

n—ca n n— oo n

x
Vrasauue. CocraBUTh OTHOLNEHMSA —1 Y ¥ BOCIIOJIb30BATHCA
xn yn -1
HepaBeHCTBOM puMepa 7.

70. oxasaTs, UTO

0<e—(1+l)" <% (n=1,2,..).

n

1

n
IIpu Kakux 3HadYeHUAX IOKasarend N BbhlparkeHue (1 + —) Gyaer
n

oTJIMYAThLCH OT yucya ¢ MeHbile yeMm Ha 0,0017
71.Ilycrs p, (n= 1, 2, ...) — IpPOM3BOJbHAA MOCTELOBATENb-
HOCTB 1HCEJ, cTpeMAadca K +0, nq,(n =1, 2, ...) — npousBojibHad
TI0CIe0BaTeNbHOCTb UKCE], cTpeManiasca Kk —o (p,, ¢, € [-1, O]).
Hoxasars, uto
lim (1 + —l—)p” = lim (1 + l)q" =e.
P q

n— o0 n n-~ o n

72. 3uad, uro

AoKasars, UTO

lim (1+1+L+l+...+l) =e.
n -0 21 3! n!

BeisecTu orciona popmyry

e=2+l+l+...+l+£ﬂ-,
2! 3! n! n'n

(*)

rae 0 <0, < 1, u BLIYUCAUTDL YUCIO € C TOUHOCThIO A0 107°.
73. [lokasarb, 4TO YHCJAO ¢ UPPAIIMOHANBHO.
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74. Joka3aTh HepaBeHCTBa

n\" n\"
= <n!<e(—)
(ej 2

75. lokasaTh HepaBeHCTRA!

a) S In ( 1+ l) <1 , e n — n1boe HaTypajabHOe YUCJIO;
n+1 n n

6) 1 + o < e%, e oL — BellleCTBEHHOE YHCJI0, OTJINYHOE OT HYJId.
76. JokasaThb, 4TO
lim n(a'_l' —1) =Ina (a>0),
n— o0
rze ln a ects norapudm umciaa a Ipyu ocHoBanum e = 2, T18... .
Tlonwssysack TeopemMon 0 CyleCTBOBAHMY TIpejesla MOHOTOHHOI ¥

OI‘paHI/I‘IeHHOI‘/JI TII0CJI€JOBATEIBHOCTH, AOKA34Th CXOLUMOCTD CJIEAYIO-
mux HOCJIQ}IOB&TEJIbHOCTeﬁZ

Pn :
77. %, =Py + % Fot T (n=1,2,.0, e, (=0, 1,2,..) —

1eJible HeOTpHULlATE/IbHbIC UHCJIa, He IIDEBbLIIIAIOIIHNE 9, HaunHAadA C Pt

78. x, T T I

79.xn=(1~l) (1—5 (1—%)
80.x,,=(1+ é) (1+ %) ...(1+ 51—)

8l.x,= 42, x,=4J2+.2, ..., x,= A/2+A/2+...+A/§,

n KopHel
Ilonbsysaces xpurepuem Komim, goxasaTh CXOLUMOCTL CIEAYIO-
IMX TOCJef0BATENLHOCTE]:
82.x,=a,+ a,g+ ... +a,q", roe
la) <M ((k=0,1,2,..) u |g <1.

no

83.x,= _s_1_151_1 + 5_12112_2 o Si;ln

84.x, = SZ 4 DL b4 R

85‘xn=1+§];2‘ +$+...+$.

Yrxasanue. BocnonsaosaTsCs HEpaBeHCTBOM
# < ﬁ —% (n=2,38, ...
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86. 'oBopAT, uToO mociegoBaresbHoCTh X, (n= 1, 2, ...) umeer
02PAHULEHILOC UMeHeHUEe, eclu cyluecTByeT Yuciao C Takoe, 410

ey — oyl ey = x| + o+ x, —x, | <C (n=2,38,..).

Jokasarhs, UTO IOCAeL0BATEAbHOCTD C OrPAHNYEH HHIM U3MEHeHU-
eM CXORHUTCA.

ITocTpouTs IpUMep CXoxAnieiicsa MocHe0BATEILHOCTY, HE HMEIO-
mie# OrpaHUYeHHOr0 U3MeHEeHU.

87. ChopmyaupoBaTh, UTO 3HAYUAT, UTO AJA ZaHHOHU IIOCJIeLOBA-
TEMbHOCTH He BBIIONMHEH Kpurepuil Kouin.

88. IHonwaysace kpurepuem Koirm, gokasaTh pacxoZMMOCTH I0-
CJIeZOBATEIbHOCTH

1

x, =1+ 1 1
2

+ + ...+ =
3 n

89. JoxkasaTb, uTO eciIu IOCIEAOBATENbHOCTH X, (n =1, 2, ...)
CXORUTCH, TO Ji00as ee NOATOCIEA0BATENLHOCTb X, TAKIKe CXOANTCA
n
M MMeeT TOT jKe CAMBIH IIpe/est:
lim x, = lim x,.
5o oo n n— oo
90. Jloxasarh, 4TO MOHOTOHHASA TOCHELOBATENLHOCTb OyaeT ¢Xo-
gamedica, ey CXOQUTCS HEKOTOpas ee NOLIOCHeJOBATEILHOCTD.
91. [loxasars, YTO ecnIn
lim x,=a,
P
TO
lim |x,|=lal.
oo

n-

. X
92. Ecnu x, — @, TO UTO MOXXHO CKaszarTh o npegene lim =217

n - oo X,

93. lokasars, UTO CXOAAUIAACA YUCIOBAA IIOCIeLOBATEIBLHOCTD
orpaHuveHa.

94. [lorkasaTsb, 4T0 CXOAAIAaACA YUCIOBAA OCIEJ0BATEIbHOCTD
Jocturaer aubo cBoeil BepXHel rpaHu, anbo cBoeil HUXKHEH rpaHu,
aubo TOM u Apyroii.

ITocTpouTh MpuMephl IOCHeJ0BATEILHOCTEH BCEX TPEX THUIIOB.

95. {okasaTs, uTO YHCIOBAdA OCTeJOBATENLHOCTD X, (n =1, 2, ...),
cTpeMAmanca K +00, o6da3aTenbHO JOCTUrAeT CBOeH HIXXHel rpaHH.

Haittn nanbonbminii yineH nocregosareilbHoctu X, (n =1, 2, ...),
ecnun:

96. x, = . 97. x, = —In 98. x, = 10007

2n 100+ n° " n!
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Haiity HauMeHbUINI 4led nociaefoBaTelbHOCTH X, (n =1, 2, ...},

ecmu:
99. x, = n? — 9n — 100.

100. x,=n +

100

Jlna nocrenoBarensHoctu x, (n =1, 2, ...) vaiiry inf x,, sup x,,

lim x, n lim x,, ecau:

n— n— oo
. _ 1, — {1y -1 3
101.a)x, =1 - =; 6) x, = (-1) 24+ 2.
n n
102. x, = oy e
n 2
103.x, =1+ —— cos 2T,
n+1 2
an-1)
104.x,=1+2(-1)"*1+3-(-1) *
105. x, = Aol cos 20T 106. x, = (-1)"n.
n+1 3
107. x, = —-n[2 + (-1)"]. 108. x, = ntV",
.x,= 1+ nsin 28 0.x,= —i .
109. x,=1 + 2 sin 110. x,, "T103
Haititu lim x, u lim x,, econ:
= o 7o~ 00
111.x,= n’ cos 28% 112.x=(1+-1-)n-(*1)”+sin17—t.
T 14n2 3 " n 4
113. x, = —*— sin? 2%, 114.x, = &/1+ 270"
n+1 4
115. x,,=c0s”—?in—n.
Haiiry vacTruHbIe Ipeaeabl cAeAYIONUX TI0CAef0BATEILHOCTRH!
1 1 1 3 1 7 1 2"-1
11- S oY Y Ty gy o ey T )
6533171538 PEAPY
1 1 1 1 1 1 1 1 1 1 1 1
A TRE-SNS R S DU [RCI S SO SN TNS (i SP SR T S S S
117’2’+2’3 +32 3 4 42+43 4
1 1 1 1 1 1 1 1
2 2 2.2 2z 4 2
5 ’n’l+n’2+n’ "n-1 n’n+1’
gl 1 2 12312384
23 3 44 4 5 5 5 5
119. x, = 3 (1 - l) +2 (1)
2]
120.x,,=%[(a+b)+(—1)” (a - b)].
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121. TfocTpouTs, mpuUMeEp UMCIOBOH NOCHeA0BaTeNIbHOCTH, MMe-
1Ie# B KaUecTBe CBOMX YACTHUHBIX IIPEIEJOB JaHHbLIe 4ucia

Ay, Ay --es A

122. TTocTpouTh TMpUMEP YMCAOBOH NOCHeA0BATENBHOCTH, AJA
KOTOPOY BCEe WIeHbl JAHHON YHMCJIOBOH I0OC/IEOBATEIbHOCTH

A1y gy eevy Qpyy oos

ABJISAIOTCS ee YACTHUHBIMHY NpefnejaMmu. Kakue eile uacTuuHble mnpe-
JeJibl 00A3aTeIBHO UMeeT NOCTPOEHHAs NOoCAeN0BaATeNbHOCTL?
123. IlocTpouTs IpuUMeD IOCAE0BATENAbHOCTH:
a) He UMeoIeill KOHEUHBIX YACTHYHLIX NIPeeIoB;
0) umerome eMHCTBEHHBIT KOHEUHBIN YaCTHYHBINA npeaed,
HO He ABJSOHUIeHCA cxoadaueiic;
B} nmeloniei HecKOHeUHOe MHOKECTBO YACTHUHBIX IIPEIesIos;
r') UMEIOIIEl B KauecTBe CBOET0 YACTUUHOTO NIpeJella Kamaoe
BeIleCTBEHHOe TUCJIO.

124. [lokasaTh, UYTO IOCJEAOBATENbHOCTH X, H Y, = X, Wn
(n=1, 2, ...) UMeT OJJHK U Te K& YaCTHYHbIe [IpeLesibl.

125. Hoxasarb, UTO U3 OrpaHUYeHHOHN IOCJefOBAaTeNIbHOCTH X,
(n=1,2,..)Bcerra MoXHO BbIJEMUTDH CXOAANIYIOCA TTOAIOCTe/0BA-
TEJIbHOCThL xpn(n =1, 2,...).

126. JoxasaTs, 4TO eciyd NOCAefOBaTEAbHOCTs X, (1 =1, 2, ...)

He orpaHnueHa, TO cymecTByeT 10oAnocCaeJ0BaTeNbLHOCTh .X'p TaKaHd,
n

UTo

lim x, =00,
n

n-— oo

127. IlycTs nocienoBaTensHOCTs X, (n= 1, 2, ...) cxogured, a
nocjaej0BaTeJbHOCTS ¥y, (n =1, 2, ...) pacxogurcd. UTo MOXHO yT1-
BepYKAAaTh 0 CXOAMMOCTH IOCJefoBaTeJIbHOCTeH:

a) xn+ Yns 6) xnyn?

IIpuBecT COOTBETCTBYIOlIME IPUMEpSHL.

128. [Iyers nocienoBaTeIbHOCTH X, U Y, (n = 1, 2, ...) pacxoaaT-
csa. MOXKHO U yTBepP:KAATDb, UTO MOCJIeq0BATEILHOCTH:

a) x, + Y, 6) X,y
TaK)e pacxoaarca?
129. lIyers lim x, =0, ny, (m=1, 2, ...) — npou3BoabHaA

n—

rocaenosaTelLHOCTh, MOHO U yTBepAars, ywro lim x,y, = 0?

n—oa

IIpuBecTH COOTBETCTBYIOLINE IIPUMEDSI.
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130. Ilycts

lim x,y, =0.

nos

Cnepyer nm orciofa, uro anbo lim x, = 0, nubo hm y,=07?

n =00 n—

PacecmoTpeTs npumep: x, L(-——l—lf Yp = uziin (n=1,2,..).

131. foxasaTs, 4TO:
a) lim x,+ lim y, < lim (x,+y,) < lim x,+ lim y,;
n -+ 0o n— oo n - o0

Il"(x’ Vl

6) lim x, + hm y, < im (x,+y,)< lim x,+ lim y,.
11—»00 n— oo n — 0 n— oo
[TocTpouTs IPUMEPLI, KOTAA B 3TMX COOTHOIIEHUAX MMeIOT MeCTo
CTpOTrNe HepaBeHCTBA.

132.yers x, > 0uy, >0 (n=1, 2, ...). Hoxasarhs, 4To:

a) m x,* im y, < lim (x,y,) < im x,- lim y,;
n— oca

n— oo n— oo n— n-»> o0
0) lim x,- lim y, < lim (x,y,) < lim x, - lim y,.
" oo n - oo n = co n— oo n - ca

IlocTpouTs IPUMEpPHI, KOTZa B 9THX COOTHOLIEHUAX UMEIOT MeCTO
CTpOTVie HepaBEHCTRA.

133. Nokasars, 4To ecan lim x, cymecTByer, To KakoBa Obl HU

n—ca

Oblra nocjenoBarTenbHOCTb Y, (n =1, 2, ...), UMeeM:

a) im (x, +y, = lim x, + Iim y,;

n-=oca - oo n o

6) hm (x,y,) = lim x, - lim y, (x, > 0).

n - oo

134. loxasaTs, 4To ecau A1 HEKOTOPOII II0C/IeJ0BATEIbHOCTH X,
(n=1, 2, ...), xaxoBa 6pl HN Oblila MOCHeA0BATENLHOCTD Y, (1 = 1,
..}, IMeeT MecTo II0 MeHbllleil Mepe OXHO U3 PABEHCTB:
a) im (x, +y,) = lim x,+ lim y,
n-— oo n - 0o n-rx

HIH
6) hrn (x,y,) = hm x,  lim y, (x,>0),

n—
TO HOCJIEAOBATENBLHOCTH x,, — cxopAamancA.
135. [loxkasars, yroecau x, > 0(n=1,2, ..) u

Im x,- Im L

n-— oo n—oc X

=1,

TO IIOCJIEAOBATEIBHOCTL X, — CXO4AIIasACA.
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136. HJokasarsb, 4TO ecJH IIOCAeN0OBATEIBHOCTS X, (n = 1, 2, ...)
orpaHWYeHa U
lim (x,,,~x,) =0,

n—- oo
TO YacTHYHbIE IIpEeHeJibl 9TOU IIOCJIe fOBATEJIBHOCTN PAaCIIOJIOMEeHbl
BCIOAY IIJIOTHO MEXAY €€ HUXXHWM M BEPXHUM IIpefegaMm.

I=1lim x, u L= lim x,,

n-— 0o

n — o

-1, e. n1060e yncyo n3 orpeska [I, L] apidercda YaCTHYHLIM MPeAesioM
JAHHOH IOCJIe0BATEIbLHOCTH.
137. IlycTte uMcI0BaA MOCTAEAOBATENBHOCTD X, Xgy ..oy X,

YAOBJIETBOPAET YCIOBHIO
0<x,.,<x, +x, (mn=1,2,..).

. X
Hokasars, uto lim =L cyulecTByer.
n

n-—»o0
138. [lokazaTs, UTO ecan IOCAEZOBATENBHOCTS X, (=1, 2, ...)
CXOMHUTCH, TO IOCTeL0BATENbHOCTh CPEJHUX apHdMeTHIecKNX

g, = % (e + 2,4 ..+ %) (n=1,2,..))

TaKMe cCXoanrca U

X X+ X .
lim =2—2 "7 = lim x,,.
1 — X1 n n — oo

ObpaTHoe yTBePKAEHNE HEBEPHO: IOCTPOUTH IPHMEP.
139. llokasaTts, uTO €can

lim x, = +oo,

n-— o0

TO
lim Xt Fet oot Xe o
n— oo n

140. JoxasaTts, YTO eciM IocjefoBaTeNbHOCTL X, (2 =1, 2, ...)
ecxopuTed U x, > 0, 10
im #fx,x,..x, = lim x,.
n— oo n— oo
141. JTokasarts, uto ecan x, > 0 (=1, 2, ...), 10
lim #/x = lim Tnan
n b

n— o0 n—oo X,

npexnroJaras, 4To npefes, CTOANHHA B IPaBoil yacTy MocJegHEro pa-
BEHCTBA, CYIIleCTBYET.
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142. Nokasars, uro lim =e.
n o W
143. Hokasars reopemy lllronsiza, ecian
A Ynr1 > Ya(n=1,2,..); 6) Hm y, =+ oo,
n—
B) eymecrayer lim =nei” %
n—0o Y1~ Yn
TO
lim X2 = lim Zeei”%a
n-—=o Y, n—o Y,,.1~Yp
144. Haru:
2
a) lim @ >1) 6) lim lgn
n— oo At n—+o0 I
145. Moxkazarhb, 4TO €CJid p — HaTypaJbHOe YUCIIOo, TO:
P 14 14
a) lim 1"+ 2"+ ... +n" _ 1 :
n—oco nft! p+1
14 P 4 .
6) lim (1 +2°+...+0n" _ n ) _ l;
n— o n? p+1 2
14 4 P 14
8) lim 17+3+..+(2n~-1y _ 2 )
n-— o0 np+1 p+ 1
146. HokasaTs, 4T0 nocJie0BATEJIHLHOCTD
1 1 1
x,=1+=+=+...+=-Inn(n=1,2, ...
n 2 3 n ( )
CXOOUTCS.
Taxum obpazom, umeer mecto hopmyaa
1 1 1
l1+-+=+...+=-=C+1Inn+ce¢
2 3 n ! "
roe C = 0,577216... — Tak Ha3pIBaeMast nocmosHnas 3irepa n

€, > Ompu n — oo,
147. Hatiru lim ( 1 + 1 e i)
n—oo \nn+1 n+2 2n

148. TlocnegoBarensHoCTh Unces x, (n = 1, 2, ...) oupegensaercsa
CIenyIOUIHMHA (POPMYTaAMIM:

— Xn_1+Xp

xy=a, X,=b, x, 3

(n=3,4, ...).

Haitrn lim x,.
n — oo
149. Ilycrs x, (n = 1, 2, ...) — IOCJEAOBATENbHOCTD YNCEJ, OIl-
penenseMas CJeRYIONIEH (GOPMYJIO:
1 1

%> 0, X, q= 5(x,,+ —) (n=0,1,2,..).

Hoxaszarb, uro lim x,=1.

n— oQ

n
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150. Jokasars, 4To MOCJELOBATENBHOCTH X, H i, (n =1, 2, ...),
omnpefesnsieMble CAeAYIOMUMI (OPMYJIaMU;

_ _ _ _ XatYy
xy=a, y1=b,x,,= NXulYns Yni1 = —1—2_”’

HMeIoT ofInni npemest

ula, b)y= lim x,= lim y,

n - oo n = oo

(apugmemuro-zeomempuieckoe cpediee dnucen a u b).

§ 3. llonarue Gpyuxruun

1. ITouatue ¢pynruun. Ilepemennast y HaspiBaeTcHd OAHO3HAYHOH (BHYHK-
uueit f oT mepeMeHHo# X B jaHHO oOsacTy uaMeHeHuss X = {x}, eCiu KasxAOMY
aHavYeHUIO X € X CTABUTCH B COOTBETCTBUE OJIHO OTIPEAesieHHOe AeICTBUTe IbHOE
sHaueHue y = f(x), npuHagIEKAlllee HEKOTOPOMY MHOMXKeCTBY Y = {y}.

Muoxxectso X HOCUT HA3BAHUe o01acmiu onpedeleHus niu obaacmu cy-
weemaosanua QyHKouu f(x); Y Ha3bIBaeTCA MHONCCCMGEOM 31HAYeHiLit ITOH
(ryaxnuu. B npocreiiinux caydasx MHOMKeCTB0 X INpejcTrasiser co0oit uiau om-
Kkpbvimbutii npomexcymor (uumepgan) la, bl = (a, b): a < x <b, unu noayomupwi-
mute npomedxcymru la, bl=(a, bl:a<x<bwula, b[=1[a, b):a<x <b, unu
samrHymoLi npomexcymox (ceemenmy|la, b]: a < x < b, rae a u b — HeKoOTOpBIE
BELIECTBEHHbIE YMCAA AU CHMBOJLI ~00 U +00 (B 3TOM Cjyuae PAaBeHCTBA MCK-
JIOYAIOTCSH).

Ecan xaxxaoMy 3HauYeHUI0 X U3 X COOTBETCTBYET OAHO WJIHM HECKOJIbKO
sHAYeHUH y = f(x), TO iy HA3BIBACTCS MHOZ0IHALHOL QUHKYUEL OT X.

2. O6patHaa ¢pyaruusa. Ecau nox x noHuMath moboe sHavyeHue, yAOB-
JIETBOPSAOIIEEe YPDABHCHUIO

flx) =y,

rae y — GUKCUPOBAHHOE YUCJIIO, IPUHAAJIEKAILlEE MHOXKECTBY 3HAUEHUH Y
dyuxuuu f(x), To 3TO COOTBETCTBUE ONpeAessieT HA MHOMECTBe Y HEeKoTo-
py10o, BOOO1E TOROPA, MHOTO3HAYHYIO QYHKIUIO
= 1
x=1"(y),
HA3bIBAEMY0 00pami#oit 1o oTHOWeHUO K (pyuriuu f(x). Eciu ¢Gyuxuus
y = f(x) MOHOTOHHA B CTPOTOM CMBICIIE, T. €. f(x,) > f(x,) (M1, cooTBETCTBEH-
Ho, f(x,) < f(x,)) npu x, > x,, To obpaTHas GyHKUMA x = f '(y) sABAAETCH

O,Z[HOSHR‘IHOI./JI U MOHOTOHHOH B TOM K€ CMBLICJIE.

Onpenenurs 061aCTH CYLIECTBOBAHUA CIenyIOMHX QYHKIINI:

151, y = X2, 152. y = /3x - %3.

1+x

153,y = (x ~ 2) /}ii
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154.a) y = log (x> — 4); 6)y =log (x + 2) + log (x — 2).

155. 5 = A/sin(A/a—c) . 156. y = Jcosx?.

: s '\/}
y= T, 158. y = 4% |
157.y=1g (sm xj 58.y P
159. y = arcsin ——12+xx' 160. y = arccos (2 sin x).

161. y = lg [cos (1g x)]. 162. y = (x + |x]) Jxsinnx.
163. y = ctg nx + arccos (2%).
164. y = arcsin (1 — x) + 1g (g x).

165. a) y = (2x); 6) y = log, log; log, x5 B)y = Vlgtgx.
r) y= Jsin2x + J/sin3x (0 < x < 2m).

Onpepenurs obnacTH CyuecTBOBAHHA M MHOMECTBO 3HaYeHMH
CeAYIOMNX PyHKILHIT:

166.y= J2+x - x2. 167.y =1g (1 — 2 cos x).

_ 2x _ . x
168. y = arccos T 169. y = arcsin (lg 10) .

170.y = (-1)".

171. B rpeyronpaux ABC (puc. 1), ocHoBaHUe KoToporo AC = b
# Beicotra BD = i, Bnucan npamoyroabHuk K LM N, BeIcoTa KOTOPOro
NM = x. Beipasurs nepumerp P npamoyronbauxa KLMN u ero mnjo-
mans S Kak GYHKIUN OT X.

Ilocrpours rpadgpurn dyuxkuuit P= P (x) u S = S (x).

172. B tpeyronsHuke ABC cropona AB = 6 cyM, cropoHa AC = 8 cm
u yroa BAC = x. Beipasurs BC = a n moumians S rpeyroabanka ABC
KakK QyHKINHT nepeMeHHoR x. IToctponTs rpaduky GQyHKINE a = a (x)
usS=35(x).

B

& \ N
fr R \\
/ S
A 44/
' L— K D b

Puc. 1 Puc. 2

0

AN SN

=

4]
9]

%
4




§ 3. Ilonarue GyuKuH 25

173. B paBroGenpensoir rpanennun ABCD (puc. 2), ocHoBaHHA
xoropoi AD=a 11 BC= b (a > b), a Buicora HB = h, npoBejeua
npamaa MN || HB u orcroAmas oT BepIIMHBI A Ha DaCCTOAHHU
AM = x. Buipasuthb miaouiagb S Gpurypsl ABNMA kak QPyHKIHIO 11e-
pemenHoit x. [Tocrpours rpaduk pynxkuun: S =S (x).

174. Ha cermenTte 0 < x < 1 ocu Ox paBHOMEPHO pacupejeseHa
macca, paBHadA 27T, 4 B TOYKaxX aT0H ocH x = 2 U x = 3 HaxogaATcd
cocpenoToueHHBIE Macchl 0 1 T B Kaxmol. CocraBuTh aHaJuTHYE-
cKoe BbIpaykeHne QYHKOUU n = m (x) (00 < x + ©0), UHCA€HHO paB-
HoIt Macce, HaxogAmleHcA B HHTepBaJe (—0°, x), U HOCTPOUTE TpadK
310l PYHKIITH.

175. PyHKIIIA y = sgn x onpefendercd ciaeayiouiiM obpasom:

0, ecan x = 0;

{
-1, ecnu x <0
sgn x
1, ecau x > 0.

ITocrpouTts rpaduk aroii pyHknuu. [lokasars, 9ro
|x| = x sgn «x.

176. ®ysruna y = [x] (yeras wacme Uucia x) onpependerca
caenyoommum obpasom: ecau X = n +r, rge n — megoeuncaon 0 < r<1,
to [x] = n. Iocrpours rpaduk aroit HyHKINU.

177. Ilyers

y=mn(x) (x=0)
obo3HaUaeT YMCJIO NPOCTHIX UIIces, He IpeBhIIIaomuX uncaa x. Ilo-
CTPONTL rpaduK 3TOM PYHKIMN N4 3HaueHuil aprymenta 0 < x < 20.

Ha rakoe mHoxecTBo £, orobpakaeT MHOXecTBO £, hyHKuIIA
y = f(x), ecnn:

178.y = x?, ={-1<x< 2.

179.y = 1g «x, ={1 O<x<1000}

180.y = Tl—tarcctg x, E,={-00 <x < oo}

181.y=ctg’%, E, ={0 <y <1},
182.y = [«], E.={1<|x< 2}

IlepemenHas x mpoberaer nHrepBanx 0 < x < 1. Ounpenenurs,
KaxKoe MHOXKeCTBO mpoberaeTr mepeMeHHad I, ecyn:

183.y=a + (b - a)x. 184.y=1—}—;.
185.y = 2xx_1. 186.y = Jx - x2.

187.y = ctg nx. 188.y = x + [2x].
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189. Haitru f(0), f(1), f(2), f(3), [(4), ecan
f(x) = x*— 6x% + 11x% - 6x.
190. Haitru f(-1), f(-0,001), f(100), ecau

f(x) =1g x%.
191. Haistu f (0,9), f (0,99), f (0,999), f (1), ecan
f(x)=1+[x].

192. Haitru f(-2), f(~1), f(0), f(1), /(2), ecan

f(x) = 1+xxnpn—00<x<0,
2% mpn 0 < x < +00,

193. Haitru f(0), f(—x), f(x + 1), f(x) + 1, f(-:;}), ?%, ecJn
_1-x
fx) = 1+x°

194. Haiirn sHauenus X, 418 Koropwix: 1) f(x) = 0; 2) f(x) > 0;
3) f(x) < 0, ecam:

a) f(x) = x — x%; 6) f(x)=sin g ;5 B) f(x) = (x + [x)(1 - x).
195. Hatitu ¢(x) = fx+hh—f X) | ecou:

a) f(x) =ax + b; 6)f(x)=x% B)f(x)=a"
196. Ilyctp

f(x) = ax*+ bx + c.
ITokazaTs, uTO
f(x +3)—3f(x+2)+3f(x+ 1) — f(x) = 0.
197. Halitit nenyio TUHEHHYI0 QYHKIINIO
f(x)=ax + b,

ecau f(0) = -2 u f(3) = 5.

Yemy pasub! f(1) u f(2) (auneiinas unmepnorsyus)?

198. Haiity uenymo panpoHaNTbLHYI0 QYHKIIIO BTOPOH CTeneHH:

f(x)=ax®+ bx + ¢,

ectn f(-2)=0, f(0)=1, f(1)=5.
Yemy pasnsl f(—1) u f(0,5) (ksadpamuunas unmepnonayus)?
199. Hajity nesyio paoHaNbHY0 (hYHKIINIO TpeThell CTelneHn:

f(x) = ax® + bx* + ex + d,
ecin f(-1)=0, f(0)=2, f(1)=-3, {(2)=>5.
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200. Haiitzr QyHKII0 BIga
[(x) = a + bc*,
ecan f(0)=15, [(2)= 30, f(4)=90.
201. JoxasaTrs, UT0 ecau LJIs1 JUHEHHON QYHKIIHH
fx)=ax +b
3Ha4YeHUd apryMeHra x = x, (n =1, 2, ...) obpasytor apudmeriye-
CKYIO IIPOI'PECCHI0, TO COOTBETCTBYIOIIE 3HaueHNA PyHKIHA ¥y, = f(x,)

(n=1, 2, ...) obpasyior rakxe apuHMeTHIECKYIO IIPOTPECCHIO.
202. Jokazars, 4TO €CnM AJA MOKA3ATeNbHONH (PyHKIII

f(xy=a* (a>0)

3HAYEeHHsd aprymenta x = x, (n=1, 2, ...) o6pasyior apudpmeruie-
CKYIO IIPOTPECCHIO0, TO COOTBETCTBYIOIINE 3HaYeHUA QyHKUHHA ¥y, = f(x,)
(n=1, 2,...) 00pasyor reoMeTpUIeCKyl0 IPOTPeCCHIO.

203. Ilycry ¢dynrnua f(u) onpemeneHa npu 0 < u < 1. Hasirn
obiacTi onpeaeseHLa QYHKIIUNA:

a) f(sin x); 6) f(In x); B) f([—f)
204. Tlyctb

f(x) = %(a*' +a® (a>0).

IlokasaTth, UTO
f(x +y) + f(x = y) = 2f(0)(y).
205. Tlyctb
fx) + f(y) = f(2).

Oupegenutsb 2, ecsu:

a) f(x) = ax; 6) f(x) =

L

.
3

B) f(x) = arctg x () <1; 1) f(x)=log iii-

Haitra ¢[o(x)], wlw(x)], o[w(x)] m w[e(x)], ecan:
206. o(x)= x? m y(x) = 2~

207. p(x) = sgn x 11 Y(x) = -132 .
_ Ompux <0, _ Onpux <0
208. ¢(x) {x mprx>0 O w(x) {——xz apu x > 0.
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209. Haitrn f[f(x)], [{f[/(x)]}, ecnu f(x) = ——.

1-x
210. Ilycrs
Fa(x) = [(f(...f(x))).
LA AL
n pas
Haitrn f,(x), ecan f(x) = lj =

211. Haitru f(x), ecan f(x + 1) = x% — 3x + 2.
212. Haiiru f(x), ecnn f (x +l) =x%+ LZ (]xl > 2).
x x

213. 1. Haiiru f(x), ecan f(i) =x+ J1+x% (x> 0).

o X — 2
2. Hatiru f(x), ecau f (x-——+ 1) x°.

Ioxaszars, 4ro caeayiouae GYHKIUN ABIAITCA MOHOTOHHO BO3-
PACTAION[MMH B YKA3aHHLIX MPOMEKYTKAX:
214. f(x) = x® (0 < x < +0).

215. f(x) = sin x (—g <x< g)

216. f(x) = tg x (—g <x< g)

217. f(x) = 2x + sin x (-0 < x < +09),

HokasaTs, uTo clegyiomue GyHKIIN ABIAOTCE MOHOTOHHO YObI-
BaIOI[MMH B VKA3aHHBIX IPOMEMYTKAX:

218. f(x) = x* (—° < x < 0). 219. f(x) =cos x (0< x < ).

220. f(x)=ctg x (0 < x < m).

221. UccnegoBaTh Ha MOHOTOHHOCTE CIEAYIOUINE HYHKIIMIML:

a) f(x) = ax + b; 6) f(x) = ax® + bx + c;
B) f(x) = x*; r) f(x) = X0,
cx+d

n) f(x) = a* (a > 0).
222. Mo HO Jix TIOUJIEHHO JorapndMupoBaTh HEPABEHCTBO?
223. Ilyets ©(x), W(x) 1 f(X) — MOHOTOHHO BoapacTaouiie PyHK-
nuu. loxasarb, 4ro ecaun

P(x) < f(x) < w(x),
TO
0lo(x)] < fIf(x)] < yly(x)].
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Onpepenurs o6paruyio QyHKIMO X = Q(y) 1 ee 06J1aCTh cyulecT-
BOBAHUSA, €CJIN:

224, y=2x + 3 (—o0 < x < +00).

225.y = x?% a)-0 < x<0; 6)0 < x < +oo,

226. y = i;; (x = -1).

227.y=J1-x2; a)-1<x<0; 6)0< x< 1.

(e —e™) (-0 < x < +00),

228.y=shx, rgesh x =

Do

229.y=thx, rnethx= ef-er (—00 < x < 400),
ex+e*
X, ecyam —o0 < x < 1;
230.y= < x% ecim 1 < x < 4;
2%, ecan 4 < x < 400,

231. ®yuxuu4a f(x), onpeneseHnad B CHMMeTPUYHOM MHTepBaJe
(-1, ), nasbiBaercsa uemuoil, ecau

f(=x) = f(x);
f(=x) = —f(x).

OnpepenuTh, Kakme U3 NaHHBIX QYHKIWN f(x) ABNAIOTCA YETHBI-
MH, a KaKHe HeYeTHbIMH!

a) f(x) = 3x ~ x% 6) /(x)= W1 —x)2 + 3T+ x)%;
B) f(x)=a*+a* (a>0); r)f(x)=In ;—;—g;

) f(x)=1In(x + J1 + x2).

232. loxkasaTh, 4TO BCAKY QYHKLUIO f(X), OIpPedesieHHYIO B
CUMMeTpUYHOM HHTEpBane (=1, /), MOXKHO IIPDeACTaBUTh B BHAE CyM-
MBI YeTHOH U HedYeTHON QYHKIHH.

233. dyurnusa f(x), onpenesedHasa Ha MHO)KeCcTBe K, HasbIBaer-
cs1  nepuoduveckoil, ecnu cyuiectByer uwuciao T >0 (mepuog
byHKUIHE — B IINPOKOM cMbICJe caoBal) raroe, 4ro

f(x+T)=f(x) upn x € E.

BoidcunTb, Kakne u3 JaHHbBIX QYHKUAH ABJIAIOTCA Hepuogmde-

CKUMM, 1 ONPEAeJNTh HAMMEHLUINH NePHo UX, eCNn:
a) f(x) = A cos Ax + B sin Ax;

6) f(x) = sin x + L sin 2x + -31- sin 3x;

U Heuemmoil, ecaun

2
B)f(x)=2tg§ —3tg§; r) f(x) = sin® x;
1) f(x) = sin x?% e) f(x) = Jtgx;

x) f(x) = tg Jx; 3) f(x) = sin x + sin (x4/2).
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234. [loxkasaThb, uro gnd GyHKmn qupuxie

¥ (x) = 1, ecsis X palfMOHAJbHO,
0, ecau x UppanOHANLHO,

IepHoLoM ABNAeTcH JNio6oe parHOHANIBHOE UHCIO.

235.1. lokasaTh, 4TO CyMMa W IPOHU3BEJEHUE [BYX IIepHOJNYE-
CKUX (PYHKUHH, KOTOPBLIE OIpexesenbl Ha obileM MHOMKecCTBe U Ie-
PHOMBLI KOTOPBIX COM3MEPHMBbI, ecTh (PDYHKIIUHM TaKKe IepHoguue-
cKue,

2. ®yukuud f(x) HaspiBaeTcsa aHmunepuoduieckoil, ecin

fx + T) = -f(x) (T > 0).

Hoxasars, uTo f(x) — nmepuoguyeckas pynxuua ¢ nepuogom 27.

236. loxkasats, uTo ecau Juasa QyHKnuH f(x) (—00 < x < +-00) BbI-
nosHeno paBeHcTBO f(x + T) = kf(x), rae k 1 T — HOJOMKUTENHHDIE
nocTosAHHbBIe, TO f(x) = a*p(x), rae a — nocTosiHHadA, a ¢(X) — HepuHo-
amueckaa GyuKiug ¢ nepuonom 7.

§ 4. I'pacdmueckoe nsodpakenne QPyHKINHU

1. [Insa moctpoeHus rpaduxa PyHKUUY y = f(X) LOCTYNAIOT CAeAYOIHM
obpazom:

1) onpesendior obnacTs cylyecTBoBaHuA QPynKinn X = {x};

2) BBIGMPAIOT HOCTATOUHO I'YCTYIO CETh 3HAUEHUH apryMeHTa Xy, Xy, «vvy X,
13 X 1 cOCTABJAT TabAMIY COOTBETCTBYIOIIIMX 3HAUCHUN DYHKIIIN

yi=fx) (i=1, 2, ..., n);

3) HaHocAT cucTeMy ToueK M(x;, y;) (i=1, 2, ..., n) Ha KOOPAUHATHYIO
ILUICCKOCTh OXY M COeIUHSAOT UX JIMHUeH, XapaKTep KOTOPOH yuHUTBIBAET I10-
JIOXKeHUe MPOMEXYTOUHBIX TOYEK.

2. YTobRI [10CTPOUTE rpaMOTHO rPaQUK PYHKIUHU, CIAeayeT U3YIUTh 00-
e cBOUcTBA 9TOI (PYHKIMU.

B nepsyio ouepeab Hy:Ho: 1) periuB ypaBuenue f(x) = 0, onpegeinursb
TOUKU nepeceueHuss rpabura (GyHkuuu ¢ oceio Ox (Hyau Qurkyuu);
2) yeTaHOBUTH 00JIACTH U3MEHEHUA APrYyMeHTa, rae (PYHKIINA NOJ0XKUTENb-
Ha WJIM OTPUHATENbHA; 3) eCJAU BOIMOMKHO, BBIACHUTD NPOMEXCYMKU MOHO-
modHocmu (Boa3apasTaHus UK yObiBaHusa) GyHKUMM; 4) U3yuyuTh HOBEJCHUE
(OYHKUMH IPH HEOrPAHHUYEHHOM NpUOIMMKeHUU apryMeHTa K TPaHUYHBIM
TOUKaM OGJIACTH CYIeCTBOBAHUS (DYHKI[UHU,

B atom naparpade npeanosaraercs, UTO CBOUCTBA IPOCTEHIIUX dIEeMeH-
TapHBIX (OYHKHUH — CTENCcHHOHN, NMOKA3aTeJbHOH, TPUIOHOMETPUUYECKUX U
T. ., U3BECTHBI YUTATEJIIO.

ITonbsyschs 3TUMHU cBOCTBAMU, MOMXHO, He NpoJesbiBasg 6oapLUIoN Bbi-
uKMCJAUTEeNAbHOH paboThl, cpa3dy pUCOBATH 3CKU3b! IPA()UKOB MHOTUX (PYHK-
uuit. Ipyrue rpadukuy uHorza yaaeTcs CBeCTH K KOMOUHALUU (CyMMe HiU
1IDOU3BEJEHUI0 U T, I1.) 3TUX MPOCTEHIIUX rPAPUKOB.
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237. Iloctpouts rpaduk JUHEHHON OJHOPOAHON PYHKIUHK
y=ax
npua=0, % 1,2, -1.

238. IToctpours rpaduk JHHERHOHT QYHKIUK

y=x+b
npu b=0,1,2, -1.
239. Iloctpouts rpaduKU JTUHENHLIX QYHKIIHII:
aA)y=2x+3; 6)y=2-0,lx; B)y=—’_2“ - 1.

240. TemneparypHbBI# KO3bDDHUIIMEHT JHUHEHHOIO paCIIHpeHUs
skemezaa =1,2-10% K. IToctpouTs B nogxogamenm MaciuTabe rpa-
dur GyHKIUN

l=fT) (40K < T <100 K),

rae T — TeMnepatypa U [ — JJIMHA YKeJIE3HOIO CTePIKHA IpU TeMIle-
parype T, ecain [= 100 cm npu T = 0 K.

241. Ilo yucioBO# ocH ABMIKYTCA JABe MaTepHAJIbHBIE TOYKH.
ITepBas B HAYAJIbHBIE MOMEeHT BpeMeHH ¢ = (0 Haxoxmunack Ha 20 M
BJIEBO OT Ha4YaJIa KOOPAMHAT M MMeJa CKopocTs v, = 10 m/c; BTOpasa
npu t= 0 Haxommaach Ha 30 M BnpaBo M OoT Touku O U HUMeJa
ckopocTb Uy = —20 m/c. IocTpouTs rpaduky ypaBHEHUH ABMIKeHUH
3THX TOYEK U HAaWTH BpeMA U MeCTO HX BCTPEUH.

242. Tlocrpouth rpadUKH 1eJbIX PAITUOHAJBLHBIX QYHKIUH 2-if
creneHu (napabosibt):

a)y = ax? apua=1, =, 2, -1;

D=

6) y = (x — x,)> mpu x,=0, 1, 2, -1;
B)y=x*+c mpuc=0,1,2,-1.
243. IlocTtpouts rpaduk k8adpamuozo mpexyniena
y=ax®+bc+ec,
IPUBEAA €Tr0 K BUAY
Y= yo + alx — x,)°.
Paccmorpers mpuMepsI:
a) y = 8x — 2x%; B y=—x'+2x—1;
6)y = x*— 3x + 2; I‘)y=%x2+x+1.
244. MarepuaibHada TOYKa OpollieHa 1noj yriom o = 45° K 1oc-
KOCTH MOPU30HTA ¢ HAUAJIbLHON cKOpocThio Uy, = 600 m/c. IlocTpouts

rpaduK TPAEKTOPHUH [ABWKEHHA U HaUTH HamMOOJBHIYIO BBICOTY

HombeMa U JAJbHOCTE Nosera (cuutath & =~ 10 M/c?, conpoTUBIeHHU-
eM Bo3yxa IpeHeOpeub).
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IlocTpouTh rpadHKM LENbIX PAIMOHATBHBIX QYHKIUHE CTeeHH
BBHIIIIE BTODOI:

245.y = x3 + 1. 246. y = (1 - x%)(2 + x).

247.y = x? — x%. 248. y = x(a - x)*(a + x)® (a > 0).
IocTtpouts rpadpuKu IpoObHO-IUHeNHBIX (MYHKINHT (2unepfonbt):
249. y e 250. y T x

251. IToctpouTs rpaduK ApoOHO-THHEHHON QYHKIIUU

ax+b
= e — Z= s
y — (ad —bc %0, c#0),

IpUBEAA ee K BUAY Y = Iy + —=
X — X

3x+2
2x-3°

252. T'as npu nasieHuu p, = 1 Ila sanumaer o6vem V= 12 m°.
IToctpouts rpadyuk namMeneHnda odbema V rasa B 3aBHCHMOCTH OT AaB-
JIEHHA p, €CJAH TemlepaTypa rasa oCTaerTcs INOCTOAHHON (3aKoH
Boitns—Mapuomma).

PaccmoTpers npumep y =

IlocTpoutsb rpadduKku APOGHBIX PAIMOHAJBHBIX (DYHKILHIL:

|
253.y—x+x.

254,y =x*+ ch (Tpeay6en HpioToHa).

= 1 - 1
255.y=x + e 256. y T (kpusaa AHbesn).
_ 2x
257.y = Tt (cepnanTul HroroHa).
1 x
y= . 259.y =
258. y T 59.y T
-1 2z, 1 -1 _2 1
260. y T x+1—x' 261.y T x2+1—x'
262. y = (e 1)(x-2)
{(x—1)(x+2)

263. ITocTpouts acku3 rpadhura GyHKIUN
ax’+bx+c
= ——— (a, #0),
a,x+b,
npuBens ee K BUAY

n
X - X

y=kx+m+
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PaccmoTpers npumep

264.

x2-4x+3

y= x+1

TlocTpouts rpaduk N3MeHEeHUA CUbI IPUTAKeHnA F maTe-

pHAJIBHOH TOUKH, HaxonAmelca Ha PACCTOAHUH X OT IPHUTATUBAIO-
miero ueHTpa, ecnu F= 10 H npu x = 1 m (3axon Hewomona).

265.

Corgacuo saxony Ban-dep-Baasavca ob6weM V peanbHOro ra-

3a W ero gasJjeHue p Ipu TOCTOAHHON TeMIlepaType CBA3aHblI COOT-
HOHIEeHHeM

(p+ )(V b) = c.

IloctpouTts rpaduk Gpyuruuu p = p(V),ecnua =2,b=0,1uc = 10.

IlocTpouTs rpaduky UppALMOHAIBHBIX (DYHKIIUI:

266.
267.

268.

269.
270.

272.y

273.
274.

275.

276.

2717.

278.

1
npua= =,
p 2

y = t.J-x-2 (mapa6oia).

y = tx./x (napa6ona Heitnsa).

y= i%AHOO — x2 (9JIHIIC).

y = t.Jx2-1 (runepboa).

y=+ l‘x 271.y = +x./100— x2.
(u,nccomxa)

y=2J(x2-1)(9-x2).

IlocTpouTts rpaduk cTerrteHHOR QyHKIMHK I = X" npu:

ayn=1, 3, 5; 6)n=2,4,6.

ITocrpouts rpaduk creneHHON GYHKUKMHU y = x" npH:

ayn=-1, -3; 6)n=-2, 4.

IloctpouTs rpaduk paguxana y = "/x npu:

aym =2, 4; 6)m=3, 5.

Hoctrpouts rpaduk pagukana y = "Jx*, ecanu:

aym=2,k=1; 6)m=2,k=3; Bym=3,k=1;

rym=3, k= 2; Bm=3,k=4; eym=4, k=2;

KYym=4, k= 3.
ITocTpouTs rpadyuK CIOXKHOM I0Ka3aTeIbHON GYHKIKUH i = a*

1, 2,e, 10.
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279. IToctpours rpaduk CHOMKHOW NOKa3aTeNAbLHOW (PYHKIIUH

y = e"1, ecan:

a) y; = x%; 6) y, = —x%; B) y; = };:
1 1 - 2
I‘)y1=§; ﬂ)ylz—;é; e)y1=1—_icx—2.

280. ITocTpouts rpaduk sorapupMudeckoit pyuxuuu y = log, x

npna=%,2,e, 10.

y:

T
4 ’

1
2 y

281. lloctpoutrs rpauru GYHKIIMNA:

a) y = In (~x), 6) y = —In (x).
282. IToctpouts rpaduk CHOMHOM JorapudmMmuiecKord HyHKITUN
In y,, ecan:

a)y,=1+x% 6) ¥y = (x — 1)(x — 2)* (x — 3)%;
_1-x, _ 1. _ .
B)yl"‘1+x; P)yl—zg, Ny, =1+e"

283. Iloctpouts rpadux Gyukuuu y = log, 2.

284. Iloctpouts rpaduk pyukuun y =Asin x npud =1, 10, -2,
285. IToctpouTs rpaduk pyHKRIUK Yy = sin (x — x,), ecau x, = 0,
n 37

2’4’

286. ITocTpours rpacdhuk GyHKIUK y = sin nx, ecaiu n =1, 2, 3,
1

3
287. IlocTtpouts rpadk yHKILMK Y = a cos X + b sin x, npusensa

ee K BHIY Y = A sin (x — x,).

Pacemorpers npumep: ¥y = 6 cos x + 8 sin «x.

IlocTpouTth rpadUKKU TPUTOHOMETPHUUECKUAX (DYHKIAI:

288. y = cos x. 289.y = tg x.
290. y = ctg x. 291. y = sec x.
292. y = csc x. 293. y = sin? x.
294. y = sin® x. 295. y = ctg? x.
296. y = sin x * sin 3x. 297. y = +.Jcosx.

Iloctpouts rpaduru GyHKULHNA:

298. y = sin x%. 299. y = sin L

X

300. a)y=cos§; 6)y=sinx~sinl.
X
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— il = secl
301.a) y tgx, o)y secx.
302.y=x(2+sin i) 303.y = +.1-x2 sinZ.
x
304.y = Si;lx . 305. y = e* cos x.
306.y = +27* Jsinnx. 307.y = %’-Siz.
+ X
308. y = In (cos x). 309. y = cos (In x).
1
310 y= esinx .
Iocrpours rpadpury 06paTHLIX KPYTOBBIX (DYHKILUH:
311.y = arcsin x. 312. y = arccos x.
313. y = arctg x. 314. y = arcctg x.
315. y = arcsin 1 316. y = arccos i
X
317. y = arcctg % 318. y = arcsin (sin x).
319. y = arcsin {cos x). 320. y = arccos (cos x).
321. y = arctg (tg x). 322. y = arcsin (2 sin x).
323. Iloctpouts rpadpuk GyHKUHK y = arcsin y,, ecan:
1-x
Ay, =1-2; By Yy, = —=;
) % 9 ) Uy 1tz
. 2x . ox
6)y1-m’ r)y;=e".
324.1. ITocTpours rpapukr GyHKLUYU y = arctg y,, ecau:
1 1
a) y, = &% 6).’/1:“72; B)y, = In x; Ny, = = .
x sinx
2. Hocrpouts rpaduku GyHKIAN:
3
a)y = x* - 3x + 2; By y= —
)Y W T
my= )y = Jx(-2);
= asin (% +5); ~ otg TE_
Ry sm(2 1) e)y=ctg ——
x) Yy = —I—; 3)y = lg (% - 3x + 2);

X

1-2'77
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— aresin (3 - sin )+ 5y — Ly L),
n)y arcsm(2 smx),}c)y arctg(x_1+x_2+x_3 ;

n) y = log,. , sin x; M) y = (sin x)“'€ %,
325. 3uasi rpadux GyHKIUK I = f(x), OCTPOUTD rpadpuKu (Y HK-
WHit:
a) y = —f(x); 6) y = f(—x); B) y = —f(=x);
r) y = f(x — xg); B Y = Yo + f(x = xy); &) y = f(2x);
%) y = f(kx + b) (k = 0).
326. Ilyctb
1 - x| mpu || < 1;
f(x)={0 npu |x} > 1.

ITocTpouTtsk rpahuky QyHKIUHA:
y= 21z =+ f(x + 0]

nmput=0,t=1ut=2,
327. Iloctpoutsb rpadury QyHKIAI:

Q) y=2+ J1-x; 6)y=1-e"
B)y =In (1 + x); r) y = —arcsin (1 + x);

mny=3+ 2 cos 3x.
328. 3naa rpadux GyHruuM y = f(x), NOCTPOUTL TpadUKHU
byurgmii:

ay =l 8 y=3 (Il + )5y =1 (Il 10);

Ny=rf%x); mny= J(x); e) y = In f(x);
x) Yy = f(f(x)); 8) y = sgn f(x); n) y = [f(x)].
329.1. Ilyctpb

f(x)=(x—a)b~-x) (a<b).

Hoctpours rpaduru QYHKIHI:

a) y = f(x); O y=rx)  my=—;
f(x)
ry = Jf(x); n)y=e'"; e)y =g f(x);
XK) y = arcctg f(x).
2. IlocTpours rpadhuxu HYHKILHI:
a) y = arcsin [sin f(x)]; 6) y = arcsin [cos f(x)];
B) y = arccos [sin f(x)]; r) y = arccos [cos f(x)];

n) y = arctg [tg f(x)],
ecan: 1) f(x) = x%;  2) f(x) = x5
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330. 3naa rpaduru GyHKIHI Y = f(x) 1 y = g(x), TOCTPOUTE I'pa-
dury QYHKIUH:
a)y = f(x) + g(x); 6)y=fx)g(x); B)y= f(g(x)).

I[TpuMeHAA TIPABUIO CIAOMEHUA rpadduKOB, TOCTPOUTH rpaduKu
cneAyIoIux QYHKIUNA:

33L.y=1+x + e 332.y=(x+ D)2+ (x~-1)2

333.y = x + sin x. 334.y = x + arctg x.

335.y=cos x + -;-cos 2x + -1?; cos 3x.

336. y = sin x — %sin 3x + %sin 5x.

337.y = sin* x + cos* x. 338.y=|1-x|+|1+x
339.y=|1 -« -1+«

340. IToctpouts rpadpuky runepbonnyeckux GyHKIUI:

a)y=chx, rge chx=%(e"+e”‘);

6)y=shx, rume shx=%(e"—e"‘);

B)y=thx, rme thx= s_h_x
chx
IIpuMeHAA NPaBUIO YMHOMXKEHUA rpaduKOB, TOCTPOUTS rpad KU

dyurIIHAH:

341. y = x sin x. 342,y = x cos x.
343. y = x%sin? x. 344. y = ﬂn_a_c_ .
1+ x2
345. y = ¢** cos 2x. 346. y = x sgn (sin x).
347. y = [x] |sin 7tx]. 348. y = cos x -+ sgn (sin x).
349. Ilycte
(1 —x|, ecm ] < 1
flx) = {O, ecnu x| > 1.
ITocTpouTsb rpaduk GyHKuuHK y = f(x)f(a — x), ecau:
a)a=0; 6)a=1; B)a= 2.

350. I[TocTpouts rpaduk QyHKUMK [ = x + Jx sgn (sin mxX).

IocTpouTk rpaduk QYHKIHUY y = 1 , eCJIN:

f(x)
351. f(x) = x*(1 — x?). 352. f(x) = x(1 — x)=.
353. f(x) = sin? x. 354. f(x) = In x.

355. f(x) = e* sin x.
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356. ITocTpouTs rpaduK CAOKHON QYHKIIUYU

y = f(u),

roe u = 2 sin x, ecaun

-1 npu —o© <u < -1;
fwy=+< uwnpu-1<u<i;
lopn 1l <u < +00,

357. Ilycts

) x, ecan x < 0;
o) =5 (x +ld) m “"x)‘"‘{xz,ecmxm-'

IToctpouTts rpaduKy QPyHKIIMIN:

a) Y = olo(x)]; 6) y = olw(x)};

B) y = ylo(x)]; r) y = yw(x)].
358. Ilycts

o 1, ecaun x| < 1; _J2-x% ecnn x| < 2;

o(x) = {0, ecau x| > 1 i) = )12, ecnu |x| > 2.
IMocTpouts rpaduku HyHKUMIA:

a) y = olo(x)]; 6) ¥y = olw(x)];

B) ¥ = Y[p(x)]; r) y = yy(x)].

359. @yHKUuMO f(X), ONpefeyeHHYIO B IOJOMXKUTEILHOH 001acTi
x >0, IpOJOMKHUTE B OTPHIATENLHEYIO 00JiacTh X < ) Takum o6pasom,
uToOHI ToayuyenHas Gyaruua 6pl1a: 1) yeTHO#; 2) HeUeTHOH, ecIu:

A f(x)=1-x; 6)f(x)=2x—-x% B)f(x)= Jx;
r) f(x)=sin x; 7)) f(x) =% e) f(x) = In x.
IlocTpouTh COOTBETCTRYWOIME rpahUKU PYHKIUH.
360. OnpenenuTh, OTHOCUTENBHO KAKUX BEePTHKAJBHBIX OcCeil
CUMMETPUYHBI rpaduKu (HYHKIUIA:
1 1

a) y = ax® + bx +¢; )y =— +—3
)y =ax®+bx+c VY= (-2

By=dJa+x + Jb-x (0<a<b); tyy=a-+bcosx.

361. Onpegennurh, OTHOCUTENBHO KAKHUX I[€HTPOB CHMMETPUYHEI
rpahukKu QYHKI[HUIA:

a)y=ax + b; 6 :ax+b;
Yy )y cx+d
— o3 2 . _ 1 1 1
B)y = ax’® + bx* + cx + d; ny= + + ;
x-1 x-2 x-3

NDy=1+%Yx-2.
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362. IToctpouts rpaduKy NepUOAUYECKUX PYHKIIMHA:
a) y = Jsin xl; 6) y = sgn cos x;

B) y = f(x), rae f(x) = A(2 - 5],

ecsi 0 < x < 2l u f(x + 20) = f(x);

ny=[x]- ZF];
2
o) y =(x), roe (x) — paccTosHue OT YHCIA X 10 Oiinakaiiiero
K HeMY IIeJIOr0 YKcJa.

363. Jokaszars, 4To ecnu rpaduk GYHKIHE Y = f(x) (—00 < x < +00)
CHMMETpPHUUEeH OTHOCUTEJBHO ABYX BEPTUKAJBHEIX OCeH X =au x =b
(b > a), To pyHKIIUA f(x) — nepuoguUecKa.

364. Jokazats, uTo ecayt rpaduk GyHKIUHU I = f(x) (—00 < x < +00)
CHMMeTpHYeH OTHOCHTeJBbHO ABYX TodeK A(a, y,) u B(b, y,) (b > a),
7o QYHKUNA f(x) ecTh cyMMa IHHEeHHON QYHKIHUH U IIePUOAUYECKOH
dhyaknuu. B yacruocru, ecau y, = y,, To PyHKUMA f(X) — nepHoIn-
yecKas.

365. Hoxaszars, 1uTo ecnu rpaduk QYHKIUU [ = f(x) (—00 < x < +00)
CUMMeTPHYeH OTHOCUTEIbHO TOUKH A(a, Yy) ¥ npamMoil x = b (b # a),
To QyHKIMA f(X) — HepHoguUecKad.

366. IToctpouTs rpaduk GyHKIUHA y = f(x) (—00 < x < +00), ecau
flx +D=2f(x)n f(x)=x(1 - x)npu 0 < x < 1.

367. IToctpouth rpaduK QYHKIHU

y=1(x) (-0 < x < +00),
ecJIn:

flx+m=fx)+sinx u f(x)=0, nmpu0<x<m.

368. TToctponrs rpaduk Gyuxmuu y = y(x), ecau:

a)x=y - y" 6) x = 1L
) 1+y2
Blx=y-lny; r) x% = sin y.

369. TToctpours rpaduk dyuxkuuu y = y(x), 3afaHHBIX IapaMer-
PUYECKHW, eCHu:

aAx=1-¢ y=1-1%

1 1
Byx=t+=-, y=t+ =;
) it Y t2

B) x =10 cos ¢{; y = sin ¢ (snumnc);

r)x=cht, y=sht (runepborna);

o x=5cos’t; y=3sin?¢

e)x=2(¢t —sin t); y= 2(1 — cos t) (LUKIONKA);

w)x ="+t y=4t+1 (¢t >0).
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370. 1. Iloctpours rpapuKu HeABHBIX (PYHKILMI:
a) x2 — xy + y? = 1 (amuanc);
6) x* + y® — 3xy = 0 (mexapToB JHCT);

B) Jx + ﬁ = 1 (napaboua);
2 2

r) x* + y3 = 4 (acTpouna);

o) sin x = sin y;

e) cos (nx?) = cos (ny);

w) x¥ =y* (x>0, y>0)

8)x - x| =y — |yl
2. IlocTpouTh rpaduky HeABHBIX QyHKIINIH:

a) min (x, y)=1; 0) max (x, y) = 1;

B) max (|x|, [y = 1; r) min (x%, y) = 1.
371. 1. IloctpouTts rpaduru Gyuxuuit » = r(¢Q) B NoJIapHOHI CcHc-

TeMe KoopAauHarT (r, ¢), ecaun:
a) r = ¢ (cnupans Apxumena);

6) r= g (runepbonuyecKas CIUpaJb);

B)r=l7 (0< g < +oo);
2
r) r= 22% (norapudmMuyeckas cliupab);
n) r=2(1 + cos ¢) (kapguonza);
e) r =10 sin 3¢ (TpexaenecTKoBada poaa);
k) r? = 36 cos 2¢ (1emHHucKaTa Bepryaan);

o= 5 (r>1)

u) ¢ = 21 sin r.
2. ITocTpouTs B OJMAPHBIX KOOPAMUHATAX F ¥ () Tpauky caenyo-
mMuX QYHKIWANA:
)g=4r—r 6)¢=o; B) s+ of =100,
3. [TocTpoUTh B HOJAPHBIX KOODPAUHATAX I' U ¢ rpadhuxu QyHK-
uil, 3aJaHHBIX napaMeTpudeckH (¢ 2 0 — mapamerp):

a){(p =tcos?t, 5)
r=tsin?t, p=1- 0 Tt

372. [IpubaniKeHHO pelllUTh ypaBHEHUE
x3-3x+1=0,

noctpous rpaduk GyHKLHM y = x° — 3x + 1.
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I'paduuecKy pellluTh cIAeYIOUMe YPAaBHEHNA:

373.x* —4x - 1=0, 374.x* —4x+1=0.
375.x=2". 376.1g x = 0,1x.
377. 10" = x2, 378.tg x = x (0 < x < 2n).

I'paduuecKH pelllUTh CUCTeMbI YPaBHEHHMI:
379. x+y? =1, 16x*+y=4.
380. x% + y? =100, y=10(x?- x — 2).

§ 5. llpenen pyHKiun

1. Orpaunvyennocts Qpyuxkunn. Oynaxuus f(x) HA3BIBAETCS OTDAHUYEH-
HOM Ha JAHHOM HpoMexyTKe (a, b), ecqu cymecTBYIOT HEKOTODBIE YUCJIa M
u M raxue, 4TO

m< f(x)< M

npu x € (a, b).
Yucno my = vEir(lafh) {f(x)} = max m HazbIBaeTCA HUNHED zpPAHbI0 QPYHK-

unu f(x), a uncao My, = sup {f(x)} = min M nHaswiBaercs gepxHeil zpanbio
x€(a,b)

¢yaxuuy f(x) Ha faHHOM NIpoMeXxkyTKe (a, b). Pasnocrs M — m, Ha3biBaeTcs
KonebaHuem (PYHKyUU Ha nmpoMexkyrke (a, b).
2. IIpenen pyuxnuuu B rouke. IIycrs Gyuxuus f(x) onpeneseHa Ha MHO-
sxecTBe X = {x}, UMeMOIMEM TOUKY CTYINCHUS d. 3aNUCh
lim f(x)=A4 1)
X —=a
0603HaYAeT, UTO AJNA KAKAOro uucaa € > 0 cymecrsyer ducao & = §(¢) > 0
TAKOe, UTO [JIA BCEX X, NJS KOTOPBIX f(X) UMEET CMBICJ U KOTOpPHIE YIOBJET-
BOpAOT yeaoBuio 0 < |x — a| < §, crpaBefIMBO HEPABEHCTBO
Ifx) - A] <e.
Ilust cymectroBanust npenena GyHxuuu (1) HeoGxoaUMO U JOCTATOUHO,
4TOBBL UIsT KAMKAON I10CJeOBATENBHOCT X, — @, X, Z a(x, € X; n=1, 2,
...), OBLTIO BBITIOJIHEHO DABEHCTBO

lim f(x,) = A.

HmeroT MecTo fBA 3aMeiamenbHblx npedena:
1

SINX _ 4 9) lim (1 + x)° —e.
x—0

1) lim
xr—0

Kpumepuit Kowu. Ilpenen pyaxuum f(x) B TOUKE a CYIIECTBYET TOrAa
U TOJALKO TOPZAA, ecJU 418 Kaxjaoro £ > 0 naigercs § = d(e) > 0 Takoe, uro

[f(x’) ~ f(ax")] <&,
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Kax Tonbko 0 < [x" —a] <8 u 0 <]x”’ - a| <§, rge " u x” — mobble TOUKU
13 obnacru onpegeneHust GyHrpuu f(x).
3. Oarocroponnue npeaensl. Yucno A’ HassiBaeTcss npedesom creaa

QOynxnuu f(x) B Touke a:

A= lim f(x) = fa - 0), :

ecnu
A" = f(x) <enpu 0 <a-—-x<3d(e).

AwnasornuHo, uncio A” HasbiBaeTca npedesonm cnpaéa GyHKuuu f(x) B
TOUKE a:

A" = lim f(x) = f(a +0),

ecau
JA” - f(x)] <empu 0 < x — a < §(¢).
Hns cymecTBoBanus npeaena GyHKUUM f(X) B TOUKe @ HeOOXOQUMO U

IOCTATOUHO, YTOOBI

fa - 0) = f(a + 0).
4. Beckonevnsli npexes. YCJIOBHASA 3aIUCh

liin f(x) = oo

obosHauaer, uTo auad gioboro £ > 0 cnmpaBenauBO HEPABEHCTRO:

[f(x)| > E, ecmu Tonbko 0 < |x ~ a] < 8(E).

5. YacTuuasiit npegen. Ecau qist HEKOTOPOIl MOCHENOBATENbHOCTH
x, =~ a (x, # a) *MeeT MeCTO paBeHCTRO
lim f(x,) = B,
n— o
TO YUCJO0 (MJIU CUMBOJ ©0) B HasbIBaeTCHA YaACMUYHbIM npedesom (COOTBET-
CTBeHHO KOHEYHBIM MJIM BEeCKOHEUHBIM) PyHryul f(x) B TOuke a.
HaumeHbminil 1 HAUBONBIIMI M3 3TUX YACTUYHBLIX TIpefesioB obo3Haua-
0TCA Yepes
lim f(x) u  lm f(x)
Y ~a X—ua
U HA3BIBAIOTCST COOTBETCTBEHHO HUMCHUM U epXHuM npedesamit GYHKUUU
f(x) B Touke a.
Pagenctro
lim f(x)= lim f(x)
x—a x—a
HeobX0UMO M JOCTATOYHO IJISI CYIIECTBOBAHUS IpefeJa (COOTBETCTBEHHO
KOHEYHOro MM BeCKOHeYHOro) GYHKLHUHU f(X) B TOUKe 4.
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381. TloxazaTs, yTo GYHKIUA, ONpeneaAdeMas YCIAOBHUAMM:

flx)=n, ecan x= %,

rge M ¥ 1 — B3AaMMHO NpocThle yncia u n > 0, n

f(x) =0, ecin x UPPALMOHAJILHO,

KOHEeUYHa, HO He OrpaHuyeHa B KAXKAOM TOUKE X (T. e. He OrpaHuyeHa
B /11000 OKPECTHOCTH 3TOH TOUKH).

382. Ecnu hyuxuuu f(x) onpenenieHa ¥ JTOKAJbHO OrPAHWYEHA B
KaXXOOW TOUKe: a) MHTepBaja, 6) cermeHra, TO SABAAETCA JHU dTa
(PyHKIASA OTPAHMYEHHOI Ha JAHHOM HHTEPBAJIE MM COOTBETCTBEHHO
cermenre?

IIpueecTy coorBeTCTBYIOME TPUMEDHL.

383. Iloxkazars, yTo PYyHKIMA

2
fx) = L2
1+ x4
orpaHMYeHa B MHTepBaje —O0 < x < +00,
384. Tlokasars, YTO QPYHKIUA
fx) = 1 cos 1
X X
He OrpaHuyeHa B n1000 OKpecTHOCTH TOukH X = 0, OMHAKO He ABNA-
ercs OeckoHeuHo Gonsbioil npu x — 0.
385. Ucenenosars Ha OTPAHMUEHHOCTD PYHKIIMIO

f(x)=1n x - sin?

R 1A

B uHTepBase 0 < x < €.
386. Ilokasars, uTo PYHKIINA

fla) = =

1+x

B obsnactu 0 € x < +00 MMeeT HHXKHIOIO T'PaHbs m = 0 ¥ BepXHIOIO
rpas M = 1.

387. dyuxuusa f(x) onpenenreHa ¥ MOHOTOHHO BO3pacTaeT Ha Cer-
MeHTe [a, b). UeMy paBHBl ee HMIKHAA U BEPXHAA IDaAHK HA dTOM
cermenTe?

OnpenennTh BePXHIOO M HUMKHIOW I'PAHN (DYHKIIMN:
388. f(x) = x* na [-2, 5).
389. f(x) = —— na (—00, +00).

1l+x
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390. f(x) =

2% yga (0, +00).
+x2

1
391. f(x) = x + i Ha (0, +00).

392. f(x) = sin x ua (0, +0).

393. f(x) = sin x + cos x ua [0, 2n].

394. f(x) = 2% ma (-1, 2).

395. f(x) = [x]: a) ua (0, 2) u 6) ma [0, 2].
396. f(x) = x — [x] ma [0, 1].

397. OnpenenuTs Konebanue pyuxmuu f(x) = x> Ha nATepBaNaX:
a) (1; 3); 6)(1,9; 2,1); B)(1,99; 2,01); r)(1,999; 2,001).

398. OnpenennTs Konebaune pyuruuu f(x) = arctg i Ha HHTEp-

Bajax:
a)(-1; 1); 6) (~0,1; 0,1); B) (-0,01;0,01); r) (-0,001; 0,001).
399. Ilycrs m[f] 1 M[f] — cOOTBETCTBeHHO HMIKHAA U BepXHAHA
rpauy QyHKIUA f(x) Ha npoMesxyTKe (a, b).
Hoxaszars, uto ecnu fi(x) u f,(x) — GyHKUMHK, OUPeeSeHHbIE Ha
(a, b), To

m{f, + f;1 2 m[f,] + m{f,],
M{f, + fo] < M[f(] + M[f].

Tloctponts npumeps: Gyuaxrnui f,(x) u f,(x), 0758 KOTOPLIX B mOC-
JIeTHUX COOTHOIUEHMAX MMEST MECTO:
a) cayuali paBeHcTBa U 0) cayuail HEpaBeHCTBA.
400. Ilycry hyuxuusa f(x) onpegenena B obnacru [a, +9°) u or-

paHmyeHa Ha KadKgoM cermenre [a, b]. Ilonosxkum: m(x) = inf f(E),
asf<x
M(x) = sup f(E).
as<t<x

IlocTponts rpaduxnu bynkuui y = m(x) u y = M(x), ecan:
a) f(x) = sin x; 6) f(x) = cos x.
401. C noMompI0 «& — O»-paccy KAeHUN HOKA3aTh, UTO

lim x? = 4.
x—2

3anoNIHUTD CHEAYION[YVIO TabAnIY:

€ 0,1 0,01 0,001 | 0,0001
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402. Ha aspike «E — &» moxasarts, uro

: 1
lim = 400
x—1 (1-x)2

3aNOJHUATH CAEAYIONIYIO TabAUILy:

E 10 100 1000 10 000
&

403. CchopMynupoBaTh ¢ IOMOIILI0 HEPABEHCTB CACAVIOIIHAE YT-
BePIKAEHUA:
a) lim f(x) = b; 0) hm f(x) b; B) lim f(x)=
X —a ~a- x—ua+0

IIpuBecTn coorBeTCTBYIONIIHE npnmepm.

ChopMynupoBaTs ¢ HOMOIIbIO HEPABEHCTE CAeAYIOIINEe YTBEPK-
JeHNUsA U IHPHBECTH COOTBETCTBYIOINAE HPUMEphI:

404. a) liqm f(x)=1b; 6) 1ln_1 f(x)=b; B) Em f(x)=

405. a) liin f(x) = oo; 0) liin f(x) = —o0;
B) hgl f(x) = +o0; r) xljran =
n)XIj:n flx) = e)xLi;;Of(x)=+00;
3K) xy; f(x) = 3) ngq flx) =
n)ngxlof(x)=+00. o

406. 2) xl'?;: f(x) = oo; 6) lim f(x) = -

B) hngo f(x) = +00; r) xlijr}m f(x) =
1) xI}}n&) f(x) = —00; e) xlingm flx) =
m)xxlj;g” f(x) = o5 3) :1311100 f(x) =~

u) ljm f(x) = 400,

407. Ilycrs y = f(x). ChopMmyanpoBaTs ¢ IOMOUbIO HEPABEHCTB,
YTO 3HAUMT:

a)y — b—-0 nopux — a; 6)y >b—-0 npux —a—0;
Bly—b-0mpux—a+0; ry—b+0 npux — a;
Dy—b+0npux —>a-0; ey —b+0 npux—a+0;
K)y — b~ 0 npu x — ©0; 3)y > b—0 npmx — —co;
ny—=b-0uopux —+;, K)y—b+ 0 npux — oo
my—b+0npux —-00; M)y —b+0 npux — +co,

IIpuBecTy COOTBETCTBYIOLIME IPUMEDEL.
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408. Ilycrs
P(x)y=apx" + a;x" '+ ... +a,,

raea, (i=0,1,...,n;n 21, a; # 0) — BellieCTBeHHbIE YHCIA.

Hoxaszarp, 4TO
lim |P(x)| = +oo.
x — 0

409. IIycrs

apx"+a;x" 1+ . +a,
box™+bxm-14+ . +b,’

R(x)=

rae ay, > 0 u by # 0.
Hoxaszarn, 4To

O, ecauu n > m;

a, o
lim |R(x)| =< 3 »ecAuR=1m;
x — 00 0

0, ecamn < m.

410. Ilycrs
R(x) _(ﬂ
Qx)’
rae P(x) u Q(x) — MHOIOYJIEHBI OT X 1
P(a) = Q(a) =
Kaxue BodaMOsKHbIE 3HAUEHUSA MMeeT BoIpa’keHne
lim —i——) ?
x—a Q JC
Haiity 3HaueHuA clieAyIONIMX BLIPAXKEHUH:
: -1 x2-1 x2-1
411.a) lim ——~ ; 6) lim —— - -
R ey SISy iy S e
412. lim Q1+x)(1+2x)1+3x)-1
T¥o x )
413. lim (22)°=(1+5x)
x=—0 x?%+ x®

414. lim Qxmt = (Lo g oy HATypAJbHBIE UUCHA).

x~—0 x2
415. lim Fz1(x-2)(x-3)(x - 4)(x~ 5)
x =0 (bx-1)°

416 lim (2x—3)20(3x+2)80
’ x — (2x+ 1)50 )
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417, lim G DE2+1)  (xn+ 1)

x— 00 n+l

[(nx)"+1] 2

418, lim X2=5x+6 419, lim ¥ =3x+2

x—3 x2—~8x+ 15

420. lim xt-3x+2 . 421. lim x3-2x2~-4x+8 i

x—1 X°—4x+3

422, ljm *=2x-1 423. lim }
x—2 (x3-12x+16)10

x—-1x*-2x-1

424. ) lim X+ x24+ .. . x"—n,

Y1 xt—-4x+3°

x—2 x*-8x%2+16

X2~ x— 2)30

x10-2x+1

6) lim

x—1 x-1 =1 X0 2x+1
425. 11(11}1] zt::ll (m ¥ n — HaTypanbHble YHCJA).
426. Jl(nna (- a”)(;:lzr;; (x-a) (n — HaTypanbHOE UKCJIO).
427, Jl(il}ll xr ] “(i'ii )lz)x * 1 (n — HaTypambHOE UHCIO).
428, chlinl (1 _mxm -1 _”x”) (m ¥ n — HaTypaJpHbIe UKCIA).

429. lim l[( x+ %) + (x + 2’—1a> + .+ (x + (—"lnliﬂ

n--00 Tl

n—oo 1

430. lim 1[(x + %)2 + (x + %2)2 4

Vraszanue. Cm. npumep 2.

431. lim 124‘r32+...+(2n~1‘)2-
n—oo 22442+ .. +(2n)%

432. lim (1_3_+_2_*+_;nf n)_

n-— oo

n® 4

Yrasaunue. Cm. npumep 3.

433, lim LU+ + 7T+ +(3n-2)8
Theo [1+d+T+.. +(3n-2)2"°

434. OnpefenuTs NAOIAAE KPUBOJIH-
HeltHOTO TpeyronmbHukra OAM (puc. 3),

2
OrpaHMueHHOro napabomoil y = b(f) » OCBIO
a

Ox unpsamoil x = a, paccMaTpuBasd ee KaK
npegenl CyMMbl IIOIAZeil BIIMCAHHBIX

IPAMOYTOJIBHUKOB € OCHOBAHMAMM g,
n

roe n — 0,

o (s 2202y

Puc. 3
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Haittu npegensl:

435. lim E x+ % 436. lim Jx o 3fx e ix -

Txt Jx+1 ) koo J2x+1
437. lim 41+2x-3 438, lim =*¥-3
i—~4 L [x-2 x~-8 9.3[¢
439, lim Lx-axJx-a 440, lim x*18-2Jx+1
x—a /x _aZ x—3 x2—9
441, lim "__—V’;;fgz . 442. lim "—fﬁ—‘z-
X = - x— 16 x—-4
443. lim ¥9+2x-5
x— 8 W_
444. hn}) "———-“1+xx_l (n — meJsoe YKUCIO).
Jn
445, lim d1=2x-x*-(1+x) 446. lim Y8+3x-x2-2
x—0 x ’ Cxo0 x+x2 )
447, lim N2T+x-427-x 448, lim Jlrx-Jl-x
x—0 x + 23/xt x=0 31 x-31-x
x’1+3—c— ’1+J—C
449, lim X+ 2-Yx+20 450. lim L 3 N __ 4
x— T m 2 x 0 1- 1_£
l\/ 2
451. lim x?

x—0 i/l+5x—(1+x).
452. lim Mlrox-V1+px
X

x—0

(m 1 n — gensle uncaa).

(m u n — pensie uucna).

453. lim "A'/1+O(x"«/l+ﬁx— 1
x—0 X
454. TIycts P(x) = a,x + axx® + ... + a,x" u m — menoe YuCIO.

Iloxasats, yro lim ~A+P)-1 _

x—0 X

38

Hatiti npemensl:

455. 1. lim -1 (m u n — yensle yucnaa).
x—1 'lf.‘J—C— 1

2. lim 8 __3
.x—‘l 1—»\/;(? 1—;1/;(: )
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456.

457.

458.

459.

460.

461.

462.

463.

464.

465.

466.

467.
468.

lim (1-/x) —:i/a—c)_,_(1_,k/;)‘

x—1 (1-x)-1!
lim [J(x+a)x+b)— x].
ljm (:\/x+~/x+A/J_c—A/7c).

lim x(ﬁ2+2x~ 2Jx2+x + x).

x— 400

lim (ﬂx3+x2+1 ~i/x3~x2+1).

x — 0

lim ["i/x3 +3x2— Jx2- Zx) .

x — 10

1 2 2
lim x3 |:(x +1)3 = (x — 1)3].

lim x3/2(Jx+2 ~2Jx+1 + ﬁ)

x = 400

lim ['}\/(x+ a)..(x+a,)— x}.

x = +00

lim (XoJx2-1) ;n(x + 22 1) (n — warypansHoe uncIO).
x — +00

lim 1+ X+ x) ;(“ 1+x2-x) (n — HaTypaJIbHOE YKUCJIO).
x—0 .

Wayunrs noBefeHne KOPHEH X, U X, KBAAPATHOrO ypaBHe-

Husa ax®+bx +¢c=0,y KOTOPOro Ko UMeHT a CTPEMUTCA K HY IO,
a KoappuuMeHTH b B ¢ TOCTOAHHEI, NpuueM b # 0.

469.

470.

Haiitu nocrosiHubie a B b U3 yCIAOBHA:

lim (:;2+1 —ax—b) = 0.

x — 00 +1

Haiiry nocrogunsle a, u b; (i = 1, 2) us ycnosnii:

lim (A/xz-x+1 —alx—bl) =0,

x -0

lim («/xz—x+1 —azx—sz =0.

x - 400
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Haiitit npegensi:

471.

473.

474.

475.

4717.

479.

481.

. i x . inx
lim SiB5X 472, lim $0X
x—0 X x — o0 X

. inmx
lim SiB7X (m 1 n — meJnble unucaa).

x—n sinnx

a) lim l%f; 6) lim t_g_x; B)lim x ctg 3x.
X x—

x—0 x -0 0
lim tgx - sinx 476. lim sinbx - sin3x
x—0 sinfx TXo sinx )
lim S08% = cos3x 478. lim 1+ sinx —cosx
X0 x? ) “x-0 1+sinpx—cospx’
lim tg 2x tg(E - x) . 480. lim (1 - x) tg ix,
=T 4 x-1 2
Hoxasars paBeHCTBA:

a) lim sin x = sin a@; 6) lim cos x = cos a;
xra X —a

2n-1
2

B) lip1 tgx=tga (a?f m;, n=20, il,i2,...).

Haitru npemensl:

482,

484.

486.

488.

489.

490.

491.

492.

493.

494.

lim sinx—sina_ 483. lim S08*—cosa
x—a X—a x -a X—-a
lim tgX-tga. 485. lim otEx-ctgd,
x-—d xX—a x—a XxX—a
lim SecX —seca 487, 1im cosecx —coseca
x ra xXxX-a x a x—-a
lim sin(a+2x)—-2sin(a+ x) + sina )

x—0 x2

lim cos{a+2x)—2cos(a+x)+ cosa

x—0 x?

lim tg (a+2x)—2tg(a+x)+tga_

x 0 x2

lim ctg(a+2x)—2(:tg(a+x)+ctga.

x-+0 x?

lim sin(a + x)sin(a + 2x) - sin®a )

x =0 X

lim 2sin®x+ sinx -1 )

xa:_; 2sin?x ~ 3sinx + 1

lim 1—cosxcostc053x_

x—0 1-cosx
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sin(x—;—t)
34 _
495. im ——— | 496. lim tgix - 3tgx .
U 1-2cosx =k T
*73 3 Cos x+6)

497. lim tgla*xitg(a~x)-tg*a

x—0 x2
498. lim __l;ct_g_'v*___ 499, lim JL+tgx -1 sm;
-t 2 - ctgx ~ctgix X0 x?
500. lim X 501. lim «/Eosx.— #eosx
x—0¢ /14 xsinx - Jco x- 0 sin?x
502. lim J1-cosx? 503. lim -L-cosx
x—0 l1-cosx g l—cos(ﬁ
504. lim 1- cosxA/coinifcos&c )
x—0 X
505. lim (sin Jr+1 —sin Jx J
x — oo

- x

506. a) lim (1 + x) . 6) lim (1+ x)’y_ ) lim ( )

=01 924 x y—1 124 x

,...
‘lﬂ

. x+ 2\ . 3x2—-x+1
507. jl—l-l}x (Zx—l) ) 508. ;cl{m (2x1+x4 1)
tg2x
509. lim (sin" 52—7‘;”1) 510. lim {tg| " )}g
1 X0 n on
1 \ AZ
511, lim [E=1) 512, lim (1)
Txteo lx2ad ) T e (x2—2}! ’
, 1
513. lim (ﬁ—?i?—l) 514. lim %/1-2x.
r—0\2x2-3x—-2 x =0
515. lim (£20)", 516. lim ("—"‘*—”-‘) (a;>0,a,>0).
x>0 \X-—Qa x4 a2x+b2
517. im (1 + «®)<¢2 =, 518. lim (1 + sin mx)*# 7,
x—0 x-~1
l
519. a) lim ( 1”gx)w; 6) lim (J—*i*—) N
r—o0 \1+sinx r—0 \1l+sinx

520. lim (smx)x_u_ 521. lim ( cosx) el

x ~a \sina x =0 \Ccos2x
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522. lim (tg x)¥ %, 523. lim (sin x)%7*.
ot i1
. T ctgx . . 1 1 x
524. llillo [tg(Z x)} . 525. xhlnﬂ (sm - +cos ;) .
526. lim %/cos/x . 527. lim (;”' ch)n .
x=0 x-» -
528. lim cos" X . 529. lim wd+x)
n - o ,\/;l xr—0 X
530. lim x[In (x + 1) — In x]. 531. lim lii—‘—(‘;ﬂ (a>0).
x - oo xr—a -~
Rt . o . BT In(x2—-x+1)
532 xilflw [sin In (x + 1) — sin In x]. 533 xli]?m (x5 1)
; 1 100 + x? . In(2 + ¢3x
1 ____) . In(2+ c?)
534. lim (le SO0 535 I, TE e

536. lim U+ Jx+3x)
x40 n(1 4+ 4x + %)
537. lim 08X+ k) rloglx—h)-2logx (- o

h—0 h?
Intg| Ty ax)
538. lim ——~~, 539. lim M‘Ea—x.
x 0 sinbx x—0 Incosbx

540. a) lim [111 nxt+yl-n"x” Vl‘”zle; 6) lim In(nx + /1 - n?x?) .

x>0 x4+ 1 -x2 20 In(x+ J1-x2)
541. lim =1 (a > 0). 542. lim =% (q > 0).
x—0 X x—ag X—a
X a ..1.
543. lim £2% (@ > 0). 544. lim (.x + e")‘ :
x—=a X—a x—0
1
545, a) lim (l_tx_Z"Jﬁ, 6) lim (’Lw)”‘ﬂ“l;
x0{14x-3% x—0\1+sinxcosPx
8) lim sin(nx®) r) lim sin?(n - 2%) .
x—1 sin(nxf)’ r—1 Infcos(n-2%)]
546. lim tg" (E + l). 547. lim —e e
n-= oo 4 n x—0 sinox - sinPx
. x%—-qa® . ax - at
548. ’1611131 ot (a > 0). 549. chlinb P> (a > 0).

550, lim Z1+dt-2ar (5 )
k=0 h
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551. lim (Xra)in(x+b)y
n—oo  {X+a+b)rrrarh

552. lim n(’k/a—c - 1) (x > 0).

n— o

553. lim n? (’i/} - ”*k/a_c) (x > 0).

X — 00

554. lim (L‘_li_fl)) (@>0,b>0).
a

n— oo

555. lim (ﬁ_g_@) (a> 0, b>0).

n-+ o0

1
556. lim (“_t%f_) (@>0,b>0,c>0).
x—0
1

557. lim (“‘“‘*”“‘”‘”)* (@>0,b>0,c>0).

x—0 a+b+c

. ax2+bx2 1
558. lim (___) (@>0,b>0).

x—0 a*+ b*

) axt — pi?
559. chl_I:lla EaT_—-})X—)z

(a>0,06>0).

560. lim “_:‘;_ (a > 0).

x ra a‘t-
561.a) lim B+37), 6) lim n(1+3%)
x——co In{1 4+ 27) x o doo IN(1+ 2%)

562. lim In (1 + 2% In (1 n %)

X~ +o0

563. lim (1 — x)log, 2.
x—1

564. Hokasars, uro lim ﬁ—: =0 (a>1, n>0).
x — 400

565. Hoxkazarh, uro lim %f =0 (a>1,&e>0).

X — 40

Haiitu npepgensi:

566. a) lim J(x2+c’) . 6) lim Jn(x?+es)
x—0 ln(xt+ e2x) x— too In(x1 4 e2¥)

567. lim —nd+xe)
=0 In(x+ J1 + x?)
568. lim [(x+2)In(x+2)-2(x+ 1) In(x+ 1)+ x In x].
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569.

570.

571.

572.

573.

875.

976.

577.

978.

579,

580.

581.

582.

583.

584.

585.

lim Iiln (xIna)In [Mxﬁﬂ (a >1).

x = +0 In=

a
lim (ln xtyxiel In"2 &% 1)
X 4oo x+Jx?-1 x-1
lim A/1+xsinx—1.

-0 e’ ~ 1

Q X Q —-x
lim cos(xet) - cos(xe )-
x—0 x3

x2+1

Jim (Zem - 1) e

x—=0

lim 1 sin'Px (a>0,p>0).

x-Z J(1 = sintx)(1 - sinfx)

a) lim §_h_x; 6) lim Slx——-,
x—0 X x—0 x2

thx

B) lim (cm. nmpumep 340).

x-—0

hzx
a) Ii _snx
) x En0 In{ch3x)

6) lim sh/x2+ x~shJ/x?—x
x — +00 chx ’

(cMm. npumep 340);

: x — sl . -
2) lim sh S 1a; 6) lim chax cha;
x—a xX—-—a x - u X—-a

sin2x __ psir
a) lim (x~—Inchx); 6) 11n ot i
xr — +o0 -0 thx
"’
ch=
lim

n - 00

k1
cos—
n

lim aresin 1-x .

x —» 00 1+x

lim arccos ( x2+x — x) .

x = +o0

-4
ilinz arctg ( —o

lim arcctg .

lim arctg(x + h) - arctgx
B0 h )

nx

574. lim (2 - N

8) lim Inchx

x—0 Incosx
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586.

587.

588.

589.

590.

591.

592.

593.

594.

€CJIn

595.

596.

597.
598.

599.

ln1+x
lim l-x
x--0 arctg(l + x) - arctg(1 -x)’

lim [n arctg — 1 - tg" (’—I + i)]

n o~ oo n(xt+1)+x

lim x (g — arctg x—x—) .

x — +1

lim x|X — arcsin X__ .
2 Jxied

x too
lim l:l + f—l !"}Cosec(nm)
n

n— o0

i
. 2 .
a)llm-l—e"; 6) lim xIn x.
x--0 x100 x-++0

a) lim (A/x2+x —x); 6) lim (Jx%2+x — x).

x = -o0 A x = e

a) hm (J1+x+x2 = J1-x+x2);

6) lim (J1+x+x2 — J1-x+x2).
x 400

Haiiru

h= lim f(x) - 11m f(x),

x— 400

f(x) = In x+ Jx?+a?
+ 21 O

a) lim arctg —3 0 hm arctg —1—.
x— 40 - X — 140 - X

a) lim 1 T 6) lim
0 1 -4 1
: 1+e* 1+e*

a) lim In(l+eq). &) lim lﬂgl—;—(ﬁ

X — - X X -+ 40

Hokazars, 4T0!

a) — 2+ 0 upux— —0;

1+x

6)—2x——>2—0 mnpu x — +00,
1+x

Hokasarh, 4TO:

a)2*—1-0 upux— -0;

6)2*— 1+ 0 npux — +0.
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600. Haiitu f(1), f(1 — 0), f(1 + 0), ecam f(x) = x + [x].
601. Hafitu f(n), f(n—0), f(n + 0) (n= 0, %1, ...), ecnu f(x) =
= sgn (sin 7mx).

HauTn npenesnsi:

602. lim x Jcosl. 603. lim xH.
x—0 X x—0 X

604. lim sin (n,\/n2 +1 ) . 605. lim sin? (nJ/n2+n).

n oo n =00

606. lim sin sin ... sin x.
n—oo ST~
n pas

607. Ecim lim @(x)=A u lim @(x) = B, To cienyer J¥ 0OTCIO4a, UTO
x—a x— A4
lim y(p(x)) = B?
x—a
Paccmorpers npuMep: ¢(x) = % npu x = 5, rge p U ¢ — B3aUM-
HOIIpOCTHIEe Tenble gucna u @(x) = 0 Ipm X — HpPpanUoOHAILHOM;
Y(x)=1npu x # 0 u y(x)= 0 aopu x = 0; npuuem x — 0.
608. ITokasaTts TeopeMul Komu: ecin dyuxuust f(x) onpengesena
B uHTepBaje (a, +00) 4 orpaHUYeHA B Ka)XA0OM KOHEUHOM MHTepBae
(a, b), To:

a) lim ﬂf_) = lir? [f(x + 1) - f(x));

x— oo
1
6) lim [f(x)]* = lim &L () >cC>0),
x = oo x—+0  f(X)
TIPeANoNaras, YTo npe/eibl B IPABLIX YACTSAX PABEHCTB CYII[€CTBYIOT.

609. okasars, uto ecnu: a) GyHruus f(x) onpenenesa B obiactTa
X > a; 6) orpaHmYeHa B KaXXIOW KOHeuHOil obgactk a < x < b;

B) lim [f(x+1)~=f(x)] =0, 10

lim fx) _ 00,

x = t00 X

610. Joxazarts, uro ecnu: 1) dyuxkuus f(x) onpengeneHa B obiac-
TH X > a; 2) orpaHUYeHa B KaXKAOH KOoHeuHol obyactu a < x < b;
3) 0JIsl HEKOTODOI'0 HATYPAJLHOTO N1 CYIIECTBYeT KOHEeUHLIHN unu Hec-

KOHeUHBbI npege
lim (2 D7) oy

¥ 4o xn

TO
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611.

612.

Jokazars, 4TO

n— oo

a) lim (1+i—i)"=e"; 6) lim (1+x+3zc—?+...+x—")=e".

n - 0o

Jlokasarb, 4To

lim £ sin (27en!) = 27.

n— oo

Vrkasanuwue. Ucnonabszosars Gopmyny (*) npumepa 72.

ITocrpouTs rpadmk QPyHKIMA:

613.

614.

615.

616.

617.

618,

619.

620.

621.
622.

623.

624.

625.

ayy=1- x; G)y= lim (1 -x2)(-1<x<1).
n 0o
_ xl()() . _ . xn
a)y = 15 20 (x>20); 6)y= ”111110 Toxo (x = 0).
y= lim x-x (x # 0).
n—oxe X4+ x "
= B fo, 1
y im )\/x + .
n--x n
y= lim J1+x" (x> 0).
y= lim ,/1+x" +(%z)n (x 2 0).
y= lim S, (x 2 0).
n— oo /22n+x2n
a) y = sin'? x; 6)y= lim sin®" x.
y= lim W22 (> 0).
n = o0 n
y= lim (x — 1) arctg x".

700

y= lim %41 +erx+D,

n— oo

= lim ¥, gy=1lim - InL (x>0).

Ay tﬁlnklwl+e” )y tl—ni t-x nx (x )
xtgz"f—;f+A/a_c

ayy= lim ————— (x2>0);

nw— o X
tg2n——+1
£

6) y= lim x sgn |sin? (n!nx)[;

n =

B) IIOCTPOUTH KPHUBYIO

lim  #lx| + |yl = 1.

n—:
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626. Acumnmomot (HaKJIOHHOIT) A KPUBOI y = f(x) HasbIBaeT-
cs upaMad y = kx + b, gnsa KoTOPOH

lim [f(x) — (kx + b)] = 0.
x = 00
Hcrnonsays aTo ypaBHeHHe, BbIBECTH HEOOXOAMMbBIE M JOCTATOY-

Hble YCJIOBUS CYIECTBOBAHUSA ACHMIITOTHI.
627. HajiTi acCMMIITOTH! U NOCTPOUTH CJIEAYIOIIUE KPUBLIE:

a)y=————x3 Byy= Jx2+x;

x2+x—2;
B)y = Nx?-x?; Ny= =L
or —
o)y =In (1 +e%); e)y=x+arccos-1-.
X

Haiitu cienyione npeges::
n+1 n+2 2n
628. lim [ el o xmt o X J

n—oo [ (n+1)! (n+2)! (2n)!
629. lim [(1 + x}(1 + x5 + xY) ... (1 + 2], ecnu |xf <1.
n— o
630. lim (cos X cos X ... cos ij
n— oo 2 4 2n
631. Ilycts
lim olx) - 1,
0 y(x)

rne y(x)>0ud,,=0(m=1,2,..)apun — %, . e.|u,, <& npu
m=1,2,...un>N().
Joxasarts, 4TO

nhqngo [(p((xl,,) + (D(azn) + ..+ (p(anu)] =
= ”11320 [wog,) + wio,) + ..+ ylo,,)], (D

IIpeAnosiaras, uTo npeges B npasoi uactu paBercrsa (1) cymjecTsyer.

ITonwaysich npeabIayInei TeopemMoif, HaWTH Ipesesbl:

; : k . 1 .k
632. ,111320 /; (3[1 i 1). 633. 111171'1; kzl (sm n—‘;)
k

634. lim 3 (a? - 1) (@ > 0).

=00 L=t
635. lim (-1 + %) . 636. lim H cos L
o k=1 " noe k=1 n’\/,_l
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637.1. IlocnegoBaTesbHOCTDL X, 3alaHa PABEHCTBAMMU:

x;= Na,x,=Na+Ja, x,= Na+Na+Ja, .. (a>0).

Haiiru lim x,,.

n— oo

2. IlocienoBaTENBLHOCTE X, 3aJaeTCA CJeyoiuM odpasom:

x1=0, x2=17
Xp = %(xnfl + xn‘2) (n= 2’ 3’ ')

Haiiru lim x,,.

=00

3. ITocnexoBaTenbHOCTD Yy, ONpeAendeTcd ¢ IOMOHIbIO TOCNERO-
BATEJILHOCTH X, COOTHOIIEHUAMMU:

Yo = Xy yll:xu_axn~1 (n=1)2’ ---),

rge |of < 1. Haiitu lim x,, ecnu lim y, = b.
n— o0 n-— oo
4. ITocenoBaTensHOCTD X, OIpeHeIAeTCA CaefyIonuM 06pasom:

1
=1, [ =1, 2, sen)e
X X, Trr (n )

Hajiru lim x,,.

n— 0o

Vkasanue. PaccMoTpers pasHOCTH MEXAY X, U KOPHAMM ypaBHE-
1

HUA X = ——— .
1+x

638. ITocienoBarelbHOCTL QPYHKIIUH
Yo =Yu(x) (0<x<1)

onpefesseTcs CleIYIOHIMM 06pas3om:
2

wm=§,%=§—%f (n=2,3,..)
2
Oyi=3. ya=3 + B (1=2,3, ..

Hafiru lim y,.

n— oo

639. 1. Ilycre x> 0muy, =y, (2—-xy, ;) (n=1,2,..). Hoxa-
3aTh, uro ecnu y; > 0 (i = 0, 1), To mocsienoBaTenbHOCTE Y, CXOOUTCA U

; 1
lim ==,
el Yn o
Ykaszanue. H3yuduTs pasHOCTh = — Y.
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2. Ina HaxoKaeHNA [ = ﬁ , rae x > 0, npuMeHsAeTCs CJeLVIo-
1M npouece: Yo > 0 — IpoHU3BOIBHO,

) n=1,2, ..).

1
Yn = E(ynfl +

dn-1
Hokagars, uro lim y,= Jx.
n—- oo

Vwxasanue. VicnonbsoBarsk GopmMyny

Yoo WX _ [yn,l-a/?c]z (n>1).
Ynt ,\/;C Yn-1+ »\/;C
640. Ilist npubamsKkeHHOTO pellleHus ypashenus Kenaepa
x—¢e¢sinx=m (0<e<1l) (€3]
TOJIATAIOT
Xo=m, x; =m-+esin xg, ..., X, =m +esin x, 4, .

(memod nocaedosamenvHvlX NPubAUNCEILLL).
Iokaszats, uro cymecrsyer & = lim x, u uncno & sspnsiercs eguH-
n -— oo
CTBEHHBIM KODHeM ypaBHeHUA (1).

641. Ecniu o,[f] ectp xonebanue dpyuknmu f(x) Ha cerMeHre
[x — & < h (b > 0), To uncno

wolf] = ,1111110 wy[f]

HaswlBaeTcd Koaebanuem Pyrryuw f(x) ¢ mouke £.
Onpemenurd Konebanue Gpyuruuu f(x) B Touxke x = 0, ecnu:

&) f(x) = sini; 6) f(x) = & cos® 1;
B) f(x) = x(2 + sin i) ; r) f{x) = 1_1 arctg 1
p) f(x) = Lo, &) f(x) =

1+ex

59 ) = (1 -+ 1)+

642. Ilycre f(x) = sin }C Jlokasarh, 4TO, KAKOBO Obl HU OBLIIO

HHCJIO O, YAOBJIETBOpAIOLIee yeloBuio —1 < o < 1, Mo»XHO BuIGpATh
nocjegoBarespHocTh X, — 0 (=1, 2, ...) rakyio, uro

lim f(x,)=a
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643. OnpenenuTs

L= lim f(z) m L= Lim f(x),

x—0
ecaIu:
a) f(x) = sin? L + 2 arctg 1 6) f(x) = (2 — x) cos 1;
X T X x

21
X

B) f(x) = (1 + cos? i)m
644. OnpeneanTs

I=lim f(x) n L= lim f(x),

x—

ecJimn:
a) f(x) = sin x; 6) f(x) = x? cos? x;
sinx?
B) f(x)=2""; 1) f(X) = 3= (x> 0).
+ X481n“x
§ 6. O-cumBoankKa
1. 3anucso

o(x) = O(y(x)) mpuxeX

ofosHavaeT, YTO CYLIECTBYET NOCTOAHHAS A Takas, YTo
lp(0)] < Aly(x)] mns x € X. (1)

AHaJOrvy4yHO NHIIYT
¢(x) =O(y(x)) mnpux — a, (2)
ccau HepapeHCTBO (1) BbIOJHEHO B HEKOTOPOH OKpecTtHocTH U, TOYKH
a (x # a). B uactHoctH, ecnu W(x) # 0 upu x € U, (x # @), TO COOTHOUIEHME
Lol (X))
(2) 3aBeaOMO MMeeT MeCTO, €CJM CYIEeCTBYeT KOHEeYHbIH lim ) = 0.
x—a Y(X
B atom cayuae 6yzem nucarb o(x) = O*(y(x)).
Ecau

lim &2 — k20 (>0,
s x?

x--0

TO ((x) Ha3bIBaeTCA 6CCKOHEHHO MaAoil 1opadka p OTHOCUTENbLHO OecKoHeu-
HO MaJIOW X. AHANIOTHYHO, €Cau

lim Hﬂ%‘l “k#0 (p>0),

x— X

TO W(x) Ha3bIBAETCA GEeCKOHEYHO (0abULOIL NOPpAGKA P OTHOCHUTEJIBHO 6ecKo-
HeyHO 6osb1Ioi x.
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2. 3anucob
o(x) =o(y(x)) npu x—a
ofo3nauaer, 4To
@(x) = afxhy(x) (x €U, x # a), 3)
rae o(x) — O npu x — a. Ecan y(x) # 0 npu x € U,, x # a, TO paBeHCTBO (3)
PKBUBAJEHTHO YTBEPMACHUIO
lim @lx) 0.
x ~a \U(x)
3. dyurnun @(x) u y(x) Ha3bIBAOTCA 2KauUBaIcHMHbMU (((x) ~ y(x))
npu X — a, ecau
¢o(x) - yix) =o(y(x)) npun x — a. 4)

Ecan y(x) #0npux € U, x # a, To us (4) uMeeM

lim 0(x) =1.

x—a \u(x)

a’

IIpu x — 0 cupaBeanuBLI CAEAYIONIME COOTHOIIEHUA dKBUBAJEHTHOCTH:

sinx~x;tgx~x; a*~-1~xIna(a>0);

In(1+x)~x; Yl+x) -1~ f
Boobige
o(x) + o(o(x)) ~ o(x).

IIpy HaXOXKACHUY TpeJiesia OTHOIEHM ABYX DCCKOHEUYHO MasablX (Mau
feckoHeuHo OonbInux) QPyHKIUE, €cau x — @, JaHHble (PYHKIIMU MOMXKHO
3aMEHSATb JKBUBAJEHTHBLIMHU.

4, C B, 645. Cunras ueHtpanbHbl yron AOB = x
(puc. 4) 6eckoHedHO Manvid 1-ro mopsAaKa, onpe-
JeJIUTH MOPALKY MaJIOCTH CJIEeAYIOUMX BEJIHUNH:
a) xopasl AB; 6) ctpenxku CD; B) njIolaau CEKTO-
pa AOB; 1) miomanu tpeyroiapanka ABC; i) mio-
manu tpaneunn ABB(A,; e) niouagu cerMeHTa
ABC.
646. IIycty off(x)) — DpousBoabHAA (PYHK-
Lug, UMENias Ipu x — g 6ojiee HUIKUIL Mops-
Puc. 4 oK pocTa, ueM PpyHKIHA f(x), 1 O(f(x)) — nobas
byHKRUHS, HMellad IPH X —> @ TOT 2Ke MOPALOK POCTA, YTO U (PYyHK-
nus f(x), rae f(x) > 0.
IloxasaTs, uToO:
a) o(o(f(x))) = o(f(x)); 6) O(o(f(x))) = o(f(x));
B) o(O(f(x))) = o(f(x)); ) O(O(f(x))) = O(f(x));
n) O(f(x)) + o(f(x)) = O(f(x)).
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647. llyctb x — 0 u n > 0. [lokasaTs, 4TO!:
a) CO(x™) = O(x™) (C # 0 — mocTosIHHAaN);
6) O(x™) + O(x™) = O(x™) (n < m);
B) O(xM)O(x™) = O(x"* ™).
648. IIyctb x — +00 u n > 0. IlokasaTsb, UTO!:
a) CO(x") = O(x");
6) O(x™) + O(x™) = O(x™) (n > m);
B) O(x"O(x™) = O(x" ™).
649. Iloxasarts, uTo cuMBOJ ~ obJaazaeT cBolicTBAMM!
1) pednexTuBHOCTH: B(X) ~ O(X);
2) cumMeTpHuH: ecan @(x) ~ Y(x), To y(x) ~ ¢(x);
3) Tpan3uTHBHOCTH: eciu Q(x) ~ y(x) 1 y(x) ~ x(x), To @(x) ~ x(x).

650. IIycte x — 0. IloxasaTs cienyouine paBeHCTBA!
3
a) 2x — x? = O(x); 6)xsinﬁ=0(x2);
B) x sin L O(|x|) ; r)lnx= o(l) (e > 0);
X xE

N Nx+ xS ~ Y e) arctg}c =0(1);

K)(1 +x)'=1+ nx + o(x).
651. Ilycts x — +00. Jokasarh caenylolllie paBeHCTBA!

a) 2x% — 3x% + 1 = O(x%); o) XL - o(l);
x2+1 x

B) x + x% sin x = O(x?%); r) arctgx _ O(L) .
1+ x2 x?

) In x = o(x®) (e > 0); e) xPe™* = o(é) ;

K) Nx+ x4 Jx ~ Jx; 3) x% + x In'% x ~ x2%

652. 1. MokasaTs, 4TO OPH AOCTATOUHO Hosabliom x > 0 HMelOT
MECTO HepaBEHCTRA!

a) x% + 10x + 100 < 0,001x% 6) In1° x < ./x;

B) xlﬂex < er_

2. JlokasaTh aCHMITOTHYECKYIO (DOPMYIy
1
Jettpx+qg =x+ L +O(—)
p 2 x

npu x — +00,
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653. IIlycts x — 0. BoigenuTts raasubiii uied Buga Cx" (C — no-
CTOAHHAA) 1 ONPELeJNTh IOPAAKI MAJOCTH OTHOCHUTEJIBHO IIepeMeH-
HOH X cIeAyIIINX GYyHKINHA:

a) 2x — 3x° + x°; 6) J1+x = J1-x;

B) J/1-2x — 3/1 -3x; r) tg x — sin x.
654. Ilycts x — 0. IlokasaTh, uTo 6€CKOHEUHO MaJible
1

a) f(x) = ﬁ; 6) f(x) = e **

He cpaBHHMbI ¢ 6ecKkoHeuHo Mauoit x* (n > 0), KaxoBo Obl HHU OBLIO
n, T.e. HU IPU KAKOM n He MOXKET HMETh MeCTO PaBEHCTBO

lim fx) - k, roe B — KOHeuHas BeJNUYNHA, OTJINYHAS OT HYJIA.
x—0 Xx" y

655. lIycts x — 1. BeigennTts raaBubiil uied Buga C (x — 1) u
ONPEeAEJNTDb TOPSAAKH MAJOCTH OTHOCHTENbHO OECKOHEUHO MAaJof
x — 1 caepyoIinux QyHKIIHH:

a) x% — 8x + 2; 6) ¥1 - Jx; B) In x;

r) e* — e n) x*—1.

656. Ilycry x — +00, Beigenurs raapHbIA 4ied suga Cx" 1 om-

penesuTh MOPAAKY POCTA OTHOCHTENbHO OeCKOHEUHO H0MbIION X Clie-
AyIoINX QyHKIAN:

a) x2 + 100x + 10 000; 6)

2x5
x3-3x+1’

B) ¥xZ—x + Jx; r) J1+ 41+ .Jx.

n
657. Ilycts x — 490, BoigenuTs rIaBHBIN usien BHAA C(—)
x

ONpeeJIUTh MOPAAKH MAJOCTH OTHOCUTEJNbHO OECKOHEUYHO MaIoH

R

caenyomux GyHKINUA:
x+1 . .
a) = 6) Jx+1 — Jx;

By Jx+2 — 2Jx+1 + Jx; 1*)l sinl.
X X

658. [Ilycrs x — 1. BulgeanTh riiaBHLIN 4YJIeH BHIA C(—l—l) "
x-—

OIIpeleINTh MOPAAKH POCTAa OTHOCHTEJIBHO OecKOHeYHO O60JIbIIoH

;1—1 ciaenyoinxX GyHKIMHA:

x? 1+x x
a) = 6 ; ;
7T i Ve
1 Inx
sinnx’ A) (1-x)2"
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659. llycte x — +0o u f (x)=x"(n=1, 2, ...). JokaszaTts, uTo:

1) xaxpasa u3 dysxuuit f,(x) pacrer 6GbicTpee, ueM IpenIIecT-
pytomiad byaknua f, . (x);

2) dynxuua e* pacreT 6pICcTpee, UeM Kaxkfad u3 GyHruuit f,(x)
(n=1,2,..).

660. Ilycte x — +oou f(x) = Yx (n=1, 2, ...). lokasaTs, 4TO:

1) xaxxzpas u3 dyHknuii f,(x) pacter MeaiieHHee, eM IPEAIIECT-
Bylomas QyHKnua f, _,(x);

2) dbyuruus f(x) = ln x pacter MegenHee, UeM KaXXaas U3 QyHK-
nuii f(x) (n=1, 2, ...).

661. [loxaszaTh, uTO, KakoBa Obl HM ObLIA IOCIELOBATEJLHOCTH
byHKRIMH

f1(x), fo(x), «oos fu(X)s oo (xp < x < +00),

MOJKHO TIOCTPOUTh yHKRIUIO f(Xx), KOTOpas npu x — 400 pacreT GbI-
cTpee, ueM Kaxkpasa us Gyaxuui f,(x) (n=1, 2, ...).

§ 7. HenpepbIBHOCTH (DYHKIUYN

1. HenpepsiBHocTs pyHr1un. OyHKIUA f(X) HABBIBACTCA HenpepuléHoil
npu x = x, (111 8 Mmoukxe x,), eClIu

lim f(x) = fxo),

T. €. eciiu GYHKuuA f(x) ompeneneHa Ipu X = X, U A1 KaXKoro € > 0 cy-
mecTByet & = 3(¢g, xy) > 0 Takoe, 4TO Npu |x — x,| < § mna Bcex sHaveHUt
f(x), MMEIOIMX CMBIC, BBIMOJHEHO HEPABEHCTBO

[f(x) = F(xo)| < e.

Oyurnusa f(x) HA3LIBAETCA HenpepvléHOL Ha OaHHOM MHONcecmee
X = {x} (uuTepBaje, cerMeHTe U T. 1.), €CJK 3Ta QYHKIUA HENPEPHIBHA B
Kak0¥ TouKe MHOXKecTBa X .

Ecau npu HeKOTOpOM 3HAYEHMH X = X;, NPHHAAJexaleM obsacTu on-
penenenus X = {x} GyHknuu f(x) uiu spisoueMcsa npexeabHON TOUKOMR
3TOT0 MHOXKECTBA, PaBeHCTBO (1) He BrINOosHeHO (T. e. Miu (a) He CyecTByer
uncio f(x,), MHBIMK CJIOBaMH, QYHKIHA He ONpefesieHa B TOUKE X = Xg, WM
(6) He cymectByer lim f(x), unu (8) 06e yacTu popmyssi (1) UMeIOT cMBICI,

x— xo
HO paBeHCTBO My HUMH He UMEeT MecTa), TO X, Ha3LIBaeTCA MoLkoll pas-

potea pyaruun f(x).



66 PA3AEJ 1. BREIEHUE B AHAJIN3

Pasnuuaior: 1) mouku x, paspuiéa nepsozo poda, nijis KOTOPHIX CYILECT-
BYIOT KOHe4YHble OXHOCTOPOHHKE [IpeNesbl:

fro-0)= lim f(x) n fizo+0)= Lim f(x)

u 2) mouku paspviea 6mopozo poda — Bce ocTalbHble, PagHocTh
f(xo + 0) = f(x, ~ 0)
HA3LIBAETCA CKAYKOM QYHKYUU B TOUKE X;.
Ecau BLINOJHEHO PABEHCTBO
f(xp — 0) = f(x, + 0),
TO TOYKA pasphHlBa X, HaskIBaeTcA ycmpanumoii. Ecau nmo MeHsllleit Mepe
OZUH U3 NIpeleiioB f(x, — 0) nuau f(x, + 0) paseH cumsBogy OO, TO X, Has3bl-

BAaeTCA TOUKOI OeCKOHeYHO020 pa3pbieda.
Ecau BHINOJIHEHO PABEHCTBO

flxg = 0) = f(xo)  (nmam f(x, + 0) = f(x,)),
TO POBOPAT, UTO QyHKIus f(x,) Henpepviéna cieea (cnpasa) B TOUKe Xg.
Jns HepepBIBHOCTH dyHrnuu f(x) B TOUKE X, HeoOX0AHMMO ¥ HOCTA-
TOYHO PABEHCTBO TPeX 4uuceJI:
f(xo = 0) = f(xo + 0) = f(x0)-

2. HenpephIBHOCTh dJleMeHTapHbIX (GyHruui. Ecau dyuxuun f(x) u
&(x) HemlpephIBHBI TP 3HAYEHHUH X = X;, TO QYHKIUHU

a) f(x) + g(x); 6) f(x)g(x); B) f}(% (g(xp) # 0)
TaKJKe HellPePLIBHEI NIPU X = X;.
B yactHocTH: a) nenas papuoHaibHAS QYHKIMA

P(x) =ay+ ayjx + ... + a,x"
HellpepbIBHA NIPH JI000M 3Ha4YeHUHU x; 6) fipob6Hasa pauuoHanbHas QyHKINUA
Qo+ a1 x+ ...+ a,x"
bo+byx+ ... +b,xm

R(x) =

HenpepbIBHA IIPH BCEX 3HAYEHMAX X, He 00paIaloumiuX 3HAMEHATeNA B HY b,

Boob6mie ocHoBHBIE 3/1eMeHTapHBIE QYHKUU: X", sin x, cos x, tg x, a,
log, x, arcsin x, arccos x, arctg x, ... HeIIPEPLIBHBLI BO BCEX TOYKAX, IJI€ OHU
oIpeAesIeHb.

Bonee o6muit peaynprar cneaywomuii: eciau GyHKnua f(x) HenpepuBHa
IIpu X = Xy ¥ QyHKuua g(y) HenpeprlBHa 1Ipu y = f(xy), To Qyrruua g(f(x))
HellpepbIBHA IIPH X = X.

3. OcHOBHBIE TeOpeMBbl 0 HENPepBIBHBLIX (yHKUMAX. Ecnn dyuxnusa f(x)
HellpepLIBHA Ha KOHEYHOM cermMenTe [a, b], To: 1) f(x) orpannuena na atom cer-
MeHTe; 2) ZOCTUTaeT Ha HeM CBOeH HUyKHel TpaHu m U BepxHell rpaHu M (meo-
pema Beiiepwwmpacca); 3) IpuHuMaeT Ha Kax oM uHrepsase (o, f) € [a, b] Bce
IPOMEXYTOUHBIe 3HaueHuA Mexay f(o) u f(B) (meopema Kowu). B yactHocTH,
ecau f(a)f(B) < 0, To HaiigeTca sHauenue y (0 < y < f8) Taxoe, uto f(y) = 0.
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662. [lan rpadpuk HeNPEepPBIBHONH PYHKINHN § = f(x). Ilnsa gannoi
TOYKH @ M uHcaa € > 0 yKasaTh reomeTpuyecks uyuciuo 8 > 0 takoe,
aro [f(x) = f(@)| < & npm |x — a] < 8.

663. Tpebyercsa H3roTOBUTH MEeTAJIJIHUECKYIO KRAJAPATHYIO IJIaC-
THHKY, CTOPOHA KOoTOpoil x, = 10 cMm. B KxaKuXx npegesnax [onycTIMo
H3MEHATh CTOPOHY X 3TOU IJIACTMHKH, €CIH IJIOMIAAb ee y = x?
MOKET OTJIMUYATLCA OT HpoeKTHol y, = 100 cm? He Gonblire uem:

a) Ha t1 cm?; 6) ma 20,1 cm?; B) Ha +0,01 cm?; 1) Ha € (cm%)?

664. Pebpo Kyba zaxawuaerca Mexay 2 M u 3 m. C xakoii a6co-
JIIOTHOH NOTPEHIHOCTHIO A JOTTYCTHMO M3MEPHTh peGpo x 3TOro Kyba,
yT0OBl 06BEM €TI0 Y MO2KHO OBIJIO BBIYHCIHNTE ¢ aBCOMIOTHOH Iorpemn-
HOCTBIO, He NpeBblialolei € Mm%, ecmu:

a)e=0,1m"% 6) e = 0,01 m*; B)£= 0,001 m*?

665. B xaxoil MmakcUMaJbHOH OKPECTHOCTH TOUKM X, = 100 op-
auHaTta rpaduka QyHKIUN i = J;c OTJINYAETCA OT OPAMHATHI iy = 10
Menblle ueMm Ha € = 107" (n 2 0)? OnpexeuTsb pazmepsl 3TOH OKPeCT-
noctu mpu n =0, 1, 2, 3.

666. C moMoIpio «£ — §»-paccy KAeHNN n0Ka3aThb, UTo QYHKIHA
f(x) = x* HenpepbIBHA TIPH X = 5,

3anoJHATE CIeAYIOLIYVI0 TabmuIy:

£ 1 0,1 0,01 0,001

667. llycts f(x) = % n €= 0,001. Ona sHavenunit x, = 0,1; 0,01;

0,001; ... HATH MAaKCHMAJbHO OGOJIbIINE IIOJIOXKHUTeJbHbIE YHCJIA
8=38(¢, x,) Takue, uTOGHI U3 HepaBEHCTRA |X — X, < 8 BeITeKamO 6bI
HepaBeHCTBO [f(x) — f(x,)| < &.

Mosxso au juia gagdoro € = 0,001 BuiGpaTts Taxoe & > 0, KoTopoe
roguiocsk 65l 4715 BceX 3HAUEHU X, 13 nHTepBaya (0, 1), T. e. Taxoe,
1To ecun jx — x| < 8, To |f(x) — f(x,)| < €, KaKOBO 6b1 HE 6BLIO BHAUEHIE
xq € (0, 1)?

668. CQhopMynHpoBaThL Ha S3bIKE «E — O» B IIOJOMKHUTEJIbHOM
CMbICJIe CIeAyIoniee yTBEpKAeHHe: PYHKUUA f(x), onpeleieHHasd B
TOYKE X,, He ABJIAETCA HEIPEPLIBHOMN B 3TOH TOUYKe.

669. IlycTh 17151 HeKOTOPBIX Unrces € > 0 MOKHO HalTH COOTRET-
cTRyroniue uncna 8 = §(g, x,) > 0 Takue, uto |f(x) — f(x,)| < €, ecan
TOJBKO |x — x| < 8.
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MoOXKHO I yTBEPKAATh, UTO QVHKIUA f(X) HeIIpEPbIBHA B TOYKE
Xy, €CIIH:
a) uncJsa € 00pa3ylT KOHEUHOEe MHOXECTRO;
6) uncaa € 06pa3yroT OeCKOHEUHOEe MHOXKeCTBO ABOMYHBIX

npobeit & = -2‘— (n=1,2,..).

670. IlycTs mana (pyHKIUSA
f(x) = x + 0,001[x].

Ilokaszats, uTo pas xaxgoro € > 0,001 MokHO momoOparh
8 =38(¢, x) > 0 Takoe, uro |[f(x’) — f(x)| < €, ecnu TomBKO |x’ — x| < 3,
anpu 0 < €< 0,001 gna Bcex 3HaueHuil x 3TOTO CHEJIATL HEJb3d.

B KaKHX TOUKax HAPYLIAeTCA HENPEPLIBHOCTh 3TON GYyHKuNH?

671. IlycTs AJA KAXKIOro LOCTATOUHO MaJioro umciaa 6> 0 cy-
mecTByeT £ = (8, x,) > 0 Takoe, UTO ecyH |x — X,| < §, TO BLITOJIHEHO
HepaBeHCTRO [f(x) — f(x,)| < &. Ciegyer u oTcrona, uTo PyHKIUA f(x)
HelpephIBHA IpH X = X,? Kaxoe croiicTBo pyHxunn f(x) onncesa-
eTCsl JAaHHLIMHI HepaBeHCTBaMu?

672. llycty pns Kakporo umesaa €> (0 cymecTByer YHCIIO
8= 8(e, x,) > 0 Takoe, uto e |f(x) - f(x,)| <, T0|x — xo| <85. Crenyer
JIY OTCIOZA, uTo (YHKUUA f(x) HempephblBHA IIPH 3HAUEHHUHU X = X7
Kakoe cBoiicTBO OYHKIINY ONMCHIBAETCH 3THMM HEPAaBEeHCTRAMHU?

673.Ilycts pns waxporo umena 0> 0 CyIecTByeT YHCIO
£ =£(5, x,) > 0 Taxoe, uto ecau |[f(x) — f(x,)| < &, To |x — x,| < 8.

Cnenyer nu otcoona, uto GhyHKINsA f(x) HenpepbIBHA IPH X = X7
Kaxoe cBoficTBo hyHKIMM f(xX) OIUCHIBAETCA JAHHBIMY HEpaBeHCTBAMM?

PaccMmoTrpers npumep:

fx) = {arctg x, eCJIU X panyoHaJbHO,
— arctg x, ecan x UppPanHOHAIbHO.

674. C moMoOublo «E — O»-paCCyMIeHMH [JOKAa34Th HeIpPepblB-
HOCTb CJAeRVIOIINX QYHKILIIA:

a)ax + b; 6) x%; B) x%;
r) Jx; m) Yx; e) sin x;
%K) COS X} 3) arctg x.

HccnenoraTs Ha HelIPePLIBHOCTD 1 U300pa3nTh IpapUUecKH ce-
Ayolide GyHEKIAN:
675. f(x) = |x|.
x:-4
, €CHIA X % 2;
676. f(x) =4 x- x-2
A, ecnn x = 2.
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1
7?- = e 7 — _— —_— .
6 f(X) ‘ (1 n x)z ecan x 1un f( 1) IIPOU3BOJIBHO

sinx

678. ) fi(x) = ,ecnu x 20 u f,(0) = 1;

6) fo(x) = SBX ecom x # 0 11 £,(0) = 1.

(x|

679. f(x) = sin ch, ecau x Z 0 u f(0) — npousBOSIBLHO.

680. f(x) = x sin i ,ecaum x # 0 u f(0) = 0.

1

681. f(x) = e **, ecrmt x # 0 u f(0) = 0.

682. f(x) = ,ecau x # 1 u f(1) — IpousBOJILHO.

1+ e;_l'—l
683. f(x) = x In x%, ecntu x = 0 u f(0) = a.
684. f(x) = sgn x.

685. f(x) = [x].

686. f(x) = Jx — [Jx].

OnpesenTh TOUKH Pa3pbiBa GYHKUHUHA U MCCIEN0BATh XapaKTep
3THX TOUEK, eCJIH:

- x _ 1l+x
687.y T 688. y TR
11
— _x*-1 _x x+1
689.y pe s B 690.y = 1
x-1 x
- X _ [1-cosnx
691. y = 692. y /———4_x2 .
693. y = cos? 1 694. y = sgn (sin E) .
X X
COSE 1
695. y= —=. 696.y = arctg ~.
cos ™ *
X
1 x+d
697.y = Jx arctg = 698.y=¢ *.
= L _ 1
699. y Ty 700.y — -
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HccaeroBaTh Ha HEIPEPHIBHOCTL U HAPUCOBATH 3CKHU3BI Tpadu-

KOB CJeAYIOMNUX QYHKIMHA:

701. y = sgn (sin x). 702. y = x — [x].
703. y = x[x]. 704. y = [x] sin 7x.
I 2 = _1.
705. y = x? — [x?]. 706. y [x]
-1 _ 1
707,y = xH 708. y = sgn (cos x) .
=[1 in & =ctg T
709.y = [x‘ﬂ] sgn (sm x)' 710. y = ctg <
711. y = sec? i 712,y = (—1)1¥,
= 1.1 4 1
713. y = arctg (x + po + x_z).
- 1 _ 1
714. y pprmr 715.y eyt
1
=ln — X _ — o x
716.y =1In TR 717.y=e *.
i
718.y=1- ¢ . 719.y = th —2%_.
1-x2

HccnenopaTs Ha HePEPBIBHOCTh U IIOCTPOUTH TPpapHKH CIEAYIO-

X GyHKIUIMA:

720.y = lim (x = 0). 721.y = lim n*-nx
n—oo 14+x" n—oc n¥4 ¥
722.y = lim 41 +x2", 723.y = lim cos® x.
n-— oo n -
724. y = lim —% | y= i .
y ,lirrgo 1+ (2sinx)2n 725.y ’}Lngo[xarctg(nctgx)]
726,y = lim X*rXZe™ 727.y= lim D0 +e?)
n—o 1+en* t—+oo In(l+et)

728.y = lim (1 + x) th ix.
t— +oo
729. Onpegmenursb, ABJASETCA JU HEIPEPHIBHON (PyHKILULA:
<x <
f(x) = 2x, ecmm0<x<1,
2-x,ecnnl <x<2.
730. Ilyctb

_ e, ecan x <0,
fx)=1,4 +x, ecu x = 0.

IIpu xaxkoM BeIGOpe unicsna a PyHKIUA f(Xx) 6yaeT HellpepbIBHO ?
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731. UccnepoBars ciaenayomue QYHKIUY HA HeOIPEPHIBHOCTh K
BLIACHUTH XapaKTep TOYEK pa3pblBa, €CJH:

x? mpu0<x<1,

a)f(x)={2—xnpu1<x< 2;

_ jxopulx <1,
6) f(x) = {1 npu |x| > 1;

nx
cos™= mpu x| < 1,
B) f(x) = 2

lx — 1| opum || > 1;

{ctg{2 7X IJ1A Helexoro x,
r\ =
) f(x) 0 IJ1d 11eJIOTO X
sin 7x AJad panmMoOBaIbHOTO X,
mf(x)= 19,
IJIg UpPalOHAJbHOTO X.

732. ®yukuusa d = d(x) npeacraBaser coboil Kpardaililiee pac-
CTOAHUE TOYKHU X YUCJOBOI ocu OX OT MHOXKECTBa TOUYEK ee, COCTOA-
miero u3 otpe3koB 0 < x < 1 m 2 < x < 3. Hailtk ananurnyeckoe
BbIpaskeHue GpyHKuuu d, IIOCTPOUTH ee rpadUK M HCCJAEAOBATH Ha
HeNpPepPhIBHOCTb.

733. @urypa E cocrour us papaobeapen-
HOT'O TPEYroJIbHUKA C OCHOBanueM I U BBICO-
Toi 1 M ABYX INPAMOYTrOJBHAKOB C OCHOBAa-
HUAMH | KaXablifi 1 BRICOTAMH, PABHBIMH 2
u 3 (puc. 5). Pynruua S = S(y) (0 < y <+0)
npeacraBiager coboit niomanes dactu Gu-
rypel E, 3akJJ0YeHHOH Mexxay NOapajie-
aamMu Y =0 u Y=y, a byuxuua b= b(y)
(0 < y < +o0) ecTs garuHa ceuenus GUrypnl £
napauanenboo Y = y.

Haiitn aHanuTudeckue BeIpaskennsa ¢yuknuit S u b, mocrpo-
HUTh UX rpadUKHU M UCCIEJOBATH HAa HENPEPHIBHOCTS.

734. NoxasaTh, 4T0 Qyrkyus Jupuxne

Puc. 5

x(x) = lim { lim cos” (mm!x)

Pa3pbIBHa IIPH KaXKAOM 3HAUYEHHUH X.
735. UccaemoBaTh Ha HENPEPLIBHOCTD HYHKIIUIO

f(x) = xx(x),

rae y(x) — pyEruua Jupuxie (cM. npeAs Aymyo 3agady). IToerpo-
HUTb 3CKU3 rpadhura sToil GyHKIUU.
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736. lokasaTp, 4o QyHKuui Pumana

m
f(x) -1- , ECIL X = — , TA€ 7 1 N B3AUMHO ITPOCTHIE HHUCJIA;
= n n

0, ecau x UppallHOHAJbLHO,

pas3phIBHA IIPU KAXKJOM DAI[MOHAJLHOM 3HAUEHUH X M HElpephiBHA
NPH KaXKA0M UPPAllMOHATbHOM 3HaUEeHUN X. I[OCTPOUTHL 3CKU3 I'pa-
duka aToi GyHKIUHU,

737. ViccienoBaTh Ha HENPEPBIBHOCTL (PYHKIUIO f(X), 3aaHHYIO
clenywomum odpas3oMm:

flx) =

+1°

€CcJIK X eCTh HECOKpaTUMasa palluOHalibHAA ,leOﬁb —(n=21),n
n

f(x) = |,
eclix X — MpPanuoOHaJbHOe YKuCJIO. [loCTpouTs 3CcKua rpaduKa 3Toi
GyHKIUH.
738. Dyuknua f(x) =

1- czosx onpenesieHa i BCEX IHAYEHMM
x
aprymenra x, kpome x = 0. Kakoe 3HaueHUe cjefyeT IPUIKMCATH
pyuruun f(x) B Touke x = 0, uTob6b1 3Ta GYHKUMA ObIIA HENIPEPHIB-
HOM npu x = 0?

739. Hoxasa'rb, yto npu saobom Beibope uucna f(1) qyHRIUA

flx) = —— 6y,£[e'r paapbiBHa npu X = 1.

740. CDymcuIm f(x) repset cmbrca npu x = 0. OnpenennTs, YuCIO
f(0) Tak, uyTobbI f(x) Obliia HenpepbIBHA NIpK x = 0, ecyu:

_ AJl+x-1, 6 - tg2x
a) f(x) 3_iJ__+_x—_~ , ) f(x)
B)f(x)=sinxsin%; r) f(x) = (1 + 1) *5
1
mfx)=Le = e) f(x) = x* (x> 0);

x2

®) f(x) = x In? x.
741. Obsazarensro Ju GyneT pa3pblBHA B JAHHOM TOYKE X, CyMMa
aByX pyHKUUH f(x) + g(x), ecnu:
a) dyskuuda f(x) HenpepbiBHa, a QyHKuud g(x) pasprIBHA
IPH X = X4
6) obe dynxuuu f(x) 1 g(x) pasprIBHEL npu X = x,? [locTpo-
UTh COOTBETCTBYIIOIVE IPUMEPEHL.
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742. O6a3aTeNbHO JIX IPOU3BeAeHNE IBYX (PYHKIHUI
f(x)g(x)

TePIIUT Pa3phIB HEIIPEPLIBHOCTH B NAHHOH TOUKE X,, €CJIH:
a) hyHKIUA f(x) HenpepbIiBHA, a QyHKIMA g(Xx) paspblBHA B
aTOR TOUKeE;
6) o6e dyHkuM f(x) u g(x) paspsLIBHLI DU X = x,7
ITocTpouTh COOTBETCTBYIOIIHE IIDUMEpHI.
743. MOXXHO JIN YyTBEPXKAATh, UTO KBaAPAT Pa3phIBHON GyHKIIUK
eCTb TaxKe pa3pbiBHad QYHKuuA?
ITocTpouTs IpUMep BCIOZY Pa3pbIBHOMN (hYHKI MM, KBAAPAT KOTO-
poit ecTh (PYHKIMA HENpepbIBHAA.

744. ViccnenoBaTh Ha HeNpepbiBHOCTE hyHKIuE f1g(x)] u g[f(x)],
ecJIn:

a) f(x) =sgn x 1 g(x) =1 + x%
6) f(x) = sgn x u g(x) = x(1 — x%);
B)f(x)=sgnxugx)=1+x - [x].
745. VccnenoBarh Ha HENPEPHIBHOCTHL CJOMKHYIO (YHKIHIO
y = f(u), roe u= @(x), ecnu:
_Ju npu 0 <u<1;
fu) = 2-unpul<u<?2,
x NP X PAIKMOHAJHLHOM;
¢(x) = {2 — X IpH X UPParHOHATHLHOM
(0<x<1).
746. Jloxasars, uro ecsu f(x) — HenpepsiBHaA GyHKIUA, TO

F(x) = |f(x)]

€CTb TaKJKe HelpepbIBHAA (PYHKIINA.
747. Joxazars, uTo ecnu GyHKIIUA f(X) HepepbIBHA, TO QYHKIUA

f(x), ecnu |f(x)| < ¢;
¢, ecau f(x)>c,

-c, ecau f(x) < -—c;

rge ¢ — J1000€ TTOJI0KUTEJIbHOE YHUCJI0, TaKIKE HenpepshIBHA.

748. Hoxasars, uTo eciu pyHKIUA f(x) HeIpephIBHA Ha CerMeHTe
[a, b], TOo GyHKIEK

m(x) = agirgix{f{é)} u M(x)= agggx{f(é)}

TaK)Ke HellpepHIBHBI Ha [a, b].
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749. oxkasaTh, uTo ecau hyHKuua f(x) u g(x) HenpepHIBHLI, TO

GOYHKIIIN
@(x) = min [f(x), g(x)] u y(x)= max [f(x), g(x)]

TaK¥Ke HelpepPhIBHEI.

750. IlycTs pyuruua f(x) onpenesesa ¥ OrpaHNYeHa Ha CeIMeHTe
[a, b]. HokasaTb, 4TO HyHKRIUN

m(x)= inf {f(§)} u M(x)= sup {f(E)}
asf<x asf<x

HeIIpepBIBHEI CJIeBa Ha cerMenre {a, b].

751. okasaTh, UTO eciu GyHKUUA f(X) HeIpepHIBHa B IPOMe-
MYTKe @ < X < +00 ¥ cynjecTByeT Kogeunslil lim  f(x), To ara GyHK-

LUA orpaHuveHa B JaHHOM IIPOMEXKYTKE.
752. Ilycrs hyuruusa f(x) HenpepblBHA U OTPAHUYEHA B HHTEp-
BaJie (x,, +°°). [lokasaThk, 4T0, KaKoBO 05l Hu ObL10 yncao T, Hail-

Aercd 1nocjaenopaTeJapHOCTb X, — +00 Takad, 4TO
lim [f(x, + T) = f(x,)] = 0.

753. Ilyere @(x) 1 Y(x) — HenpepslBHBIE NepHOgUYECKUE DPYHK-
IUU, ONpefelIeHHbIE PN —° < x < +00 ¢

Jim [o(x) — y(x)] = 0.

JlokasaTs, 4TO
o(x) = y(x).

754. [JokasaTb, 4TO BCEe TOUKH PAa3PLIBA OTPAHMYEHHOA MOHOTOH-
HOU (pyHKUHMU ABJISAIOTCA TOUKAMHM pa3phiBa 1-To poaa.
755. TokasaTs, 4To ecau pyHKUUA f(x) obIagaeT CAeAyIONIUME
CRBOMCTBaMH:
1) onpenenena ¥ MOHOTOHHA Ha cerMeHTe [a; b};
2) B KaueCTBe CBONX 3HAUEHHUI IPUHUMAET BCE YUCIIA MEXTY
f(a) u f(b),

TO 3Ta hyHKIUA HenpepblBHa Ha [a, b].
756. ITokasars, uro pynruud f(x) = sin xLa secmux#auf(a)=0,

NpPHUHUMAaEeT Ha JII000M cermenTe [a, b] Bce IPOMesKyTOUHBIE 3HAUYEHUA
Mexkay f(a) u f(b), ogHaKO He ABJAeTCA HeNPepHIBHOM Ha [a, b].

757. loka3aTh, YTO eClIX QYHKIHUA f(x) HelIpepbIBHA HA UHTEp-
Bazne (a, b) u x,, X3, ..., X, — NI00BIe 3HAYCHUA U3 STOTO UHTEPBATA,
TO MeXKAY HUMHU Haiiferca yucio & takoe, 4To

f8) = L1f(x) + @) + oo + f(x)]
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758. IlycTh f(x) HEmpepbIBHA B HHTEpBase (a, b) u
I=lim f(x) u L= lim f(x).

X —a x—a
Ilokasats, uro, kakoBo 6bl HI 6bLI0 YMCIO A, rae I < A < L, cy-
[I[eCTBYeT TI0CIAeN0BATENBHOCTE X, — a (n =1, 2, ...) Takad, uTo

lim f(x,) = A.

§ 8. O6paruast QpyHKIMA.
Dyuruuy, 3aJaHHble NApAMETPUYECKH

1. CymecTBonanMe M HenpephIBHOCTH, 00paTtHoit byHKkuuu. Ecnn QpyHK-
pusa y = f(x) obnagaer cneRywoliumMu cBoficrBaMu: 1) onpeneneHa K Hempe-
phIBHA Ha wHTepBaje (a, b); 2) MOHOTOHHA B CTPOTOM CMBbICJIE HA 3TOM HH-
TepBale, TO CYIECTBYET OAHO3HAUHAA obparHag pynxkuus x = f'(y), onpe-
LEeNeHHAas, HellPepbIBHAS U COOTBETCTBEHHO MOHOTOHHAA B CTPOI'OM CMbICJE
Ha uHreppane (4, B), raie A= lim . f(x) u B= lirbn . f(x).

x—b-

x—a+
IHox o0HO3HAUHOI HenpepbigHoOil 6em6bi0 MHOTO3HAYHOIl o6paTHOH
(PYHKUMHK JaHHOH HenpepsIiBHON (pyHKUMM ¥y = f(x) nonumaercsa awbast ox-
HO3HauHas HenpepbiBHAs QyHKLUA x = g(y), onpefencHHasi B MAKCHMAalb-
HOH 06acTy ee Cyl1eCTBOBAHUA U YAOBJAETBOPSIOIAA B 9TOIt o6nacTu ypas-

nennio flg(y)] = y.

2. HenpepsioHoCTh yHKIIMM, 3aJaHHOH nnapamerpuydeckn. Ecnu pyHk-
nuu G(t) u y(t) onpeaeneHb ¥ HEIIPEPBLIBHLI B nHTepBane (o, B) u QyHKuuA
(¢p{t) cTPOro MOHOTOHHA HA 3TOM MHTEpBaje, TO CHCTEMa YpaBHeHMT

x =), y=vwy)
onpenenseT ¥y KAK OJHO3HAYHYIO HeNPePLIBHYIO (DYHKLIUIO OT X:
y = y(o'(x)),

Ha uHTepBane (a, b), rae a= lim @) ub= lim ).
t—o+0 t—p-0

759. Haiity 06paTHyi0o QYHKIIHIO APOOHO-THHENHON PYHKIIUK

y=250 a— be = 0).
cx+d

B kaxoMm ciyuae o6parHad GYHKIHUA COBIALAET C JAHHOMU?
760. Hatitu obpatHyio MyHKIu0 x = x(Y), ecau
y=x+[x].
761. ITokazaTb, YTO CYyIeCTBYeT eIHMHCTBEHHAs HeNpepbIBHadA

GyrRIIRA I = y(x) (00 < x < -+00), ynOBJETBOPAIAA YPAGHEHUIO
Kennepa

y—esiny=x (0<e<1).
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762. IToxazaTs, 4TO ypaBHEHUE
ctg x = kx

I KaXKJIOTO BEIeCTBEHHOro k (—90 < k < +00) ymeeT B HHTEpBAJe
0 < x < M eIUHCTBEHHLIA HeNIPEPLIBHLIN KOpeHb X = x(k).

763. Mosxer 1 HeMOHOTOHHAA QYHKUHUA Y = f(x) (—0 < x < +09)
UMeTh OJHO3HAUHYIO o6parHyio PyukIKHio? PaccMoTpeTs IIpUMep:

y = {x, €CJI¥ X palMoOHAJLHO;
~X, €CJIM X UPPAllIOHATIBHO.
764. B xaxoM ciayuae pyukuus y = f(x) 1 obparHas QyHKIUA
x = f~!(y) npefcTAaBAAIOT OOHY K TY e DYHKIUIO?
765. Ilokasars, uro o6paTHad PYHKIIMA Pa3PbIBHON (GyHKIIUY

y=(1+x)sgnx

€CcTh PyHKIIUA HelpepbIBHAA.
766. JloxasaTs, uto ecan GyHKIUA f(X) onpeneneHa u cTporo Mo-
HOTOHHA Ha cerMeHre [a, bl u
lim f(x,) = f(a) (a<x,<b),
n—
TO
lim x,=a.
n— oo
OnpejenurTs OAHO3HAUHLIE HENPEPBLIBHBIE BeTBH OGPATHBIX
GYHKIUNA A4 clenyomux GyHKIUN:

767.y = x°. 768.y = 2x — x%.
_ 2x o

769.y Tt 770. y = sin x.

771.y = cos Xx. 772.y=tg x.

773. IlokasaTb, ¥TO MHOYKECTBO 3HAUEHUI HeNIPEPHIBHON (DYHKIIUHK
y =1+ sin x, coorBercTBy1OIIUX HHTEepBaNY (0 < X < 27), €CTH CEIMEHT.
774. lokasaTb paBEHCTBO

arcsin x + arccos x =

N3

775. JoxasaTh PaBEHCTBO

arctg x + arctg ch = g sgnx (x # 0).
776. [loKkas3aTs TeopeMy CJAOKEHUA apKTAaHTEHCOB:

arctg x + arctg y = arctg 1x_+y_ + €m,

rige € = g(x, y) — GYRKUUA, IDUHUMAIOIaA OHO U3 TPeX 3HAUCHUH:
0,1, -1.
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1A xaKuX 3HaYeHUH Y NIPU JaHHOM 3HaY€HUH X BO3MOJKEH pa3-
poiB GyHxuum €? Iocrpouts Ha nuockocTd Oxy COOTBETCTBYIOIIHE
06J1aCTH HEIIPEPBIBHOCTH (DYHKIIUK £ M OIDPEAETUTHh 3HAUEHHUE 3TOH
(pYHKIUHK B TIONyUeHHBLIX 06/sacTaX.

777. [loxas3aTs TEOPEMY CJIOXKEHUA apKCUHYCOB!:

arcsin x + arcsin y = (—1)° arcsin (le —y2 +yJ1-x2 ) +em

(Il < 1, Jyl <1, rae
£=0, ecruxy <0 mmm x%2+y?<1,

ge=sgnx, ectu xy >0 um xZ+ y?>1.

778. oxkaszarh TeOpeMy CJIOXKEHUA apKKOCUHYCOB:
arccos x + arccos y = (—1)° arccos (xy - J1-x2J1-y? ) + 2ng

(¢ <1, |yl < 1), rae
e=0, eciu x+y 20,
u
e=1, ecim x+y<0.
779. Iloctpouts rpaduku HyHKIIHA:
a) y = arcsin x + arcsin /1 - x?;

6) y = arcsin(2x /1 — x?) — 2 arcsin x.
780. Haiitu pynxuuio y = y(x), 3afaHHYI0 YPDaBHEHUAMM:
x=arcigt, y=arctgt (—00 <t < +00),
B kaxoit obmactu onpeaesiesa sta QyHKIIHA?
781. IlycTe
x=cht, y=sht (-0 <t <+00).
B xakux obsiacTax u3aMeHeHUA IapaMeTpa t IepeMeHHYI0 | MOXK-
HO pacCMaTPUBaTh KAK OJHO3HAUHYIO (PDYHKIIMIO OT IEPEMEHHOM x?
Haifiry Bpipaskenusda y ajs pasjnuHBIX obnacrei.
782. KakoBp! HeoOXOAUMBIE 1 JOCTATOUHBIE YCJIOBHUA TOTO, YTOObI
cucTeMa ypaBHeHUIT
x=01), y=y#) (@<t<p)
olnpefesiaa 6bl y KaK OTHOSHAUHYIO QYHKIIUIO OT X7
Paccmorpers npuMep: x = sin? ¢, y = cos? .
783. IIpn Kakux yCJIOBUAX JABE CHCTEMbI YpaBHEHHI
x=0(), y=y() (a<t<b)
u
x= o), y=wx®) (@<t<p)
OnpeneasioT OZHY U Ty ke Qynriuo y = y(x)?
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784. Ilycrs hyHKIUE O(X) U Y(x) onipeneeHsl U HelIpepbIBHLI Ha
uHTepBase (a, b) u
A= inf ¢(x), B= sup ¢(x).
a<x<b a<x<bh
B kakoM ciyuae cyljecTByeT OfHO3HauHasa (ryHKUMA f(x), onpese-
JleHHad B uHTepBaJe (4, B) u Takas, 4To

y(x) = f(¢(x)) npu a <x<b?

§ 9. PapuomepHasn HenpeppIBHOCTh (PYHKIHU

1. Onpenesiecane pasHoMepHoli HenpepsisHocTn. PyHKRUKA f(x) HasbBa-
€TCA PAGHOMEDHO Henpepuléioll Ha JaHHOM MHOXeCTBe (MHTepBasie, CerMeHTe
ur. n.) X = {x}, ecnu f(x) onpenenena sa X ¥ Aus xkaxkaoro € > 0 cyliecrsyer
8 = 3(g) > 0 Takoe, uTo ANA MOBLIX 3HaueHuil X', x”’ € X U3 HepaBeHCTBA

]x/ _ x//l < 6
cileyeT HEPaBEHCTBO
I
[f(x") = f(x")| < e.

2. Teopema Kanropa. @yuxuusa f(x), onpesesesHas ¥ HenpepsiBHASA Ha

OTPAHWUYEHHOM cerMeHTe [a, b], pABHOMEPHO HEIIPEPbLIBHA HA 9TOM CEI'MEHTE.

785. Ilex 3aBoaa BbIpabaThIBaeT KBaJpaTHbIE NIJIACTHHKHU, CTOPOHBI
KOTOPBIX X MOI'yT NDHHHMATHL 3HaueHusA B npegenax ot 1 go 10 cm.
C KaKuM JOMyCKOM 0 MOKHO 00paBaThiBATh CTOPOHBI 3THX IIJIACTH-
HOK, YTOOBI HE3ABHCHMO OT MX AJINHLI (B YKA3aHHBIX MPaHMIlaX ) ILIO-
1[aZb UX J OTJIMYAJIACH OT IPOEKTHOM MeHbIIe, UeM Ha £7 BeinosHnTh
YUCJIEHHBIH PACUET, eCIu:

a)e=1cm?% 6)e = 0,01 cm?;,  B) &= 0,0001 cm?.
786. Iluruuapuueckaa my(dra, MHUPUHA KOTOPOH € U OJuHA J,

HajeTa Ha KPUBYIO Y = 3/Xx M CKOJBL3UT IIO Hell TaK, YTO 0Ch My(ThI
ocTaeTcd napajensHoit ocu Ox. Yemy n0sKHa OLITL paBHa JJIHHA O,
yrobbsl 3Ta MydTa cBOGOAHO IpOULIA YyUACTOK KPUBOH, onpenesnse-
MbIi HepaBeHcTBOM —10 < x < 10, ecun:

a)e=1; 6)e=0,1; B)e=0,001; r)enpoussoysbrHo mano?

787. B IOJIOKUTEIBHOM CMbICIE C()ODPMYNUPOBATh HA A3BIKE
«€ — &» yTBepIeHue: QyHKUHMA f(X) HenpepblBHA HAa HEKOTOPOM
MHOMecTBe (HHTepBaJje, CErMEHTe U T. I1.), HO HE ABJHSETCA PABHO-
MEDHO HelTPEPBLIBHON Ha 3TOM MHOXeCTBe.

788. ITokasaTp, uTO0 QyHKIIUA

fxy= 1
X

HernpepbIBHA B uHTepBaJe (0, 1), HO He ABIAETCA PABHOMEPHO HEllpe-
PHIBHOM B 3TOM HHTepBaJe.
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789. IlokasaTs, 4To PyHKIUA
f(x) = sin T
x

HeIIpepBIBHA U OrpaHUueHa B uHTepBae (0, 1), Ho He ABIgeTCA paB-
HOMEDHO HeIIPEPLIBHOM B 3TOM HHTEpBale.
790. IToka3saTs, uTo QyHKIUA
f(x) = sin x?
HelnpephIBHA K OrPaHrYeHa B 06CKOHEUHOM HHTepBaJje —00 < x < +00,
HO He SIBJiISeTCHd PABHOMEPHO HElPEeDPLIBHOM B 3TOM UHTEpPRBAJE.
791. NokrasaTh, 4TO ecam (yHKHuA f(x) onpegenena u
HenpepbipHa B 06acTu a < x < +00 U CYIIECTBYeT KOHEYHBIH
lim f(x),
x — 400
T0o f(X) pABHOMEDHO HEeNpephbIBHA B 9TOH 00sacTH.
792. IlokasaTh, YTO HeOrpaHUYeHHAA HYHKUUA

f(x) =x +sin x

PaBHOMEPHO HelpephIBHA HA BCell OCH —00 < x < +00,
793. SIpnserca U PABHOMEPHO HeNpephIBHOR pyHKUMA f(x) = x2
Ha UHTEeDBaje
a) (~1; 1), rne | — mo6oe, CKOIBbKO yrofHO GOMbIIOE IIOJIO-
JKUTENIbHOE YHUCIIO;
0) Ha uHTEpBaje (—°0, +00)7

HccnenoBaTh Ha paBHOMEPHYIO HENPEPHIBHOCTHL B 3aJaHHBIX 00-
JIACTAX CleAyiomre QYyHKIMN:

794. f(x) = —= (-1<x<1).
4-x2

795. f(x)=1In x (0 <x<1).

796. f(x) = %‘ (0 < x < m).

797. f(x) = €* cos ch (0 < x < 1).

798. f(x) = arctg x (-0 < x < +00),

799. f(x) = Jx (1 < x < +),

800.f(x)=xsinx (0< x < +0).
801.1. IToxaaars, uro GyHKIHA f(x) = ISI—;‘xl DaBHOMEPHO Helpe-

PBIBHA Ha KaXX/IOM MHTepBaJe
Ji=(C1<x<0) n J,=(0<x<1)
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1O OTHEJBbHOCTH, HO HE ABJIAETCH PABHOMEPHO HENpPEePBIBHOK Ha HX
cymMmMme
I+ dJy,=1{0 < x| < 1}.

2. llokasaTh, 4TO eciau pyHKUuUA f(X) paBHOMEPHO HelpepsIBHA
Ha Ka’KJOM U3 CEerMeHTOB [a, c] u [¢, b], To aTa byukuua aBaAeTca
pPaBHOMEDHO HENDePLIBHOM Ha CyMMapHOM cermenrte [a, b].

802. [lna € > 0 naiitTu 8 = §(¢) (raxoe-uubyasb!), yAOBIETBOPAIO-
11ee YCJIOBUAM PABHOMEDHO HENPEPLIBHOCTU AJA GYHKIUM f(x) Ha
JaHHOM IPOMEXKYTKE, ecnu:

a) f(x) = bx - (—00 < x < +0);
6)f(x)=x—2x—1 (-2 < x < 5);

B) f(x) = (0,1 < x< 1);

r) f(x) = Jx (0 < x +00);

o) f(x)=2sin x —cos x (—° < x < +);
e)f(x)=xsinjlc (x#0) 1 f(0)=0 (0<x<m).

803. Ha ckrOJIBKO DPaBHBIX MeXAY CO0O# OTPE3KOB JOCTATOYHO
pasbuts cerment [1, 10], uTo6el Konebanue dbynkuuu f(x) = x? Ha
KaXXJIOM U3 3THX OTPe3KoB 6b1m10 Menbine 0,00017

804. JokasaThk, YTO CyMMa ¥ IPOU3BEAeHNEe OTPAHUYEHHOTO0 YHC-
Jla paBHOMEPDHO HellPePhIBHBIX Ha MHTepBaJe (a, b) GpyHKIUi paBHO-
MEPHO HeNpPePLIBHLI Ha 9TOM HMHTepBalJe.

805. lokazaTs, YTO ecau OTpaHUYEHHAsd MOHOTOHHaA PyHKuMA
f(x) HenpepbIBHA Ha KOHEUHOM HJIK GECKOHEUYHOM MHTepBale (a, b),
TO 3Ta (PYHKIMA PaBHOMEDHO HENIDEPLIBHA Ha MHTEpBase (a, b).

806.1. MokasaTp, YTO ecaM GYHKUUA f(x) pABHOMEpPHO HeIpe-
DHIBHA Ha KOHEYHOM uHTepBaje (a, b), TO CyIeCTBYIOT Ipeaesbl

A= lim f(x) u B= lim f(x).
x—»a+0 —b-0
Bepna su sTa Teopema aAJ9 6eCKOHEeUHOTr0 uHTepBanaa (a, b)?

2. loxasaTs, 9TO JJId TOrO, YTOOL PYHKUHKIO f(x), ONpeneeHHYIO
U HeIpepBhIBHYIO Ha KOHEYHOM HHTepBaje (a, b), MoXKHO 6bL710 Tpo-
JOJKUTb HENpPEePHIBHLEIM 00pa3oM Ha CerMeHT [a, b], Heobxoqumo u
JOCTaTOUHO, YT00b! GyHKIUA f(x) 6b1J1a pPABHOMEPHO HENIPephIBHA Ha
uHTepBale (a, b).

807. Modyaem HenpepvigHocmu GYHKHUHU f(X) Ha IPOMEXYTHKe
(a, b) nassiBaerca byuKIUa

wA8) = sup [f(x;) = f(xy)l,

T7le Xy ¥ Xy — J106Ble TOUKHM U3 (a, b), cBA3aHHLIE yeioBueM |x, — x,| < §
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HoxkasaTsb, 4TO AJIA paBHOMEPHOM HenpeprlBHOCTH GYHKIUN f(x)
Ha MIPpOMEKyTKe (a, b) Heo6XO0LUMO U ZOCTATOUHO, YTOOBI

lim wd(8) = 0.
50 A0)
808. IlonyYuTh OLEeHKY MOAYJIA HENPEPLIBHOCTH 0,(8) (cM. mpe-
AOBIAYLIYIO 3aa4y) BHUAA
o;(8) < C&°,
rge C 1 O — KOHCTAHTBI, €CJIN:

a) f(x) = x* (0 < x<1);
6) f(x) = Jx (0<x<a)u(a < x < +o0);
B) f(x) = sin x + cos x (0 < x < 2m).

§ 10. ®dynkuuonanbubie YPaBHEHUSA

809. [IloxasaTp, 4TO eIUHCTBEHHAA HellpepblBHasA GyHKIUA f(x)
(—00 < x < +00), yAOBJIETBOPAIOIAA IJIA BCEX BEIeCTBEHHBIX 3HAUe-
Hu# X ¥ y ypaBHeHHIO

flx +y)=f(x) + f(y), (1)
ecTb JIMHelHAadA OgHOPoAHAA QYHKIIUSA
f(x) = ax,
rae a = f(1) — npou3soJbHAA KOHCTAHTA.

810. [loxasarb, UTO MOHOTOHHAA (HYHKIUA f(x), YAOBIETBODPAIO-
man ypasHeHnto (1), ects inHeilHAA OZHOPOLHAA.

811. [Iorasars, uro GyHKInA f(x), yAOBJIEeTBOPAKIlAd ypaBHe-
Huio (1) 1 orpaHnYeHHAaA B CKOJIb YTOAHO MAaJOM HHTepBaJe (—¢, E),
ecTh JUHEHHAA OJHOpPOLHASA,

812. oxkasarp, UYTO efHHCTBEHHA He paBHAA HYJIIO TOXKJeCTBEH-
HO HelpepblBHAA QYHKIMA f(x) (—00 < x < +00), yHOBJIETBOPAOIAA
IJs1 BCeX 3HAUEHUN X U J YPABHEHUIO

f(x +y) = f(X)f(y), (2)
ecTb NOKa3aTeJbHad QyHKIINA
f(x) = a”,

rae a = f(1) — NoJsoKuTeJbHAA IIOCTOAHHASA.

813. JokasaTb, 4To He paBHAA HYJIIO TOMKIECTBeHHO (YHKITHA
f(x), orpanuuennasa B uHTepsayue (0, €) ¥ yIOBIETBOpAIOIAA ypaB-
HeHUO (2), ecTh IOKas3aTeyabHasA.

814. Joxasars, 4TO eJMHCTBeHHAs He paBHAaA HYJIIO0 TOXKAECTBEH-
HO "HempepblBHaa GyHKIMA f(x) (0 < x < +00), ynoBiaeTBOpAOlan
IJIsl BCeX TOJIOKUTEJbHBIX 3HAUEHUH X U i YPDABHEHHIO

f(xy) = f(x) + f(y),
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ecThb Jorapudpmudeckan GyHKIUA
f(x) = log, x,
TIe a — IOJOMKUTEeIbHAA KOHCTAHTA.

815. [lokasaThk, UTO e JUHCTBEHHAA HE DABHAA HYJIO TOXKJIECTBEH-
HO HempepblBHas QyHKUMA f(x) (0 < x < +00), ynoBAETBOPAIOIAA
IIJISi BCEX IOJIOMKHUTENbHBIX 3HAUEHHNH X U Y YDABHEHUIO

flxy) = f(X)f(y), (3)
ecThb cTelleHHadA QyHKUunA
flx) = x*,
rie a — MOCTOAHHAA.

816. HaiiTu Bce HempepbiBHBIEe pyHKUuM f(x) (—00 < x < +00),
VIOBJIETBODAMIOIINE [AJs BCEX BEI[ECTBEHHBIX 3HAYEHHHR X M Y
ypaBHeHHO (3).

817. IlokasaThk, uTo pa3pbiBHaA HyHKUUA

f(x) = sgn x
yIOOBJIETBOPsieT ypaBHeHUIO (3).

818. Haiitu Bce HempepbIBHBIE QyHKIMH f(x) (—00 < x < +0C0), ynOB-

JIETBODAIOIIUE [IS1 BCEX BEIleCTBEHHBIX 3HAUEHUI X U § YPABHEHUIO
f(x + y) + flx — y) = 2(x)[(y).

819. HaiiTi BCe HempepblBHBEIE OrpaHUUYeHHBIe QPyHKUuU f(x) u
g(x) (-0 < x < +0°), yIOBJETBOPAIOUINE IJIA BCEX BEIECTBEHHBIX
3HAYEHHUH X U Y CHCTEeMe ypaBHEHWIi:

flx + y) = f(X)(Y) — 8(x)&v),
8(x + y) = f(x)&(y) + f(y)g(x),

1, CBEpPX TOT'0, YCIOBHAM HODMUPOBKH:
f(0)=1 u g0)=0.
Vxasanue. Pacemorpers HyHKIHIO
F(x) = f*(x) + g%(x).
8§20. I1ycte
Af(x) = f(x + Ax) = f(x)

A*f(x) = A{Af(x)}
CYyTb KOHEUHBbIE Pa3HOCTH PyHKUUM f(X) COOTBETCTBEHHO IIEPBOIC U
BTOPOTO MOPSAFKOB.
IoxasaTs, 4To ecau QyHkuus f(x) (—00 < x < +00) HenpepbIBHAA
u A%f(x) = 0, To oTa pyHKUMA AuHeHHasA, T. e. f(X) =ax + b, THe a 1
b — mocroaHHbIE.



PABIOEJ II

JINDOPEPEHITUAJILHOE HCUHCJEHUE
®YHKIIUN OOJHOM IIEPEMEHHOM

§ 1. IIpoussogHasa ABHOI (yHKIMHI

1. Onpenenenne nponssonsoit. Eciu x u X, = x + Ax — 3HAaYeHHUA HeC-
3aBUCHMOI IepeMeHHON, TO PA3HOCTH

Ay = f(x + Ax) — f(x)
Ha3bIBAETCA npupawjchuesm (GpyHKIuM y = f(x) Ha cermenre [x, x;].
BripaxxeHnte
. A
’ ’ :
=f(x)= lim 24 {1
y Ax—0 Ax’ )
ec/Ay OHO HMMeeT CMBICJ, HOCHT HA3BaHUE Nnpous3godHoil, a caMa (DyHKIHA
f(x) B aTom ciayuae HasblBaercAd OuQ@epeHiupyemoil.
Teomerpuyecku uucno f'(x) npeacrasaser coboil yraosoil KO3 PUIMEHT Ka-
caTesbHOH K rpaduKy GyHrnu ¥ = f{x) B Touxe ero x (tg u = f'(x)) (puc. 6).

Yy
M
0 | ()
I x x
Puc. 6

2. OcHoBHBIC IIPAaBUJIa HAXOXKIECHUA Npou3BoaHoi. Eciu ¢ — nocTtosiHu A
BesuuHa 1 QYHKUUN ¢ = u(x), v = v(x), w = w(xX) UMEIOT IPOUIBOAHBIE, TO
1) e =0;
2) (cu)’ = cu’;
Nut+tv-—wy=u +v ~w}
4y (uv) =u'v + uv’;
’ [ r
5) (Z) = EL‘Z_L‘l (v = 0);
v v
6) (u™) = nu"~'u’ (n — NOCTOAHHOE YUCTO);
7) ecant GyHKIUHU y = f(1) 1 u = @(X) UMeIOT IPOU3BOAHBIE, TO

’

r ’
Yx = Yy Uy
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3. OcHosHble opmyansl. Eciy x — He3aBUcuMasd nepeMeHHasd, TO

I. (x")’ = nx"~ ' (n — nocTostHHoe uKcno). IX. (arcetgx) =-—

1+x2°
II. (sin x)’ = cos x. X. (@) =a*lna (a>0); (%) =¢*.
III. (cos x)"=—sin x. XI. (log, xy = 2 111 - {a>0);(nx) = alc
IV. (tg ) = —— . XIL. (sh )’ =ch .
cos?x
V. (ctg x)' = . XIII. (ch x)’ =sh x.
(ctg x) ey (ch x)
VI (arcsin 1)’ = —— . . XIV. (thx) = ——
J1 = x2? ch?x
VII. (arccos x)’ = — 1 . XV.(cthx) =- >
1 x2 sh?x
, 1
VIII. tg x) = .
(arctg x) T7 o

4. OpHoCTOpPOHHME NPOU3BOAHBIC. BrlpaskeHUAMU

f(x)= Ale—o Mﬂﬂ,

Ax
, o1 f(x+Ax) - f(x)
fr@)= tm Ax

OTIPEJEJIAIOTCA COOTBETCTBEHHO 1€6aA4A U Npasas npoussodusie GyHKUuHU f(x)
B TOUKE X.
s cylnecTBOBaHUA NPOUBBOAHOH f'(x) HEOGXOAMMO U JOCTATOUYHO, YTOBHI

fL(x) = fi(x).
5. Beckoneunas npoudsogHan. Ecau GpyHKina f(x) HEnpepsIBHA B TOYKeE X 1

lim f(x+Ax) - f(x) _ o,

Ax—0 Ax

TO TOBOPAT, YTO B TOYKe X QyHKINA f(X) uMeeT beckoHeu Y0 npoussoduyio.
B sTom cayuae kacatesbHad K rpadury QyHKUHUM ¥y = f(X) B TOuKe X mep-
neHauKyaapHa K ocu Ox.

821. OnpezmenuTh Npupalelre Ax apryMeHTa X 1 COOTBETCTBYIOIIIee
npupanieine Ay GyHKIun y = lg x, ecnn x namensercd or 1 zo 1000.

822. Onpegenuts NpupaieHne Ax apryMeHTa X ¥ COOTBETCTBYIOIIee
npupaiiedne Ay GyHKIUNA y = % , ecnm x mamensercd or 0,01 7o 0,001.

823. IlepeMenHan x mHony4aer mpupailienume Ax. OIpeenuTb
npupamesHue Ay, ecan:

a)y =ax + b; 6) y = ax® + bx + ¢; B)y = a*.
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824. [TokasaTts, 4TO
a) A[f(x) + g(x)] = Af(x) + Ag(x);
6) A[f(x)g(x)] = g(x + Ax)Af(x) + f(x)Ag(x).

825. Yepea Toukn A(2, 4) u A(2 + Ax, 4 + Ay) xpusoii y = x*
npoBefieHa cekymaa AA’. Haiitu yriosoit kosd)puLineHT aToi cexy-
e, ecam:

a)Ax = 1; 6) Ax = 0,1; B) Ax = 0,01;
r) Ax TIPON3BOJILHO MaJIo.

Yemy paseH yrioBod K0O9QOUIUEHT KacaTeJbHON K JaHHOM KPpH-
BOIT B TOuKe A?

826. Otpesok 1 < x < 1 + h ocu Ox ¢ moMomblo PyHKIMY y = x°

orobparkaercd Ha ock Oy. Onpexenuts cpefHnil Koaddumuent pac-
TAKEHUS U NPOU3BECTH YNCAEHHBIN pacuyeT, eclu:

a)h=0,1; 6) h = 0,01; 8) h = 0,001.

Yemy paBeH K0oGHUIMEHT DACTAMXKEHNUA IIPH 9TOM 0TOOpaKeHNH
B TOuKe x = 17
827. 3akoH gBUKeHUs TOUKHU 1o ocu Ox maerca GopMysoi

x= 10t + 5¢2,

rae t{ — BpeMA B CEKYH/JaX ¥ X — paccrosinue B Merpax. HalTu cpex-
HIOI0 CKOPOCTb JBUKEHHUA 3a NPoMexkyToK BpeMenn 20 < ¢t < 20 + At
U BBITIOJIHUTh YUCJEHHBIA pacueT, ecu:

a) At; 6) At =0,1; B) At = 0,01.
YeMy paBHA CKODPOCTb ABMKEHUA B MOMEHT BpeMeHu ¢t = 207
828. cxoga u3 onpenesieHUA NPOU3BOAHOH, HENOCDEACTBEHHO

HAMTH IPON3BOJHBIE CIeAYIONINX DYyHKIIUN:

a) x%; 6) x* B) 312; r) Jax;

n ix; e) tg x; ) ctg x;  3)arcsin x;

u) arccos x; K) arctg x.

829. Haittu f'(1), f'(2) u f'(3), ecan
f(x) = (x = 1)(x = 2)%(x — 3)*.
830. Haiitu f'(2), ecnu
f(x) = x% sin(x — 2).
831. Haittu f'(1), ecnu

f(x)=x + (x — 1) arcsin /——’f—- .
x+1
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832. Haitu lim _ﬁ_)__(_) , ecan pyuruua f(x) sudpdepesnupy-

x—a
eMa B TO4YKe d.
833. [lokasaTb, uro eciau (GpyHKRnua f(x) auddepeHnupyemMa n
n — HaTypajJbHOE YMCJIO0, TO

lim n[f(x + ) - f(x)J = f'(x). (1)

n— o

O6paTtHo, ecau aasa QyHruum f(x) cyuiecrsyer npemea (1), To
MOKHO JIK YTBEPKIATD, UTO 3TA (PYHKIMA UMeeT IPpou3BosHyio? Pac-
cMoTpeTh npuMep pyHroun Hupuxse (cm. 3agaay 734).

Ilonpaysick Tabaunell IPON3BOAHBIX, HAMTU IPOU3BOLHEIE Clle-
AyoIUX QYHKIMNA:

834.y = 2 + x — x%. Yemy pasro y’(0); u(%) s (1) y'(-10)?

3 2
835.y = 3;— + X — 2x. Ilpu KaKUX BHAUEHUNX X:

2
a)y’ (x)=10; 6)y(x)=-2; B)y(x)=10?
836.y = a’ + 5a’x? - x°, 837.y= ¥+l
a+b
838.y = (x — a)(x - b). y’(é) . 839. y =(x+ 1)(x + 2)%(x+ 3).

840. y = (x sin a + cos a)(x cos o — sin o).
841.y = (1 + nx™)(1 + mx").
842, a)y =1 - x)(1 - 21 -x*% 6)y=(5+2x)'%3 — 4x)*.

.

- 3
843.y = + pos + = ok
(ax+b) -
Lex +d (cx+d)?’

844. ,I[orcasa'rb dopmyay

Haiiti npounssogubie GyHKIIUI:

845.y = 5. 846. y— Lrx-x?
1-x+x2
847.y- — % _(2oa)(B-x
(B Al wevrrapnr: 848.y (1-x)y
849. y = U=X)° 850. y = (1= 07
(1+x)¢ 1+x
851.y=x + Jx + ¥x. 852.y=3—lc+—1—+—1-.

Jx o4l
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853.

855.

856.

858.

860.
862.
864.
866.

868.

870.

872.

873.

875.

877.

879.

880.

882.

884.

885.
887.

y=4x - 2. 854.y = x.J/1+x2.

Jx

y=(1+20)J2+x2%3+x3. 856.y="+%(1-x)"(1+x)".

= 71— x)ym(1 + x)n. 857.y= —=—.
Y 7

1+ x3 1

= ,——— . 859.y = .
B e v J1+ x2(x+ 1+ x2)
y=Nx+Jx+Jx. 861.y =41 +%1+%x.
y = cos 2x — 2 sin x. 863. y=(2-x%cosx+2xsinx.
y = sin(cos? x) * cos(sin® x). 865. y = sin” x cos nx.

 ainled _ sin?x
y = sin[sin(sin x)]. 867.y Snet
_ _COosXx - _1
Y~ geintz” 869.y cos"x
- Sinx— xcosx y=teX — X
y cosx + xsinx 871.y tgz ctg2
= _ Ll 1.5
y=tgx 3tg x+5tg x.
y = 43/ctg2x + 3ctgdx. 874. y = sec? 5 + cosec? E
y = sinfcos*(tg? x)]. 876.y = e**.
tgl 5
y=2*. 878.y=¢" (x* — 2x + 2).
_[l-x2 . _(1+x)? -x
y [ 3 sin x 2 cosx]e .

y=e(1+otg 3. 881.y = nd sinr+cosy,
y = e asinbx — beosbx 883.y = " + e + ecc*,

Jaz+ b2

= (I @>oo-o

y=x* + a* + a?" (a >0). 886.y=I1g®x%
y = In(In(In x)). 888. y = In(In?*(In® x)).
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_1 -1 3~ -1
889.y = 2 In(1 + ) - 3 In(1 + %) — 5=—.
_1 x2-1
890.y= 7 In =7
891.y~ L L =

—_— n .
4(1+ x*) 4 1+ x4

1 xJ3- .2
892.y= — p =2 ~2
Y=ok izl

1 1+x JE 1+x.Jk
i i v A L—x.Jk (0 <k <1

894.y= Jx+1 ~In(1+ Jx+1).
895.y = In(x + Jx2+1).
896.y = x In(x + J1+x2) — J1 +x2,

897.y=x1n2(x+ J1+x2) - 2,./1 +x2 ln(x+ 1+x2) + 2x.

893.y =

898.y=g x2+a’ + %2 In (x+ x2+a2).

1 Ja+ xJb
8§99.y = In a>0,b>0).
Y 2Jab Ja-x./b ( )

900.y=3—+j—"i/1-x2 +81ln Lrdl-x 4;"‘2

= 5 = o
90L.y=Intg 5. 902. y = In tg (2 + 4) .
903.y = L ctg? x + In sin x. 904.y = In [L=sinx

2 1+ sinx

905. y = — 298X L In [1 + CosX
Y 2sin®x sinx

906. y = In b+acosx + /b2 —a?sinx © < la[ < lbl)

a+ bcosx

907.y = i(ln3x+31n2x+61nx+6).

908.y=—1— mi-_1

4x4 x  16x%°

909.y = g(1—‘i/1+x2)2+31n(1+3 1+x2).

910. y = In E +1In (}C +In 1)]

X
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911. y = x[sin(In x) — cos(In x)].
912.y=Intg g —cos x - Intg x. 913.y = arcisn g
1-x x2
914. y = arccos —=. 915. y = arctg —.
y 7 y g
916.y = 1 arcctg —“/2 . 917.y = Jx - arctg Jx .
ﬁ X
918.y = x + J1-x? - arccos x.
919. y = x arcsin fl—x; + arctg Jx — Jx.
+
920. y = arccos ch 921. y = arcsin(sin x).
922, y = arccos(cos? x). 923. y = arcsin(sin x — cos x).
924. y = arccos /1 - x2. 925. y = arctg L +z
926. = arcotg (JDLLLOT),
Slnx — cosx
927.y = —2_ arctg ( [a=b g E) (@a>b>0).
2Z— b a+b 2
_ s 1-x2 — 1
928. y = arcsin T 929. y arocost(x)
930. y = arctg x + % arctg (x%).
931. y = In(1 + sin? x) — 2 sin x - arctg (sin x).
932.y = ln(arccos —l—) .
X
xX+a a? X
y=In X£2 1+ % arctg T.
933. y lnm , arctg 3
=X [P 2+ & in X > 0).
934. y 5 Ve x 5 arcsin " (a > 0)
=1 (x+1)2 2x-1
y==1 + — t
935. y 6n x+1 ﬁarcg 7
1 x2+xf2+1 1 f
936.y= — In ———~——~ — — arctg
Y 42 x2-xJ2+1 2,2
937. y = x(arcsin x)? + 2./1 — x2 arcsin x — 2x.
938.y = arccosx | 1 1 In 1-4J1-x2

X 2 1efiox
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939.

940.

941.
942.

943.

944.
945.
946.

947.
948.
949.
950.

951.
953.

954.
955.

956.

957.
958.
959.

y = arctg Jx2-1 - Inx

x2—1
y= arcsinx + 1 1 - X
1-x2 2 1+x

y=L mzoxrl 1 a0 3
12 (x2+1)2 2./3 2x2-1

%6
1+xt2

y=1n_;_a.[§__ +J§ arctg M.

N1+ 3/x+3/x2 3

~ arcctg x8.

y = arctg —2——.

1441 -x2

a-2x

y = arcctg ——=—(a > 0).

2Jax - x?
y=?’_‘_’£,/1—2x—x2+2arcsin1+x.

2 2
y=_1.1n4_—.41+x4+x—1arctg4“1+x4-
4 4fTrxi-x 2 x

y = arctg(tg? x).

=,1-x2-In /1 ll 1-J1-x +A/1 x2 + arcsin x.
Y I+ 2 1+,~/1 x2

y = x arctg x - l In(1 + x)*> - = (arctg x)%.

y = In(e* + J1 + e2%). 952. y = arctg(x + J1 + x2).
sinasinx )

y = arcsin (
1 - cosacosx

1 In Jx2+ 2-x./3 +_1_ arctg A/xi+2-

y:
4J§ A/x2+2+xA/§ 2
y=— arctg xdfe 1 In dlrxi-x2
2.2 M1+ x4 4./2 JT+ x4+ x./2
y= £___M —l arcctg _JE_“/_é__
1+x2 J2 1 — x2

y = arccos(sin x® — cos x?).
y = arcsin(sin x? ) + arccos(cos x?).
y = e™ " Ycog(m arcsin x) + sin(m arcsin x)].
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960. a) y = arctg e” - In
+1

B) y = arcctg 1. r) y = In®(sec 2 ¥*).

ctg;
96l.y=x+ x*+ x* (x> 0).
962.y = x*" + x2* + a** (a >0, x> 0).

963.y= Yx (x> 0).
964. y = (sin x)** + (cos x)*" %,

965. 1.y =(Inx)*: x™*. 2.y= [arcsingsin‘zxz

arccos({ cos?x)

966. y = log, e.

_ 1
967. y = In(ch x) + TR

_ chx _ x
968. y = 1L ln(cth 2) :
969. y = arctg (th x).

= 1
970. y = arccos (chx) .

971.y = gx + ?—4‘1;‘“ arctg ( /Z;b th ’-2‘) 0 < bl < a).

+b
972. Hailitu npousapofuylo GyHKIIHH

y=1n(coszx+A/m0—SZ?C)’

BBOIA NPOMEKYTOUHOE ITEePEMEeHHOoe U = cos? x.

%; 6)y= «/1+3«/1+‘£/1+x4;

IlpuemoM, ykasaHHBIM B IpuMepe 972, HaAWTH IPOM3BOAHEIE

GOYHKIMI:

973. y = (arccos x)? [lnz(arccos x) — In(arccos x) + %} .

974.y = Larctg(YT+xf) + L m¥lexiel
2 4 f1ixi-1
_x? R
975. = u&sﬂe_) + ll 1 _ e—2x2 .
YT e e )

x 1_ 2x _
976.y = 1—-:“';5; - -i+—Z'2—x aI‘CCtg‘ a x.



92 PA3ZIEJ II. AU®®. UCHUCJIEHUE ®YHKIWI OJHON IEPEMEHHOM

977. HaiiTu IPpOU3BOAHLIE M ITOCTPOUTH FpaduKKM GYHKIHI U X

MTPOM3BONHEIX, €CJH:
a) y = |x;

978. Haiit npoOM3BOLHBIE CAEXVIOINX QYHKITHIA:

a)y = [(x — 1)%(x + 1)¥; 6) y = |sin® x|;

6) y = x|x|; B) y = Inx|.

B) y = arccos - ; r) y = [x] sin® nx.

Il

Haiiti 1pon3BogHEIE U TOCTPOUTH IpadKi QYHKIMHA U HX NTPO-
H3BOJAHBIX:

1-x npr ~o0 < x < 1;
979.y=<(1-x)(2-x) npul<x<2;
—(2-x) npu 2 < x < +00,
_J(x-a)(x-b)* mpma<x<b;
980.y= {0 BHe oTpe3ka [a, b].
= 1% npu x < 0;
981.y = ‘Jun(1 +0)  mmrso
arctg x npm |x|< 1;
982.y = gsgnx+———x;1 npu|x|> 1.
x*ex npu |x| < 1;
983.y =
Y -:‘; mpH |x| > 1.

984. IIpousBograd ot gorapudma fasvHo# GyHKIUH y = f(x) Ha-
3BIBAETCA JA02apUdrmuueckoll npousgodHoll 3T0H QYHKIMH:

f(x)
f(x)

HaiitTu norapudMuyecKyo IPOH3BOAHYI0 OT DYHKIHH I, €CIIH:

1-x, _ x? 3-x
1+x’ 0y 1-xN@B+x)2’
B y=(x—a)"(x—ay)" ...(x—a,) ;1) y=(x+ J1 + x2)".

985. Ilycrs ¢(x) u y(x) — nuddepeHnupyeMble QYHKIIUH OT X.
Haiityn npou3BonHYI OT GYHKUNH Yy, eCu:

Y4 =
L= )

(f(x) > 0).

a)y=x

a) y = Jo2(x)+ yi(x); 6) y = arctg \%;

B)y = *CUy(x)  ((x) # 0; y(x) > 0);
) Yy = 10gem W(x) (9(x) > 05 y(x) > 0).
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986. 1. Haiitu y’, ecnu:
a)y = f(x*); 6) y = f(sin? x) + f(cos? x);
B) y = f(e") - e/ ) y = A,
rae f(u) — ruddepernupyemMas QyHKIHUA.
2. Haiitu f'(0), ecnn
flx) = x(x ~ 1)(x ~ 2) ... (x — 1000).
987. IlokasaTs caenyiollee npasuiao nuddepeHMPOBAHNA ONpe-
JeNHTEeNR N-To IopAsKa:

’

fu(x) fra(x) o fr(x) fa(x) falx) o fr.(x)
fielx) Fralx) ... Fralx) =kZl Frapx) Flea(x) oo Flea(x) |

fnl(x) fnZ(x) fnn(x) fnl(x) fnZ(x) fnn(x)

988. Haittu F'(x), ecnn

x-11 2

F(x)=| 3 x 3

-2 -3x+1

989. Haiitu F’(x), ecnu

x xz x?

F(x)=11 2x 3x2

0 2 6x

990. an rpadpuk dyHRnuKu. ITpubamKeHHO IOCTPOUTEL rpaduk
ee IIPOM3BOTHOM.
991. ITokasarts, 4T0 GYHKIHA

x?sin & npu x # 0;
f(x) = x
npux =0

MMeeT PaspHIBHYIO IPOH3BOAHYIO.
992. Ilpn KaKoM yCJOBMH QYHKIIHS

n

sinl upu x # 0;
fx) = x
0 npu x =0

a) HenpepnipHa Ipu X = 0;

6) auddbepernupyema npu x = 0;

B) HMeeT HellpePHIBHYIO IPOM3BOAHYIO npH x = 0?
993. I1py KaKOM YCJIOBHH (PYHKIIUS

x| sin —— npm; x # 0,
f(x) = lxl™
0

npu x = 0
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(m > 0) nmeer:
a) OrpaHNYEHHVI0 MPOU3BOAHYIO B OKPECTHOCTH HAaUajaa Ko-
OpAMHAT;
6) HEOrpAHUUEHHYIO IPOUIBOJHYIO B 5TOH OKPECTHOCTH?
994. Haiitu f'(a), ecnn

f(x) = (x — a)p(x),

rae GVHKIHA O(X) HelpephIBHA IPH X = 4.

995. Tloxkasars, UYTO PYHKIUA

f(x) = |x = alo(x),

rie ¢(x) — HenpepbIBHad GyHKIHA 1 ¢(a) # 0, He UMeeT IPOU3BOL-
HOH B TOUKe a.

Yemy paBHBI OLHOCTOPOHHHE IPOKU3BOAHBIe [ (a)u fi(a)?

996. IlocTpOUTh IpHMep HENPepHIBHON DYHKIHMH, HEe HMerleil
IIPOM3BOJHOMN B JAHHBIX TOUKAX: dj, Agy +.ey Q-

997. Ilokasars, UTo QyHKIUA

f(x) = x*

cosgi (x#0) u f(0)=0

uMeeT TOUKU HeluddrepeHIUPYEeMOCTH B JIIOOOH OKPECTHOCTH TOUKU
x = 0, "o puddepenuupyema B 5TOH TOUKe.

TTocTponTs acKkn3 rpad)UKa 3TOM PYHKIUH.

998. IToxasars, 4To GyHKIUA

/ X, €CJIM X panioOHAaJILHO;
(x) = 0, €CJIM X UppaIMoOHaIbLHO,

HMeeT NPOI3BOAHYIO JHIIL IpH X = 0,
999. Uccrenopars Ha gud)PepeHIUPYEMGETh CIeayouine QyHK-
npu;
a) y = |(x = 1)(x = 2)*(x — 3)}; 6) y = [cos ;
B) y = [n* — x sin?® x; r) y = arcsin(cos x);

x-1 2 <1
ll)y=% 4 (x+1) npu x| < 1;

tixf -1 npu lx| > 1.

Ias pysxuuy f(x) onpenesnTs NeByo TPOU3BONHYIO f (X) i IIpa-
BYIO IIPOM3BORHYIO f} (x), ecau:
1000. f(x) = |x|. 1001. f(x) = [x] sin nx.

1002. f(x) = x (x = 0), f(0)=0.
1003. f(x) = Jsinx2.

T
CcOs —
X
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1004. f(x) = —*— (x #0), f(0)=0.

1+e*
1005. f(x) = J1 - e+, 1006. f(x) = [In |x|| (x # 0).
1007. f(x) = arcsin —2%_ .
1+ x2

1008. f(x) = (x -2) arctg x_}.z. (x#2), f(2)=0.

1009. 1. Ilokazars, uro hyHKIUA f(X) = x sin ch npu x # 0u f(0) =

0 menpepsiBHa IIpH x = 0, HO HE IMeeT B 9TOH TOUKE HY JIEBOM, HU IIPABOil
[IPOK3BOAHOM.

2. Ilycrb x, — TOUKa paspwiBa 1-ro poja dyurumuu f(x). Beipa-
SKEeHUSA

£ (xy) = Iim f(xq+h) }—l f(x,-0)

fi (xp) = Jim f(xo+ k) ;l f(xo+0)

HAa3BIBAIOTCS 0006UjeHHbLMI 0OHOCTOPOHHUMU (COOTBETCTBEHHO Jie-
BOH U NIPaBOM) npou3g00Hbimi PYHKIUM f(X) B TOUKE X;.
Haitru /7 (xy) 1 f'.(x,) B TOUKAX Pa3pblBA X, QYHKIMH f(x), ecau:

a) fla) = L2, 6) f(x) = arctg 11X,
x 1-x
B) flx) = —L—.
1+ex
1010. ITycts
x2, ecnu x < Xg;
flx) = {ax + b, eciu x > x;.

Kaxk cinenyer nomnobpatrh koaddunueHTs a 1 b, 4To0bI QyHKITMA
f(x) 6plna HenpepuIBHOH 1 AudbdepeHRIPYEeMOil B TOUKe X = x,?
1011. ITycts
f(x), ecan x < X,
F(x) = >
ax + b, eciin X > X,
rae dbyukuuda f(x) nuddepeHnupyema cnesa nIpa x = x,.

IIpu kakoM BrIGOpe KoadhduuenTos a u b dynkuua F(x) 6yger
HenpepwBHOH U guddepeBIHPyeMOH B TOUKE X,?
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1012. Ha cermenTe @ < X < b IOCTpPOHTH CONPAXKEHNE ABYX IO-
NYIPAMBIX
y=ki(x—a) (-0 <x<a) u y==~kyx—5b) (b<x<+x)

C TIOMOIIBI0 KyOHUeCcKOH mapabosibl

y=A(x - a)(x - b)x - ¢),
rae napaMeTrpbl A ¥ ¢ IOAJNEIKAT Ol PefesIeH HIO.
m?2

1013. HacTs KpuBOI j = o

(le > c) IOTIOJHUTH napabonoi

y=a+ bx* (|x|<c)

(rme @ u b — HeusBeCTHHIE NapaMeTpbl) TaK, 4YTOOB! MOJIYy4YHIACH
raaaKas Kpusasd.
1014. MoxxHO Ju yTBEpKAaTh, YTO CyMMa

F(x) = f(x) + g(x)
He UMeeT NPOHU3BOAHOM B TOUKE X = X, CIH:
a) yHKuuA f(X) MMeeT IPOU3BOAHYIO B TOUKE X, & PYHK-
uua g(x) He HMeeT IPOM3BOLHON B 3TOH TOUKE;
6) 00e hyurInH f(x) 1 g(X) He MMeIOT IIPOU3BOLHOM B TOUKE X;?
1015. Mo>KHO JIH YTBEPMKAATh, UTO IPOHU3BELEHHE
F(x) = f(x)g(x)
He HMeeT NPOM3BOAHOMN B TOUKE X = X, ECJIH:
a) GpyHKIHA f(X) HMeeT IPOU3BOSHYIO B TOUKE X,, a QYHK-
U g(x) He UMeeT NPOHM3BOLHOI B 5TOH TOUKeE;
6) obe pyHKIMH f(X) 1 g(X) He IMeIOT TIPOHM3BOIHOM B TOUKE X7
Paccmorperb IpUMepsHI:
a) f(x) = x, g(x) = |xl;  6) f(x) = ||, g(x) = ||, rze x, = 0.
1016. Uto MoxHO crasaTh 0 AuddepeHITNPYeMoCTH GYHKIIMH
F(x) = f(&(x))
B IAHHOH TOUKE X = X,, eCJIH:
a) byHruusa f(x) MMeeT IPOM3BOLHYIO B TOUKE X = g(X;), a
dbyHKUUA g(x) He IMeeT IIPOU3BOJHOM B TOUKE X = X;;
6) byHKIUA f(x) He UMeeT IPOM3BOAHON B TOUKE X = g(X,),
a pyHKIHA g(x) MMeeT IIPOM3BOAHYIO B TOUKE X = X,;
B) GyHKIUA f(X) He HMeeT IIPOM3BOLHOMN B TOUKe X = g(X,)
u GyHKHA £(X) He HMeeT IPOM3BOXHOI B TOUKE X = X;?
Paccmorpers npuMepsI:
a) f(x) = x?, g(x) = |l; 6) f(x) = lxl, g(x) = 2%

B) f(x) = 2x + x|, g(x) = gx - %Ix], rae x, = 0.
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1017. B kakux Toukax rpaduk QyHKIIHK

y==x+ ¥sinx
uMeeT BePTHKAJbHEIE KacaTeJbHble?
ITocTpouTs 3TOT rpaduK.
1018. Moker nu pyHK1uHA f(X) B TOUKe ee pPasphIBa MMETh:
a) KOHEYHYIO TPON3BOAHY0; 6) 66CKOHEUHYIO IPOU3BOLHYIO?
PaccmoTpeTs npumep: f(x) = sgn x.
1019. Ecnn dyurnuda f(x) suddepeHuupyemMa B OrpaHMYEHHOM
uHTepBate (a, b) u
lim f(x) = oo,
x—ra

T0 0643aTEJILHO JIN
1) lim f'(x) = o0; 2) lim [f/(x)| = +00?

PaccMoTpers npumep: f(x) = i

1020. Ecnu dpyuruua f(x) puddepeHunpyemMa B OrpaHHYeHHOM
uHrepsanie (a, b) u

+cos-1-npnx~>0.
x

lim f(x) = oo,

TO 06S3aTENBHO JIK
lim f(x) = o0?
X —=a
Paccmorpers npumep: f(x) = 3/x npu x — 0.
1021. Ilycts dyrruua f(x) auddepeHnmupyema B HMHTepPBaje
(x4, +00) H CylIECTBYET lin'l f’(x). Cremyer Jiit OTCIOA, UTO CYINECT-
x — 100

Byer lim f/(x)?
x — 400
Paccmorpers mpuMmep: f(x) = sinxgx2) .

1022. IIycrs orpannueHHas Gyuruua f(x) guddepeHnupyema B
unrepraie (x,, +°°) u cymecryer lim f'(x). Ciaenyer nu orcroaa,
x — o

uTO cyuiecTByeT lim f(x) KoHeuHHIH unu GeCKOHEYHBIH?
X — 00

PaccMotpers npumep: f(x) = cos (In x).
1023. MoxkHO aM mouYseHHO AUMDEpeHIHPOBATL HEPaBEHCTBO
Mexay QYHKIuaMu?
1024. BuiBecTH GOPMYILI I CYMM!:
a)P,=1+2x+3x*+ ... + nx" 1,
Q,=12+ 2% + 3% + ...+ n¥x" "}
Vxkasanue. Paccmorpers (x + x2 + ... + x").

6) S, =sin x + sin 2x + ... + sin nx,

T,=cos x+ 2cos 2x + ... + n cos nx.
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1025. BeiBecTH GOpMYIY IS CyMMBbI!
S,=chx+2ch2x+ ..+ nchnx.

Vrkasanue. S,=(sh x +sh 2x + ... +sh nx)".
1026. ITonn3yAch TOXIECTBOM

inx
cos-;-c cosif ... COSZ =—S—1—x—,
2" 2"sin=
2
BBIBeCTH (DOPMYJIY /A CYyMMBI:

1 x 1 x 1 x
=-tgX+tgi+. i+ =tgl.
Sy=gztest ey o €

1027. Jokasars, 4TO NPOM3BOAHAS UeTHOH nuddepeHnUpPyeMOit
OYHKIMK ecTh GYHKLINA HedeTHAsd, a IPOM3BOJIHAS HEUETHOH nud-
depeHnupyeMoit QYHKIIAHN eCTh QYHKIMA YeTHAR.

Hats reoMerpuyeckyio HHTEPIPETAHIO B3TOTO (paKTa.

1028. ToxasaTs, uTo npoussogHas guddepeHIPyeMOii IIepHo-
audecKoil GYyHKINK ecTh QYHKINA CHOBA IEePHUOAUYECKAs C TeM e
ePHOAOM.

1029. C kako# CKOPOCTHIO BO3pAaCTAaeT NJIoulajgbk Kpyra B TOT MO-
MEHT, Korja paguyc aroro kpyra R = 10 cM, ecau paguyc kpyra pac-
TeT PABHOMEPHO CO CKOPOCThIO 2 cM/c?

1030. C kaKoif CKOPOCTHIO0 HBMEHAIOTCS TIIONA[b U JHATOHAJE IIPS-
MOYT'OJILHHKA B TOT MOMEHT, KOTia OfHa CTOpoHa ero x = 20 M, a gpyras
cTopoHa y = 15 M, eciH ofHA CTOPOHA NPAMOYIOJBHHKA YMEHbIIAeTCA
co ckopocThio 1 M/c, a Apyras BO3PacTaer co CKOPOCTHIO 2 M/c?

1031. I3 ogHOro u TOT'O >Xe MOpPTa OLHOBDPEMEHHO BBIIILIH NIApPO-
X0 A B HAaIpPaBJIEHNU Ha CeBep U Mapoxoj B B HallpaBJIeHHH HA BOC-
TOK. C KaKOH CKOPOCTHIO BO3PACTAET PACCTOSTHYE MesKy HUMH, €CJIH
ckopocth napoxonaa A pasHa 30 kM/4, a napoxona B paBHa 40 km/u?

1032. Ilycts

X, ecin 0 < x € 2;
f(x)_{Zx -2, ecqu 2 < x < 400,
u S(x) — nnomajb, orpaHHYEHHAA KPHBOH y = f(x), ockio Ox u ep-
NeHJuKyJaapoM K ocu Ox, IpoBefeHHBIM B ToUuKe X (x 2 0).

CocTaBUTh AHAJIMTHYECKOE BhHIpaKeHHe QYHKIUHM S(X), HaUTH
pou3BOAHYI0 S’(x) u mocTpouts rpaduk Gyerimu y = S’'(x).

1033. ®yuknua S(x) ecTh IIOLIAAL, OTPAHHUYEHHAA XYyrOo¥ OK-

PYKHOCTH [ = Ja?- x?, ockio Ox ¥ IBYyMS HNEPHEHAUKYIAPAMH K

ocu Ox, npoBeleHHBIMH B TOUKAaX 0 u x (le < aJ .

CocraBUTh aHAJHTHUECKOE BHIpaKeHHe MYHKIUM S(X), HAlTH
TIPOU3BOAHYIO S'(X) U MOCTPOUTE I'padMK 3TOI IPOH3BOAHOI.
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§ 2. IlpousBogubie 00paTHOH (QYyHKIUH,
¢byHKIUM, 3aJaHHON NMapaMeTPHYECKH,
u PyHKIUM, 3aJaHHOH B HEABHOM BUIE

1. lpoussomuana obpatuoit dbyuxuun. Judpdeperuupyemad QyHKUIUA
y = f(x) (a < x < b) c npoussogHoi f(x) # 0 ©UMeeT OLHO3HAYHYIO Helpe-
pHIBHY0 00DAaTHYIO PYHKIMIO X = f(y), npuuem obpaTHaA HYHKUUA TAKKe
gubdepeHIUPYyeMa U crupasessinea opmyia
X, = i,
Yx

2. MIponspoaHasa QydKnuu, 3agaHnol mnapamerpuveckn. Cucrema
ypaBHeHMH

(<t <b),

x = (1),

y=w(?),

rae o(t) u y(t) — auddepenunpyemsie GyHxnun u ¢'(t) # 0, onpegensaer y

B HEKOTOPOH 06JIaCTH, KaK OJHOZHAUHYIO Ju(ipepeHI UpYeMY 0 (PYHKILUIO OT Xt
y = (o' (%),

npuyeM MPOM3BOAHAA 3TON (PYHKIIUK MOKeT OblTh HaljeHa o (popmyne

3. IIpouspoanasn (PpyHKUMH, 3aJaHHON B HeABHOM Buue. Ecinu mudde-
pernupyeMas GyHKUMA y = y(x) yIOBJIETBODAET yPABHEHUIO

F(x,y)=0,
To npouaBoguasn y’ = y’'(x) aTol HessBHOI (PYHKLIUMU MOKeT ObITh HalieHa U3
ypaBHeHUdA

d -
oy Fe ] =0,

rae F(x, y) paccMaTpuBaeTCs KaK CJI0XKHAA (YHKUUA IepeMeHHON x.
(Bostee moapobHo o AudxhepeHIMPOBaHMM HEABHBIX (PyHKIWN cM. pasa. VI, § 3.)

1034. IIokasats, 4TO CYIIECTBYET OGHO3HAUHAS HYHKUHUA [ = y(x),
onpenpensieMasd ypaBHeHHEM
y* + 3y = x,
¥ HAHUTH ee IPOU3BOLHYIO J.

1035. TlokasaTh, UTO CyIIeCTByeTr OfHO3HauHad QYHKIHA
y = y(x), onpenesgemasd ypaBHeHHEM

y—esiny=x (0<e<1),

¥ HaHTH IPOHU3BOAHYIO Y.
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1036. Onpenenurs 061aCTH CYIECTBOBAHUA O0OPATHBIX PYHKIIUH
x = x(y) ¥ HAHTH UX NPOHUIBOLHBIE, ECJIH:
ayy=x+Inx (x> 0); 6)y=x+ e%;
B) y = sh x; r)y = th x.
1037. BeinenuTth OfHO3SHAUHBIE HelIPePLIBHBIE BETBH 0OPATHLIX
byHRUMI X = x(y), HAWTH HX TPOU3BOLHEIE U [IOCTPOUTH I'padUKm,
eCJIH:

2 4 x2 —x ~2x
= _ ; = e — ; = 2 _— .
a)y=2x"—-x% 0)y T o B)Y e e
1038. ITocTpouts ackua rpaduka GYHKIHUYN i = y(Xx) U HAHTH TIPO-
U3BOAHYIO Y’ (X), ecmu: x = —1 + 2¢ — %, y = 2 — 3t + t*. Uemy paBHa

Yy’ (x) mpu x = 0 u npu x = —1? B Kakoii Touke M (x, y) npousBogHas
y (x)=0?

Haiiti npousBoguble Y, (mapamMeTphl NOMOMKHTENbHEL), ecln:

1039. x = 3/1 - /¢, y=A1-3/t.
1040. x = sin® ¢, y = cos® {.
1041. x = a cos ¢, y=>bsint.
1042. x = a ch ¢, y=bsht.
1043. x = a cos® ¢, y=asin®t,

1044. x =a(t —sint), y=a (1l - cost).
1045. x = €% cos® t, y = e sin? t.
. 1
1046. x = arcsin , Y = arccos .
S+ 12 NAR £
1047. ITokasaTb, 4To GYHKIHA Jy = y(X), OnpejesseMas CHCTe-

MO ypPABHeHHIH
x=2t+[t|, y=>5t2+ 4tlt],

muddepernupyema npu ¢ = 0, HO ee IPOM3BOLHAA B STOH TOUKE He
MoseT OBITH HaliffeHa 10 0ObIYHOIL hopmy.re.

Haiitu npousBonHble §, OT cilenyomux HPYHKINH, 3aJaHHLIX B
HeABHOM BHJE:
1048. x% + 2xy - y* = 2x. Yemy paBuo y’ mpu x =2 uy=4 u
npux=2uy=0?
Z—j + %—3 = 1 (a;mumc).
2 2 2
x% +y3 = a? (acTpounga).

1049. y? = 2px (mapaboa). 1050.

1051. Jx + Jy = Ja (napabona). 1052.
1053. arctg % =In J/x2+ y? (rorapudMHYeCKas CIHPAJID).



§ 3. PcomeTpuuccKuit cMbica NPoR3BOAHOR 101

1054. Haurn v, ecau:
a) r = a@ (cnupaJs Apxumena);
6) r=a (1 + cos @) (kapguonpa);
B) rr = ae™? (norapudmMudecKas CIupaib),

rme r= Jx2+y? u ¢ = arctg £ — monapuse xoopauHATEL
X

§ 3. F'eomerpuyecKuii CMBICH IIPOM3BONHOM

1. YpaBHeHHA KacaTeJbHOI U HOPMAJH. Y paBHeHUs kacamenbroit MT
u nopmann MN x rpadury anddepeHnupyemoit Gyuruum y = f(x) B Touxe
ero M (x, y) (puc. 7) cOOTBETCTBEHHO UMEIOT BUJ:

Y_y:y/(X_x))
Y-y =X - ),
y

rae X, Y — TekyilMe KOOpAUHATHI KacaTeNbHON UM HopMaau, ay’ = f'(x) —
3HaueHue ITPOU3BOAHONM B TOUKE KaCaHUA.

2. Orpeskn kacarensHOM u Hopmaau. I[as OTPe3KOB KACATEJLHOA U
Hopmanu: PT — noxgxacartenbHas, PN — moxgHopmaas, MT — xacaTtesb-
Hast, MN — Hopmans (puc. 7); yautnsas, uro tg o = y’, TomyyaeM caeyio-
HiHe 3HAYEHUA:

PT=,%% PN =lyy’],
y
J1+y'2, MN=Jl+y'2.

3. Yron mexay KacaTeJbHOI M PAAUyCOM-BEKTOPOM TOYKH KAaCaHUA.
Ecnu r = f(¢) — ypasHeHHe KPUBOI B IIONAPHON cCUCTEME KOOPAUHAT U [ —
yron, o6pasoBanHblii kacatenbHoit MT u paguycom-gekTopoM OM Touxku
Kacauuda M (puc. 8), To

MT=H
y

tg =

i~
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1055. HanucaTs ypaBHEHHUSA KacaTeJbHOH 1 HOPMAaJIHW K KPHUBOM
y=(x+1)3%3-x
B TOouKax: a) A (—1; 0); 6) B (2, 3); B) C (3, 0).
1056. B xakuX ToOYKax KPHUBOM
y=2+x-x*
KacareabHasd K Hel:
a) mapanjenbHa ocu Ox;

6) napajuensHa GHCCEXTPHCEe TePBOro KOOPAVHATHOrO yriia?
1057. loka3atrs, Yro napaboia

y=alx—x)(x~xy) (a#0,x <xy
nepecexaer ochk Ox moy yriaamu o u (0 << g, 0<fB< Lgt)’
PABHBIMI MeXK1y COGOM.
1058. Ha xpuBoii
y=2sinx (< x<mM
OmpeJie/TAThL Té YYACTKH ee, Ifie «KPyTH3Ha KPHBoit» (T. e. |y’]) mpe-

BBILGET 1.
1059. ®dyuxnun

y=x u y,=x+ 0,01 sin 10001x@
OTJINYaIOTCA APYT OT Apyra He 6osabine yem Ha 0,01. Yro MmoxkHO cxa-
3aTh 0 MAaKCHUMAJbHOM 3HAYEHUHU PABHOCTH MPOM3BOAHBIX B3THUX
GyHKIIA?
ITocTpouTh COOTBETCTBYIOLINE PPAdUKH.
1060. Tlox xaxum yriaoM KpuBas

y=Inx

nepecexaet ocy 0x?
1061. ITox xakumu yriamMu NepecekaioTcs KPUBbIe

y=x2 u x=y??
1062. Ilox xaXxuM¥u yriaMu IIEPECEKAlOTCa KPUBLIE
y=sinx m y=cos x?
1063. 1. IIpu kaxoMm BrIGOpE MapaMeTpa n KpuBas
y = arctg nx (n > 0)

nepecexkaeT och OX mox yriaom, Gonpimnum 89°7
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2. IToxasarb, uTo Kpusas y = |x|* KacaeTcs,
a)ocu Oy npu 0 < ¢ < 1;
6) ocu Oxipn 1 < o < 400,
3. IToxasars, uro gn1a rpadrxa QyHKUUHA
{ix|°‘, ecm o # 0, x # 0

1, ecau x =0,

[IpefenbHOe TIONOXKEeHNe cexyllelt, mpoxonsmen yepea Touky A (0, 1),
ects ock Oy.
1064. OnpegenuTs yroa MeXXay JeBoM M NPaBoii KacaTelbHbIMHA

K KpUBOH: a) y = J1-e"*® B rouxe x = 0; 6) y = arcsin 12x

+x2
B Touke x = 1.
1065. ITokasaTs, uTO KacareabHasd K JIOrapuMU4eCKod criupanu

r= ge™?

(a 1 m — nocTosAHHLIE) 06Pa3yeT MOCTOAHHBIN YroJl ¢ PagAyCcoOM-BeK-
TOPOM TOYKH KacaHUsA.
1066. Onpenenns fIVHY NOSKaCATEILHON K KPUBOI

y = ax”,

IaTh crocob IOCTPOeHHUA KAacaTeNbHOI K 3TOH KPHBOIl.
1067. Jokaaars, uro y napabosisl

y? = 2px:

a) nogxacaTelbHas paBHa yABOeHHOH abcimuMcce TOUKH
KacaHus;
0) DogHOPMAJb TTOCTOAHHA.
Hats criocob nocrpoeHusa KacareapHOH K mapaGoJie.
1068. [loxasars, 4TO NOKa3aTeIbHAA KPUBAA

y=a" (a>0)

HMeeT IOCTOAHHYIO MoaKacaTeabuylo. [ars cnoco6 MOCTPOeHU S Ka-
caTeJbHOH K NMOKa3areJbHON KPUBOMH.
1069. OnpepenuTs AANHY HOPMAJN K HENHOI JUHNAYA

=gchZ*
yaca

B 106011 ee Touxe M (x,, Yo)-
1070. JoxasaTs, 4TO Yy acTpougbl
2 2 2
x3+y3 =a® (a>0)
AJMH& OTPe3Ka KacaTelbHOMN, 3aKJI0UEHHOTO MeXAY OCIMH KOODAH-
HAT, eCTh BeJUYNHa MTOCTOAHHAL.
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1071. Iipu KaKoM COOTHOWIEHNH MEXAY KosdhduumeHntamu a, b

u ¢ napabona
y=ax’+bx+c
kKacaerca ocu Ox?

1072. Ilpu xaxom ycJjoBuM KyOuueckad napabosa

y=x>+px+q
kacaercsa ocu Ox?
1073. IIpu xaxkom 3HAYeHUU NapaMerpa a napabona
y = ax’
xacaerca KpuBoil y = In x?

1074. lorasars, 4To KpuBbIE, Yy = f(x) (f(x)>0), y = f(x)sin ax,
rge f(x) — puddepeHuupyeMaa QyHKUMUS, KACAWTCA APYT APYra B
0o0IIUX TOUKAaX.

1075. Iloxasars, 4To ceMeicTBa ruiiepdosI

¥*-y*=a, xy=">b
06pa3yioT 0pMOZOHAIHYI0 CemKy, T. €. KDUBbIE dTHX ceMedcTB me-

pecexaoTca MOJ IPAMBIME yIJIaMH.
1076. [TorxasaTs, uro ceMeiicTBa napabo

y’=4a(a-x) (a>0)

y?=4b(b+x) (b>0)

00pa3yoT OpPTOTCHAJBHYIO CETKY.
1077. Hanucarts ypaBHEeHUSA KACATEJIbHONW 1 HOPMAJH K KPHUBOIL

x=2t-1t% y=3t-1°

B Toykax: a){t = 0; 6) t = 1.
1078. Hanucars ypaBHEHHUS KacATEeJILHON M HOPMAJHU K KPHUBOIL

x= 2Lt 2ot
1+3° 1+

B TOUKax: a)t=0;6)t=1; B) t = o0,
1079. Hanucats ypaBHeHHe KacaTeAbHOM K UUKJIOUAE
x=a(t—sint), y=a(l —cost)

B [IDOM3BOJIBHOM TOUKe ¢ = {;. [laTh criocob nocTpoeHnsd KacaTelbHoH
K OUKJIOULE.
1080. lokasaTs, uTo TPakTpuca

x=a(1ntgé+cost), y=asint (a>0,0<t<n)

UMeeT OTPEe30K KacaTeNbHOHN IIOCTOAHHON AJNHEL.
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Hanuncarps ypaBHEHHMA KacaTeJbHOU M HOPpMAJIH! B 3aJaHHBIX TOU-
KaX K CHeIYIOIIVM KDHUBBIM:

RN T 6:
1081. 100 + &1 1, M (6; 6,4).

1082.xy +Iny =1, M(1;1).

§ 4. Iud¢epenuuan GpyHKIUU

1. Inddepennuan dbynkuun. Ecnu npupaiienre GyHKUM y = f(x) or
HEe3aBUCUMON IIEPEMEHHOH X MOKeT ObITh IPEACTABJICHO B BULE

Ay = A (x)dx + o(dx),

rae dx = Ax, To IMHeHAs YaCTh 3TOI'0 IPUPALEeHUA Ha3kIBaeTca dughghepeH-
yuaaoM QyHKYUU Y.
dy = A (x)dx.

s cymecrBosanus guddepennmnana GyHKguM y = f(x) HeobXoauMo 1 gocra-
TOYHO, YTO0BI CYLIECTBOBANIA KOHEUHAA NTPousBogHas i’ = f(x), npuueM umeeM:

dy = y’dx. )]

Dopmyna (1) coxpaHaeT CBOIO CUIAY U B TOM CJlyuae, eCJaU IIepeMeHHAA
x ABnaercs (pyHKIMel oT HOBOH He3aBUCHMoI nepeMeHHOH (cgoiicmeao
uHeapuaHmuocmu nepsozo dugepernyuaaa).

2. Ouenka magasix npupamenuil gpyukuun. [[ns nogcyera Maabix npupa-
uerni gupdepenuupyemoit GyHKUM f(X) MOMKHO TTOAB3OBATLCA GOPMYJIOH

flx + Ax) - f(x) = f'(x)Ax,

OTHOCUTENbHAA ITOTPELIHOCTE KOTOPO# CKONb YrOAHO Majia npH KOCTATOYHO
mamoM JAx], ecnu f(x) # 0.

B uvacTHOCTH, €cqM He3aBUCUMASA IepeMeHHAs X OllpefelsieTcs C hpe-
AeabHOH aBCONOTHON NOrpelTHOCThIo, PaBHOM A,, TO A, 1 6y — mnpexenbHble
aBCONMIOTHAA U OTHOCHUTENbHAA norpeliHocTy GQyHKnuu y = f(x) — npubnu-
KEHHO BBLIPAKAIOTCA CAEAYIOLINMU ()OpMynaMu:

A=lylA, u §,= % A

X

1083. Ina dpyuxunn
flxy=o%-2x+1
onpepenutk: 1) Af(1); 2) df(l) u cpaBHUTH UX, €CTH:
a) Ax = 1; 6) Ax = 0,1; B) Ax = 0,01.
1084. YpasHeHue ABUMKeHHA BaeTca GopMyIoi
x =52,
rfe ¢ BRIPAXKAETCA B CEKYHAAX U X — B MeTpax.

Hd1s MoMeHTa BpeMeHH [ = 2 ¢ ONpeReiuTh AX — IIpUpaleHue
nytu 1 dx — pguddepeHuan MyTu U CPaBHUTh UX, eCJH:

a)At=1c¢; 6) At = 0,1 c; B) At = 0,001 c.
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Haiitu guddepennman QyHKIUNT Y, €CIIN:

1085. y = l. 1086.y =1 arctg X (a#0).
1087.y= — In |X=9), 1088. y = In |x + Jx2+a].
2a x+a
1089. y = arcsin ;—C (a # 0).
1090. Haiitu:
a) d (xe¥); 6) d (sin x — x cos x);
1 Inx
=1 d
va(2) a(2):

md(Ja?+ 2% ); e)d(m)-

_ 2. 1.
%) d In(1 - x); a)d(arccos lxl)’

o343

IIyers u, v, w — puddepennupyemsore GyHKIun ot x. Haiitu
Inddepernnnan GYHKINHT Y, €CINL

u)d [—S% +Lin
2cos?x 2

1091. y = uvw. 1092. y = % .
1 u
1093.y = X 1094. y = arctg =.
V== y g

1095. y = In Ju?+v2,
1096. HaiiTu

_ _ d (sinx\,
2 7 3)(x 2x% — x%); 6) d(xz)( . )
B) d(sinx) , r) d{tgx) .
d(cosx)’ d(ctgx)’
d(arcsinx)
n)d .
(arccosx)

1097. B xpyroesom cextope paauyc R = 100 ¢cM n meHTpanbHbIl
yroa o = 60°. Hackonbko N3MeHNTCA MIIOIAAb 3TOI'0 CEKTOPA, €CIH:
a) paguyc ero R ysenuuunrs Ha 1 cMm;
6) yron o ymeHb1IuTb Ha 3077
Hatek TouHOE M NPHOGANKEHHOE PEIlleHUs.
1098. Ilepron Kosebanusa MasATHHKA oNpejeiserca Mo hopMyJie

T=2njz,
g
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rie | — AavHA MaATHHKA B § = 9,8 M/c? — ycropeHHe ¢BOGOLHOTO
pageHusd.

HacKoJbKO HY?KHO N3MEHUTD JJIUHY MaaTHUKa | = 0,2 M, 4ToGHI
nepuon T yBenmuumiaca na 0,05 c?

3ameHAa npupauleHne GyHKuun guddepeHuaiom, HaliTy Ipu-
GANIKEHHO CJeAYIONMe 3HAUEHUA:

1099. 3/1,02. 1100. sin 29°.
1101. cos 151°. 1102. arctg 1,05.
1103.1g 11.

1104. 1. Jorasarbs npubInKeHHYI0 QOPMYILY
Ja?ix =a+ X (a>0),
2a

rze x| € a (cooTomenune A K B MexAy NOJOKHTeNbHME A 1 B
oszuauaer, 4To A BechbMa M40 II0 CPaBHEHHUIO ¢ B).
C nomol1pbio 3Toit GopMy bl NPUOINIKEHHO BLIUMCINTS:

a) J/5; 6) /34 ; B) /120

U CPABHUTH C TAOINUHBIMK NAHHBIMH.
2. Hokazats dhopmyny

A/az+x=a+§%—r(a>0,x>0),

2
rne 0 <r< _x__;
8a’

1105. [ToxasaTs NpUOIMKEHHYIO HOPMY Ty

a"+x =a+ x_l (a > 0),

n
na

rae x| € a.
C momMoup1o 9TOH QOPMYJILl TPUOJMIKEHHO BLIYMCINTD:

a) 3/9; 6) 4/80 ; B) /100 ; r) 19/1000 .

1106. Cropoua kBagpara x = 2,4 Mm% 0,05 M. C KaKkHMH TIpEAEIb-
HO¥ abCcoIOTHON M OTHOCHTEIBHOH IOrPEITHOCTAME MOJYKHO BBIYHC-
JUTH II0LIAAL 3TOr0 KBajgpara?

1107. C xakoii OTHOCUTENBHOH NNOrPeIIHOCTHIO AOTYCTHUMO U3Me-
purs paguyc R mapa, uTo6sl 06'beM €70 MOMKHO OBLINO0 OIPEeeIUTD C
TOYHOCTBIO 10 1% ?

1108. [Ina onpenesieHNA YCKOPEHUA CBOOOAHOTO IMafeHUSA ¢ IIO-
MOLIBIO KOJMefaHusa MAagTHUKA II0ab3yI0TCa GOpMy IO

_ 4nél
7



108 PABJIEJ 1. IUbdD, HCUHCJIEHUE GYHKIUN OJHOI [IEPEMEHHON

rre | — pgauna maaTHuka, T — nepuon ero xonebauwmit. Kax orpa-
3WATCA HA 3HAUEHHH £ OTHOCHTEJbHAA IOTPELIHOCTDb O 1IPpU m3Mepe-
HUM: a) AAUHLL [; 0) nepuopa 1?7

1109. Oupegenuts abCcoNIOTHYIO NOrPEIIHOCTE AECATUIHOIO JIO-
rapudma unciaa x (x > 0), ecIM OTHOCHUTEJIBbHASA NOTPELIHOCTh 3TOTr0
YHCIa paBHa O.

1110. HJorasars, 4To yriasl 110 jJorapudMuieckoil rabmiuie TaH-
IreHCOB OTIPeJeNsiiOTCSA TOUHee, UEM 10 jorapudMmueckoil tabaune
CHHYCOB C T€M K€ CAMBIM YHCJIOM AeCATUUHBIX 3HAKOB.

§ 5. IIponseoausnie u audgpepeHnaibl BEICHIUX MOPAIKOB

1. OcuoBHuble onpenenenus. [1pouw3godnsie golcuLux nopadxosd ot PyHK-
nuu y = f(x) onpeensoTca nocaeA0BaTeIbHO COOTHOUIEHUAMU (11peaTona-
ras, YTO COOTRETCTRYIOIHE OTIePAllUU UMeIZ cMbIc!):

Fx) = {f" " Nx)) (n=2,3,...).

Ecnu (yHkmus f(x) MMeeT HelpepLIBHYIO IPOU3BOAHYIO [N(x) Ha MH-
repsane (a, b), To KpaTko nuwuyT: f(x) € C (a, b). B uactuoctu, ecau f(x)
MMeeT HellpepbIBHbIE IPOU3BOAHLIE BCEX MOPAAKOER HA (a, b), To ynoTpebnsa-
eTcst 3anuck: f(x) € C (a, b).

Hugpepenvyuanvt goicuiux nopadkos or GyHKUUM y = f(x) nocaenosa-
TENBLHO ONpenenaoTes QopMyaaMu

d'y=d(d" " 'y) (n=2,3,..),

rae npunaro d'y = dy = y’dx.
Ecnu x — HesaBucUMAA TEPECMEHHAA, TO [TOJArAIOT:

dix=d*x=..=0.
B satom cnyuae cupaeenuBel HOPMYIbI

d'y = y"Wdx" u y" = dry .
) dxm

2. OcHosHbie POPMYJIbI:
I. (@)™ =a*1In" a (a > 0); (e)™=e*.

II.  (sin x)™ =sin (x + EZE) .

III. (cos x)M = cos(x + %) .

Iv. @™ =m(m-1)...(m-n+ 1x™ "

V. (anc)""=£—u——L_1 m =1t

xﬂ
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3. ®opmyana Jleitbunua. Ecnu pyrrnuu u = @(x) 1 v = y(x) UMEOT 11po-
U3BOAHBIE N-r0 NoPAAKA (n-KDPAaTHO auddhepeHIUDPYEeMBI), TO

n .
i .
(uv)‘"’=§ C,,u(')u(” l),
i=0

rae 9 =u, v = v u C\, — yucno coueTanuit U3 n BMEMEHTOB IO i.
Ananoruuso gna gud@epernuana d"(uv) nonyuaem

d(uo) =y C! d* udiv,
i=0

rpe nonoxkeno d’u =uu d’v = v.

Haittn y'’, ecan:

1111. y = xJ1 + x2. 1112, y = X .
Y V= e
1113. y = e*. 1114. y = tg x.
1115. y = (1 + «?) arctg x. 1116, y = 2Losiny
! Niere
1117. y = x In x. 1118. y = In f(x).

1119. y = x [sin (In x) + cos (In x)].
1120. Haiitu y(0), y’(0) u y'’(0), ecnu

y = e*" ¥ cos (sin x).

IIyers u= o(x) 1 v~= Wy(x) — xpBaxzabl auddepeHNUpYeMble
dyuxmuu. Hatiru y'’, ecnu:

1121. y = u?. 1122, y=1In 4.
v

1123.y = Ju? + v2. 1124. y = u" (u > 0).
IIycrs f(x) — Tpuskanl suddepernupyeMaa Gyuknua. Haiitu y”’

rrr

uny'”, ecnn:

1125. y = f(xd). 1126. y = f(}c) .

1127, y = f(e). 1128. y = f(1n x).
1129. y = f(p(x)), rae ©(x) — gocTaTodHOe UNCI0 pa3d suddepeH-
uupyeMmaa QGyHKIIAA.
1130. Haittu d?y pna QyHKIHH
y=e'
B IBYX CHAy4YasdXx:

a) x — Hes3aBHCHMAasA [lepeMeHHAad;
6) x — NpOMEXKYTOUYHBIN apryMeHT.
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CunTas x He3aBUCHMOI IepeMeHHOil, HaliTn d?y, ecim:

1131 y = J1+ #2. 1132.y=11x§. 1133. y = x*.

Iyets u 1 v — aBaXKAB AuddepeHnrpyeMbie GYHKIIUHA OT Nepe-
MmenHoit x. Hafitu d2y, econ:

1134. y = uv. 1135.y = 5

1136. y = u™v" (m u n — nocTosAHHBIE).
1137.y = a" (a > 0). 1138. y = In Ju?+v2,
1139. y = arctg %

Haitru nponsBogHsle y,, y's, ¥’y OT QYHKOUH Y = y(x), 3asaHHOH
x x

IapaMeTpUYecKH, eCu:

1140. x = 2t — t2, y=3t— 1t
1141. x = a cos t, y = a sin t.
1142. x = a (¢t —sin t),y = a (1 ~ cos t).
1143. x = ¢’ cos ¢, y= e sin ¢
1144. x = f'(¢), y = tf'(t) - f(t).

1145, Ilyets dyuruua y = f(x) suddepennupyeMa JOCTATOUHOE
uncso pas. Hafitu npoussoauste x’, x*', '/, x!V o6parnoii pyurmum
x = f(y), npexnonaras, 4To 3TH NPOU3BOLHBIE CYILECTBYIOT.

Haiita y;, y'2, ¥y oT QyHKIME y = y(x), 3aaHHO HEABHO!

X

1146. x% + y* = 25. YUemy pasunl y', y”’ u y’’’ B Touke M(3, 4)?
1147. y® = 2px. 1148. x% — xy + y% = 1.

Hafitu y, u y';, ecam:
x

1149. y* + 2 In y = x%. 1150, /x2+ y? = gerte f (a> 0).
y (

1151. Ilycrs dyuxruua f(x) onpeneiesa U ABasKabl gUdpepesIT-
pyeMa IIpu X < X,. Kax ciepyer nogobpats Koa)puiiuenTs @, b 1 ¢,
uTobb! PYHKIINA

f(x), eclu X < X,
F(x) = 2 _
a(x — x5)° + b(x — x9) + ¢, ecau x > x,,
6n11a aBaskabl gudibepesnupyeMa.
1152. Touka aBMKETCA NPAMOJIMHERHO 110 3aKOHY
s=10 + 20t — 5t

HafiT CKOPOCTb U yCKOpeHMe ABMIKeHHA. UeMy PABHBI CKODOCTb H
YCKOpeHUe B MOMEHT BpeMeHH ¢ = 27
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1153. Touka M (x, y) PaBHOMEPHO LBUKETCA IO OKPYIKHOCTHU
x? + y* = a®, menas omunu obopor 3a Bpema T. HaifTu ckopocTb v u
ycKOpeHue w npoexknuu Touku M Ha ock Ox, ecnu npu t = 0 Touxa
zaHMMaJa moJjoxxenue M, (a, 0).

1154. Taxxenaa marepuadbHasa Touka M (x, y) GpouieHa c¢ Ha-
yaJbHOM CKOPOCTBIO Uy B BEPTUKANIBHON IJ0ocKOoCTH OXy TOL YIJIOM
¢ K IJI0CKOCTH ropusonTa. CocTaBuTh (IpeHedperad conpoTUBIEHMU-
eM BO3/[yXa) YPaBHEHUe ABUKEeHUS U ONPeNeNUTb CKOPOCTb U U yC-
KOpEHUE w, a TAKIKEe TPAEKTOPHIO NBMKeHuA. YeMy paBHbl HAUGOJb-
11ad BBICOTA MOAHATUA TOYKH U JAJBHOCTH moJjera?

1155. YpaBHeHUA OBUKEHUA TOUKU

x =4 sin wt -~ 3 cos wit, y= 3 sin wt + 4 cos wt

(w — TOCTOSAHHO).
OnpenenuTh TPAEKTOPHIO ABUIKEHUA, CKOPOCTh U YCKOPEHHE.

B crepyionux NpuMepax HAWTH IPOM3BONHBIE YKA3AHHOIO IO-
pagka:
1156. y = x(2x — 1)%(x + 3)% naitru y® u y".

1157.y = % ; Hatitm y’”’.
1158. y = Jx; naiiru y?,

1159.y = lxzx; Haittu y®.

_ l+x - 100)
1160. y = ; matitu y1°0,
J1-x

1161. y = x%%*; naitru y20.

1162.y = %; s maittu y1?.

1163.y = x In x; mnaittu y®.
Inx

1164. y = et naittu y©.

1165. y = x* sin 2x; HaiiTa y©o.

1166.y = C0S3X_ . yajiru y.
3/1-3x
1167.y = sin x sin 2x sin 8x; naitru y!9.
1168. y = x sh x; naiitu y1%,
1169. y = e cos x; naitru y'v.

1170. y = sin? x In x; mnaiitu y®.
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B cregyiomux npuMepax, cUUTas X HE3aBHUCUMOU MEPEMEHHOI,
HaiTu puddepeHaNbl YKAa3aHHOTO MOPAAKA.

1171. y = x°*; naiitu d’y.

1172. y = 71_;; Haiitu d’y.

1173. y = x cos 2x; wmaittu d'%y.

1174. y = ¢* In x; HaiiTa d*y.

1175. y = cos x * ch x; maittu d°y.

B caepyromux npumepax Haiitu puddepeHIMaabl YKA3aHHOTO
nopAaKa, ecau u — GYHKHuA or X, guddepeHnupyemas L0CTaTou-
HOE YHucJOo pas.

1176.y = u?; mnairru d'%.

1177. y = €*; maittu d'y.

1178. y = In u; naittu d®y.

1179. Haitru d%y, d*y u d'y or dyuxuuu y = f(x), cunTas x QyHK-
Mel oT HeKOTOPOIl He3aBUCUMOM llepeMEeHHOM.

1180. Brrpasuts mpoussogubie ¥y’ u y”’ or pyHKHuuM y = f(x)
yepes mnochenoBareNbHble guddepeHiinansl MepeMeHHbIX X, Y, He
MpexnIoNarasa X He3aBUCUMOI MepeMeHHOH.

1181. IToxasars, uTo GYHKIIUA

y = C, cos x + C, sin x,
rae C, u C, — NpousBoJIbHbIE TOCTOAHHEIE, YAOBIETBOPAET YPABHEHUIO
y’+y=0.
1182. Ilokasars, 4To GYHKIIUA
y=C;chx+ Cyshx,
rae C; u C, — Npou3BOJIbHBIE [TOCTOAHHEIE, YAOBIETBOPAECT YPABHEHHIO
y’'—y=0.
1183. Ilokazars, uro GyHKUUA
y=C,eM + Cyee®,
rie C; u C, — MpPOU3BOJBLHBIE MOCTOAHHEIE U A;, Ay — TOCTOAHHBIE,
YAOBNETBOPAET YPaBHEHUIO
Yy = (M + Ry + Mgy = 0.
1184. IToxkasare, uTo QYHKLUA
y = x"[C, cos (In x) + C, sin (In x)],

rae Cy u Cy — NpOU3BOJILHBIE MOCTOAHHBIE K 11 — [MOCTOAHHAA, VAOB-
JIeTBOPAET YPABHEHUIO

x%y” + (1 - 2n)xy’ + (1 + n®)y = 0.
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1185. Ilokasars, uro hyHKIUA

= ﬁ(c X 4+, si _x) + _ﬂ(c * 4+, sin = )
e cos sin e cos si ,
y ! A/é 2 ﬁ 3 ﬁ 4 ﬁ

rae Cy, Cy, C3 u C;, — IPOU3BOJILHBIE [IOCTOAHHBIE, YAOBIETBOPAET
ypaBHEHHIO

yV +y=0.

1186. loxkaszars, uTo ecau GyHKIUA f(X) MMeeT MPOU3BOAHYIO 11-TO

nopagka

1187

, TO

[f(ax + b)]™ = a"f"ax + b).

. Hattiru P"(x), ecau

P(x) = apx" + a;x" " '+ ... + a,.

Haitru y™, ecau:

ax+b 1
LY== 1 Y= .
1188. y i d 189. y -7
=1
1190.y vt
VYkasanue. Pasnoxurs QyHKIHIO Ha npocTelimue ApobHU.
1 X
1191. y = . 1192. y = ——.
J1-2x Wl +x
1193. y = sin?® x. 1194. y = cos? x.

1195. y = sin? x.

1197. y = sin ax sin bx.

1198. y = cos ax cos bx.

1200. y = sin? ax cos bx.
1202. y = x cos ax.

1204. y = (x? + 2x + 2)e~.

1196. y = cos® x.
1198. y = cos ax cos bx.
1199. y = sin ax cos bx.

1201. y = sin? x + cos? x.
1203. y = x? sin ax.

1205. y = 95

1206. y = e cos x. 1207. y = e* sin x.

_ a+bx
1208.y = In T ha"

1209. y = ¢** P(x), roe P(x) — MHOTroOYJeH.
1210. y = x sh x.

Haitu d"y, ecau:

1211. y = x"e*. 1212.y = lx-x
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1213. HoxkasaTk paBeHCTBA:

M
1) [e** sin (bx + ¢)]™ = e**(a® + b?) 2 sin (bx + ¢ + nY),

ax (n) — pax 2 2 !];f
2) [e** cos (bx + ¢)] e (a® + b*) 2 cos (bx + ¢ + no),

roe
sin @ = —2 cos @ = —2
Jaz bt Ja?+b?
1214. Haitru y™, ecan:
a) y = ch ax cos bx; 6) y = ch ax sin bx.

1215. IIpeo6pasosas byHKiuIo f(x) = sin? x, rge p — HaTypaIb-
P
HOE YHCJIO, B TPUMOHOMETpHUUECKHI MHOroUIeH f(x) = Z A, cos2kx,
k=0

Halttu fM(x).

Vrkasauue. ITonoxuTs sin x = Ql_i(t - t), rnet=cos x +isin x u
t =cos x — i sin ¥, ¥ BOCHOABLBOBATHCS (popMyI0it Myaspa.

1216. Haiitu f™(x), ecou:

a) f(x) = sin??*1 x; 6) f(x) = cos? x; B) f(x) = cos?*1 x,

TIe p — ILeJoe MOJOKUTENIBHOE YKUCHO (CM. MPebIAYINYIO 3a/a4y).

Ecnau
f(x) = fi(x) + ify(x),
raei — MHUMAadA equHUNA U f(x), fo(x) — melicTBuTenbuble GyHKIUK
OT AeMCTBUTENBHOM I1ePEeMEHHO X, TO IO OMPEeAeNEHII0 MPUHUMAEM:

(%) = fi(x) + ify(x).
1217. Mcnonbays TOMAECTBO
1 - _1_( 1 1 )
x2+1  2i\x-i x+i)’
LOKA3aTh, YTO
(n) g_ :n
(x21+ 1) - ! ,,l.’” sin[(n + 1) arcctg x].

(1+x2) 2

Y xasaHwue. Ilpumenurs dopmyny Myaspa.
1218. HaiiTu n-10 mpou3BOIHYIO OT QYyHKIUYN

f(x) = arctg x.

Haiitu f(0), ecau:

- 1 . _ X
1219.a)f(x)—m, 6) f(x) = =

1220. a) f(x) = x%*; 6) f(x) = arctg x; B) f(x) = arcsin x.
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1221. a) f(x) = cos (m arcsin x); 6) f(x) = sin (m arcsin x).
1222. a) f(x) = (arctg x)?; 6) f(x) = (arcsin x)2.
1223. Haitru f1"(a), ecan
f(x) = (x ~ a)"o(x),
rae GyHKIuA ¢(X) ©uMeeT HellpephIBHYO IPOU3BOAHYIO (1 — 1)-ro no-
pAnKa B OKPECTHOCTU TOUKHU 4.
1224. IToxasaTk, uTo QyHKIUA

on o 1
x°"sin =, ecaun x # 0
flx) = { x’ ’

0, ecan x =0

(n — HATypaJIbHOE YKCJI0) B Touke X = 0 MMeer MpPOU3BOAHBIE [0 1-TO
[OPAAKA BKJIIOUUTENBHO K He UMeeT POU3BOHOH (1 + 1)-ro mopaaka.
1225. IlokasaTs, 4To PyHKIINA

15
e , ecaun x =0,
f(x)=
0, ecaux =0

feckoneuno nutdeperiiupyema npu x = 0.
IlocTpouTs rpadur 3ToM QYHKIUH,
1226. Ilokasars, 4TO MHOZOUNeHbt Hebbiuiesa

T, (x)= % cos (m arccos x) {(m =1, 2,...)
VIOBJIETBOPAIOT YyPABHEHUIO
(1 = 2 T)(x) = ¥ T, (x) + m*Ty(x) = 0.

1227. Jlokasars, uTo MHOz04enbl Jlewanopa

1
2mm!

P (x)= [(x2-1D™™ (m=0,1,2,..)

YIOBJIETBOPAIOT YPABHEHUIO
(1 = xH)P(x) - 2x P, (x) + m(m + 1)P (x)= 0.
V k azanue. [Ipoxaddeperumporars m + 1 pas papercrso (x% - 1)u’=2mxu,
rae u = (xZ-1)™.
1228. Mnozounenvt Yebviuresa—Jlazeppa onpenenarwTcs Qop-
MyJIoH
L, (x)=e"(x"e )™ (m=0,1,2,..).
Haittu aBHOe BhIpajkeHUe AJad MHoroujaeHa L, (x).
Iloxasarts, uro L,(x) yAOBIETLOPAET YPABHEHUIO
xL(x)+ (1 — x)L,(x) + mL(x) = 0.

V kasanue. Hcoonb3oBaTs paseHCTBO xu’ + (x — m)u =0, roe u = x"e™.
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1229. Ilyere y = f(u) u u = ¢(x), rae f(¥) u O(x) — n-KparHo
nubdepennupyemMble QyHKIIUH.
JorkasaTh, 4To

@y - S Amow,

dxn
k=1

rae KoadxpuimeHTI A (x) (B =0, 1, ..., n) He 3aBucAT or GyHKIUM f(L).
1230. orasars, uTo AJs1 n-# IPOU3BONHON CHOMKHON (PYHKIIMU
y = f(x?) cmpasegnuBa dhopMyaa

((ii_;z" _ (Zx)nf(n)(xZ) + n(nll—l) (2x)n~2]c(n—1)(x2) +

2 DA 2HR=3) gy 470 D) o ..

1231. Mnozounenvt Yebviuwesa—Ipmuma onupepensorea Gop-
MyJIOi
H,(x)=(-Dme** (&=} (m=0,1,2,..).

Haiitu siBHOe BRIpakeHMe IJ1si MHorcuneuos H ,(x).
Ioxkazare, uro H,,(x) yaoBiaeTBOpAET YPABHEHMUIO

H'' (x) - 2xH(x) + 2mH (x) = 0.

Yxasaunue. Hcnonszosars paBencrso i’ + 2xu =0, rae u = e+,

1232. [Tokas3aTe paBeHCTBO
("~ torym — Lo

xn+1

YxasaHue., [IpuMeHUTs METO MaTEeMATUUECKON HHIYKIUN.
1232. Hoxkasars QopMyJy:

a) j%(x"ln x) = n! (ln x + kz: }l‘z) (x > 0);

5) 4> (sinx) =m0 re (x) sin x - S,(x) cos x],

dx\ x xen+l
rue
C = — x_Z + . _ n x2n
A =15 e
Sn(JC) =X - ﬁ J+ (_1),,, 1 x2n-1

3! (2n-1)"
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1233. Ilycrs 21(—1; = D obozHauaer oriepaliuio qudxpepeHupoBaHua 1

f(D) =3 px)D"
k=0

— cHMBOJMUeCKUN qudipepeRnMaTbHBII MHOTOUIEH, e p,(x) (k=
=0, 1, ..., n) — HEKOTOpHIC HEIPEPLIBHbLIE QYHKINHE OT X.
Horaszars, 4To

f(D){e*u(x)} = e A(D + Mu(x),
rie A — ITOCTOAHHO.
1234. Hoxasars, 4TO €CJaHU B ypaBHEHUU
a/exky(xk) =0
k=0
TIOJIOKHTD
= et’

rae { — He3aBMCHMAas MepeMeHHas, TO 3TO YPaBHEHHE IIPUMeT BU:

Z a,DD-1)...(D-k+1)y=0,

k=0

rae D= —.
A dt

§ 6. Teopemsr Poaasa, Jlarpanska u Kouru

1. Teopema Pouaa. Ecau: 1) dyurnus f(x) onpegenena 1 HenpepbisHa
Ha cermenTe [a, b]; 2) f(x) uMeer KOHeUHYI0 TPOU3BOAHYIO ['(X) BHYTDH 3TOTO
cermenrTa; 3) f(a) = f(b), TO cyliecTByer 110 MeHbIeH Mepe O4HO YHCIO0 ¢ U3
uHTepBasia (a, b) Taxoe, uTo

f(c)=0.

2. Teopema Jlarpanxka. Eciu: 1) yurnus f(x) onpeneneHa u Hernpe-
pbiBHA Ha cermeHnre [a, b]; 2) f(x) uMeeT KOHEYHYIO NpOM3BOAHYIO f'(x) Ha
uHrepsaie (a, b), ro

f(v) = f(a) = (b - a)f'(c),rnea <c <b
(popmynra KoHeunvix npupaujeHuil).

3. Teopema Koum. Ecau: 1) pyaruuu f(x) 1 g(x) onpepesieHbl ¥ Hernpe-
pHIBHBI Ha cermeHrte [a, b); 2) f(x) u g(x) #uMeroT KOHeuHbIe NMPOU3BOAHbIE
f'(x) 1 g’(x) Ha unrepnane (a, b); 3)f % x)+g*x)#0npua < x < b;
4) g(a) # g(b), 1o

f(b)~fla) _ fle)

, rpe a <c¢<b.
g(b)y-g(a) g'(c)
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1235. IIpoBepuTh CIIpaBeINBOCTE TeopeMbl Poynga qua GyHKIun
f(x) = (x = 1)(x = 2)(x — 3).
1236. ®yurnusa

flx) =1~ 4/x?
ofpanulaerca B HyJb 1ipu X, = —1 u X, = 1, Ho TeM He MeHee f'(x) # 0

mpu —~1 € x € 1. O6bACHUTE KaXKyllleeca MPOTHBOpPeUne ¢ TeopeMoil
Ponns.
1237. Ilycrs pyuriuga f(x) uMeeT KOHEUHYIO IPOU3BOAHYIO f'(x)
B KO0 TOUKEe KOHEUHOro mau 6ecKoHewdHoro uHrepsana (a, b) u
lim f(x)= lim f(x).
x—a+0 x—b-0
Hoxasarb, 4TO
f(e)=0,
rae ¢ — HeKOoTopas TOuKa mHTepBaia (a, b).

1238. Ilycte: 1) pyuruua f(x) onpejgesieHa XU UMEET HENpPEPHIB-
HYIO MpOU3BORHYIO (1 — 1)-ro mopanka f"~ V(x) na cermenre [x,, x,];
2) f(x) uMeeT IPOU3BOAHYIO n-To opaAxKa f ") x) B mrTEpBaeE (X0, X,
u 3) BHIIOJIHEHBI PABEHCTBA

f(xo) = f(x) = ... = flx,) (X9 <x; < ... <x,).

Joxkasarhb, 4TO B HHTEpBaJeE (Xg, X,) CYIIecTBYET MO MEHbIIIEH Me-

pe omHa Touka £ Takad, 4TO

f(E) = 0.
1239. IIycre: 1) dyuxnua f(x) onpegeseHa U uMeeT HeIPepPhIB-
HYIO IIPOM3BOAHYI0 (p + ¢)-ro nopsaxka f¥ ' (x) na cermenre [a, b];

2) f(x) uMeeT npousBomHyo (p + ¢ + 1)-ro nmopagka f@ "¢+ Nx) B
uHTepBase (a, b); 3) BbIIOJHEHB! PABEHCTBA

fla) = f(a) = ... = fP(a) = 0,
f(b)=f(b) = ... = fP(b) = 0.
Iloxasarhb, 4TO B TAKOM CIyuae
feret ey =0,

rge ¢ — HeKoTopad ToukKa mHTepBanaa (a, b).
1240. HoxaszaTh, UTO ecJH BCe KOPHU MHOrodJjeHa

- n-1
P.(x)= ayx" + a;x +...+a, (g, #0)
¢ nedcTBUTeNBHBIMU ko3 dunuenramu a, (k= 0, 1, ..., n) Beuecr-
BEHHBI, TO ero IOCJe/[0BaTeNbHble NIponssoauble P(x), P (x), ...,

n-1
Pf1 )(x) TaK»Ke UMEIOT JUIIb BellleCTBeHHbIe KOPHU.
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1241. Hokasarts, UTo Yy MHOrouNeHa Jlexkanjpa

Py(x) = oot {(x? - 1))

Bce KOPHU BeEllleCTBEHHBIE M 3aKJIIOUEHBI B HHTEpBaste (—1, 1).
1242, HoxaszaTts, uro y MHorouneHa Yebniimera—Jlareppa
dn

Lll(x) = exdxn

(x"e™)

BCE KOPHM TOJIOKUTENbHbBIE.
1243. IlokasaTn, uTro y MHoro4djneHa Yebrimesa—OpMura

H (%) = (~1)"ex* L o)
dxn

BCE€ KCPHH BELIECTBEHHEIE.

1244. Hajitu Ha kpuBoit y = x° Touxy, KacarelbHad B KOTOPOI
napajnjejbHa Xopje, coexnunsaomelt Touku A (-1, —1) u B (2, 8).
1245. Bepua ju dpopMyJia KOHEUHbIX IpUpAIIeHUH 11 QYHKITUT

fx)=

Ha cerMenre [a, b], ecnu ab < 0?
1246. Hafitu dpyuruuio 6 = 6(x, Ax) Takyio, 4To
flx + Ax) — f(x) = Axf'(x + BAx) (0 <0 <1),
ecnu:
a) f(x)=ax?+ bx +c (@a=0); 6)f(x)=x%

B) f(x) = i; 1) f(x) = e*.

1246. 1. IIycts f(x) € CM (—00, +00) u nna m06bIX x U h crpa-

BEeJJIMBO TOM/[ECTBO:
flx + k) — f(x) = hf'(x).
HoxasaTb, 4TO
f(x)=ax + b,

e a u b — HOCTOAHHELIE,

2. Iyers f(x) € C® (—00, + 0) u pna J106bIX X ¥ b CIPABERJIUBO
TOMXKIECTBO:
flx +h) - f(x) = hf’(x + %) .

JokazaThk, 4TO
f(x) = ax® + bx + ¢,

rae a, b u ¢ — nocTosHHBIE.
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1247, oxasarb, uTo ecau x = 0, To

1
el - dfr = ——,
kZl o JJ_C 2Jx +0(x)

n

rge 1< 0(x) < 1 , TpUUeM
4 2
. 1 : 1
lim B8(x)= =, lim 6(x)= =.
x—0 4 X - 00 2
1248. Ilycrs
3-%* npum0<x<1,
2
=1,
> npu 1 < x < +00,

OnpenenuTs TPOMEIKYTOUHOE 3HAUEeHKE ¢ DOPMYJIBI KOHEUHBIX IIPHU-
pautenuit ana dyuxknuu f(x) Ha cermente [0, 2].

1249. IIyers f(x) — f(0) = x7'(§(x)), roe 0 < &(x) < x. Moxaszars,

UTO ecyu

f(x)=xsin(Inx) npu x>0 u f(0)=0,
o hyurnua & = £(x) paspbiBHa B MI060M CKOJIb YLTOAHO MAJOM KH-
Tepsane (0, €), rae € > 0.

1250. ITycrs dyHKIKUA f(X) MMeeT HeNMpPepPhIBHYIO IIPOMU3BOIHYIO
f’(x) B unrepsane (a, b). MoskHo nu puas Beakou rouku & us (a, b)
yKas3aTh IBe ApPyTrue TOUKH X, U X, U3 3TOr0 HHTEPBAaJa TaKHe, UTO

xXy) - f(x ,
P ) — prey  (xy < & < )2
Xy, — X,
Paccmotpers npumep: f(x) = x* (-1 <x<1),rne&=0.
1251. orasaTs, HepaBeHCTBA:
a) [sin x — sin y| < |x — yl;
6) py* N (x~y) S -y <pxP N(x—y),eciu0<y<xup>1;
B) |arctg a — arctg b| < |a — b);

p)ﬂ_‘i’ <In ¢ <a_b,ec1m0<b<a.
a b b

1252, O6bscHUTD, IoueMy He BepHa Gopmyna Komu qiua pyHriui
flx) =2 u gx)=2°
Ha cermeHnre [-1, 1].

1253. Ilycrs dyHruuA f(x) anbdepeHUpyeMa Ha CErMEHTE
[x,, x,], mpuuem x,x, > 0. lokasaTs, 4TO

1
Xy~ Xy

X, X, 3 )
Flxy) flx,) | &) - EF (&),

rae x; < § < x,.
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1254. JoxkasaTrs, uto ecnu pyHxiua f(x) nuddepennupyema, Ho
He OrpaHMYeHa HA KOHEYHOM mHTepBase (a, b), ToO ee mpou3BOAHAA
f(x) TakKe He orpaHUUeHa Ha HHTepBane (a, b). O6paTHasa Teopema
He BepHa (IOCTPOUTH MIPHUMeED).

1255. [loKkasaTs, uTo eclnu QyHKIUA f(x) UMeeT B KOHEUHOM MJIH
feCKOHEYHOM HHTeDBale (a, b) OTPaHWYEeHHYIO NPOM3BOLHYIO ['(x),
To f(x) paBHOMeDHO HenpepbIBHA Ha (a, b). '

1256. Hoxasars, uro ecnm pyHknua f(x) nuddepeHiupyema B
fecKOHEeUHOM MHTepBane (x;, +90) u

lim f(x)=0,
x— oo
TO

lim &) -,

x— 400 X
T. e. f(x) = o(x) mpu x — +00. ]
1257. Hoxasars, uro ecau dyHKmua f(x) nuddepeHnupyema B
fecKoHeuHOM MHTepBase (x,, +°) 1
f(x)=o(x) mpu x — +00,
TO
lim |f(x)| = 0.
x = Foo
B uacrtHOCTH, echu cyiectByer lim f(x) =k, To k= 0.
x — 400
1258. 1. [lokasars, uro ecan: 1) pyHKIuA f(x) onpeneneHa u He-
pepsiBHA HA cermMeHTe [x;, X]; 2) f(x) uMeeT KOHEUHYIO IPOU3BOJ-
Hy10 f'(x) B unrepsane (x,, X); 3) cyiiecTrByeT KOHeuHBIH nan Oec-
KOHeUHBIH npejen

Hm  f(x) = f'(x + 0),

x = x+00

TO CYIIeCTBYeT COOTBETCTBEHHO KOHeuHasd wiu OeCKOHeuHasA OLHO-
CTOPOHHAA Npou3BogHAadA fi(x,) 1

filxo) = f'(xq + 0).
2. ITokasaTs, uto and QyHKIINHK

f(x) = arctg if—’; (x#1) 1 (1)=0

CymecTByeT KoHeuHbl#l npemen lim f'(x), onHako pyHKINA f(x) He
x—1

“MeeT OfHOCTOPOHHMX npoussoaubix f (1) m fi(1). Jars reomeTpu-

YeCKYI0 HIUIIOCTPAIUIO aToro hakta. OnHAKO B 9TOI TOUKe CYIIECT-
ByIOT 0006111eHHEBIe OOHOCTOPOHHNE TIpousBoanble (cM. 1009.2).
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1259. lokasats, uro ecau f(x)= 0 mnpua < x < b, T0
f(x) =const mpum a <x <b.

1260. [JokazaTs, 4TO egUHCTBeHHAA QYHKIUA f(x) (—00 < x < 400),
HMelomas NOCTOAHHYIO IPOU3BOIHYIO

f(x) =k,
ecThb JuHelHaa QYHKIIUA
f(x) = kx + b.
1261.1. YTo mMoxHO cKasaTh 0 pyHKIUH f(x), ecu [ (x) = 0?
2. Iycets f(x) € C©) (=00, + 00) M AIA KAXKIOTO X CYLIECT-
ByeT HaTypaJbHOE 4HCcJo N, (1N, € Nn) Taxkoe, UTO
2 (x) = 0.
Hoxaszars, uTo GyHKIuA f(x) eCTh MOTUHOM.
1262. [JlokasaTs, UTO efUHCTBEHHAA QYHKIUA
Y= y(x) (-0 < x < +0),
VOOBJETBOPAIONIAA YPABHEHUIO
y'=Ay (A= const),
€CTh NoKa3aTeJbHasa QyHKIUA
y = Ce’*,
rae C — mpou3BOIbHAA OCTOAHHAA.

Y kasauue. Paccmorpers (ye ).
1263. IIpoBepuTh, uTO QYHKIUHU

f(x) = arctg -‘1” X
8(x) = arctg x
MMeIT OJUHAKOBBIe NPOU3BOAHBIE B obnacTax: 1) x < 1; 2) x > 1.
BriBecTH 3aBHCUMOCTE MEXKIY 3TUMHU DYHKITHUAMI.
1264. [ToxasaTh TOMIeCTBA:

a) 2 arctg x + arcsin =7 sgn x npH x| > 1;

X
1+ x2
1
5

1265. Jokasats, uto ecnu: 1) dyuknusa f(x) HenpepslBHA Ha cer-
meHnTe [a, b]; 2) UMeeT KOHEUHYIO IPOU3BOAHYIO ['(X) BHYTPH HETO;
3) He ABNAeTCA NUHelHoM, TO B MHTepBate (a, b) HalineTcd o MeHb-
IIeli Mepe olHA TOYKA ¢ TaKasd, YTo

Fef> |-l

6) 3 arccos x — arccos (3x — 4x®) = 7 npu |x| <

JlaTh reoMeTpHUECKYI0 HMIIIOCTPAIMIO ATOTO paKTa.
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1266. oxasaTs, uTo ecnu: 1) dyukiusa f(x) uMeeT BTOPYIO IIpo-
n3Boauy1o f''(x) Ha cermenre [a, b] u 2) f'(a) = f'(b) = 0, To B uHTED-
paie (a, b) cyliecTByeT IO MeHbLIIIe Mepe OJHA TOUKA ¢ TaKas, UTo

7 4
I (e)l = = |f(b) ~ f(a)l.
(b-a)
1267. AsTomo6uIb, HAYAB LBUTrATHCA U3 HEKOTOPOTO MyHKTAa A,
3aKOHYMJI CBOI NYTh Uepe3 BpeMd {, TPOUAA ITPH 3TOM PacCTOAHUE
s. llokasarb, 4YTO B HEKOTOPDBIII MOMEHT BpeMeHU YCKODeHHe NBHKe-

4s
HUA aBTOMOOGUNIA OBLINIO He MeHbIle rh

§ 7. Bozpacranue u yopisanune ¢pynknuun. HepaBencrsa

1. Bospacranue u y6sisanue pyaxuyn. @yukuusa f(x) HaszbiBaeTcs 603-
pacmaioweil (ybviéaoweil) Ha cermenre [a, bl, ecnu

flx,) > f(x,) mpu a<x; <x,<b
(UM COOTBETCTBEHHO f(x,) < f(x;) npu a < x; < x, < b).

Ecau audpepennupyeman ¢pyuruua f(x) Bospacraer (y6brnaer) Ha cer-

Mewnre [a, b], To
f(x) 20 npu a<x<b (unmu f'(x) <O npua< x<bh).

2. locTaTounplii npu3HaK pospacrannsa (yosiBanusa) pyHKuuun. Eciu
(ysKMA f(x) HenpepbIBHA Ha cerMeHTe [a, b] ¥ BHYTPH HEro uUMeeT 10J0-
HKUTEJIbHYIO (OTpUIIATENIbHY0) IpousBoaHY0 f'(x), To GyHKIuA f(x) BO3pac-
taer (ybniBaet) Ha [a, b].

OnpenenuTs OPOMEXYTKM MOHOTOHHOCTH B CTPOTOM CMBEICIE
(BospacTaHUusa UAM YOLIBAHUA) CAeNYVIOMUX QYHKIIHH:

1268.y=2 + x — x%. 1269. y = 3x — x5,
1270. y T 1271. y =100 (x > 0).
1272.y = x + sin x. 1273. y = x + Jsin 2x|.
1274.y = cos &. 1275.y = 2.

X 2x
1276.y = x"e* (n >0, x > 0). 1277.y = x® - In x%.

1278. f(x) = x(g + sin In x) , ecnu x> 0wu f(0) = 0.

1279. Jokasars, 4TO Ipu yBeJIUYeHUH YKUCIIA CTOPOH /1 TepUMeTp
P, IPaBUJIBHOTO N-YIOJbHHMKA, BIMCAHHOIO B OKPY’KHOCTH, BO3pac-
Taer, a nepuMerp P, IPaBUILHOTO N-yrOJbHUKA, ONHCAHHOTO OKOJIO
9TOH OKPY'KHOCTH, yOuIBaer. [Tonp3ysach aTHM, NOKA3aTh, UTO p, U
P, nmeroT obmuil npenen npu n — 0,
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1280. JoxasaTs, UTO )yHKIMA

X
(1+3)
x
BO3pacTaeT Ha uHTepBaaax (—o0, —1) u (0, +o0).
1281. [loxasars, 4YTO 1ejas pamuoHalbHasg QYHKIIHA

Pxy=ay+ax+...+a,x" (nz1,a,#0)

AIBJISIeTCA MOHOTOHHOM (B CTPOTOM cMbIce!) B MHTepBaaax (—0, —x,)
u (X, +99), rge X, — AOCTATOYHO GOJIBIIOE MOJOKUTEIBHOE YHUCIIO,
1282. foxazaTs, UTO panmoHanbHAA PYHKIUA

Ao+ @ X+ ... +a,x"
bo+bx+...+b,xm

R(x) = (a,bn # 0),

OTJIMYHAA OT TOXKAECTBEHHOU MOCTOAHHOI, MOHOTOHHA (B CTPOTOM
cMblcsel) B MHTepBanax (—o0, —x,) u (x,, +99), rae x, — LOCTATOUHO
BoJbIlioe MOJOKUTENIBLHOE YHCIO.

1283. Ob6sa3aTenbHO0 JM NPOM3BONHAS MOHOTOHHONH (YHKIMH
ABIAeTCS MOHOTOHHOU? PaccMmorpers npumep: f(x) = x + sin x.

1284. /loxasars, uro ecam Q(X) — MOHOTOHHO BO3DPACTANOLIAA
auddepennupyemas QyHKIUA U

If ()] < ¢'(x)| mpr x > xp,
TO
[f(x) = f(xo)| < @(x) — (%) mpH x > x,.

JaTh reoMeTpryecKyo HHTEPIPETAIINIO 3TOr0 GharTa.

1285. [Tycrs hyukims f(x) HenpepbIBHA B IPOMENKYTKe @ < x < +00
u cBepx Toro f'(x) > k> 0 upu x > a, rge k — NocToOAHHASA.

JIloxasars, uro ecnu f(a) < 0, To ypaBHenue f(x) = 0 umeer onnH
U TOJIBKO OJMH NeHCTBHUTeNbHBIN KOpeHb B HHTEPBAJe

(@ a~ M) :
E

1286. ®yuxnua f(x) HasblBaeTcA 603pacmaioujell 6 mouxe X,
ecJTH B HEKOTOPOIi OKPECTHOCTH |x — Xo| < § 3HAK mpuUpalleHU dyHK-
nun Af{xy) = f(x) — f(x,) coBnanaer co 3HAKOM NPUPAIEHUA APTY-
MeHTa Axy = x — x,.

Hokaszats, uro ecnm GQyHKLuuA f(x) (@ < x < b) BOZpacTaeT B Kam-
HOH TOUKe HEKOTOPOro KOHEYHOT0 MK 0eCKOHEUHOIro HHTepBasa
(a, b), To oHa ABNAETCS BO3pACTAIOMIEil HA 3TOM HHTepBale.

1287. IloxasaTs, 4TO HQyHKIUA

f(x)=x+x2sin§, ectm x # 0 u f(0) =0,
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BO3PACTAET B TOUKe x = 0, HO He ABNAETCA BO3PACTAIONIE HU B KAKOM
pnHTepBaie (—€, £), OKPYKAIOIIEeM 3TY TOUKY, rae € > 0 IPoM3BOILHO MAJIO.
ITocTpouTs 3cKku3 rpaduka GyHKINUU.

1288. [loxasaTk Teopemy, ecnu: 1) dynknum @(x) u y(x) n-kpar-
po maubdepenmupyemsl; 2) ¢F(xy) =y (xy) (k= 0, 1, ..., n — 1);
3) (p(")(x) > \U‘")(x) Ipn x > Xx,, TO HMeeT MEeCTO. HEPAaBEHCTBO
¢(x) > y(x) npu x> x,.
1289. [lokasaTh caejayolliue HepaBeHCTBA:
a)e*>1+x IpU X # Xg;

6)36—%2 < In(1 + x) < x npu x > 0;

B)x—%—g<sinx<x npu x > 0;
1*)tgx>x+3céf npn0<x<g;

1 1
n)(x*+yNa >xP+ M Popux>0,y>0u0 <o <p.
JaTs reoMeTpuuecKyi0 HHTepIpeTaIllUIo HEPABEHCTR a) — T).
1290. JokasaTh HepaBEeHCTBO

2 :
Sx <sinx < x npn0<x<g.
T

1291. Hokaszars, uro npu x > 0 ©UMeeT MECTO HepaBeHCTBO

1 x 1 x+1
(1+1) <e<(1+1)7,
X X
1292, V apudMernuecKoil 1 reoMeTpUIECKON NPOrDecCuil YHCIO
UJIEHOB M KpafHUE YjeHbl COOTBETCTBEHHO OJMHAKOBL! U BCE UJEHBI
NMPOTPeCccH MOJOKHUTeNbHBI. J[oKasaTh, UTO y apudMeTUUYeCKOH
NPOrpeccHuy CyMMa 4JeHOB Oosbliie, YeM Y TeOMEeTPHUECKON.
1293. Ucxons 13 HepaBeHCTBA
n
2
Z (a,x + b)) =20,
k=1
rze x, a,, b, (k =1, ..., n) BeulecTBeHHHI, AOKA3ATH Hepasercmao Koutu

n 2 n n
2 2
DATTIIED MRS
k=1 k=1 k=1

1294. JoxkasaTs, uTo cpefHee apuGMeTHIECKOE IOJNOKUTETbHBIX
ypces He OOJIBIIIE CheHEero KBALPATHUHOIO ATHX e YHcel, T. e.
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1295. lokasaTb, UTO cpelHee TeOMeTPHUECKOE IOJIOKUTEIbHBIX
quces He 60Jablile cpequero apudMeTHUeCcKOro 9THUX YKe unucen, T. €.

nxyxg... %, < %(x1 +xy + .+ ox,).

Vkasanue. [IpuMeHUTh METO/ MATEMATUYECKOH UHAYKIIMU.

1296. Cpedreil nopsadxa s nisd OBYX MOJOXKUTENbHBIX UHCeT 4 U
b masniBaerca (DYHKIIUA, ONpefeiseMas paBeHCTBOM

sl
Afa, b) = (a~ ;bj" , ectms =0,

Ay(a, b) = lim A(a, b).
s—0

B uacruocTu, nonxyuaem: npu s = —1 cpedHee zapmoruueckoe;
npu s = 0 cpednee zeomempuuecicoe (nokasars!); nmpu s = 1 cpeduee
apugmemuueckoe; Ipu s = 2 cpeduee Keadpamuunoe.

IlokazaTs, 4TO:

1) min (a, b) < A, (a, b) € max (a, b);

2) dyurmua A, (a, b) npu a # b ecTs Bodpacraromaa GyHKIUA
nepeMeHHOH s;

3) lim A, (a, b) = min (a, b); lirp A, (a, b) = max (a, b).

§ =00 8§ - oo

Ykasauue. Paccmorpers % [In A, (a, b)].

1297. [JokasaTs HepaBeHCTBA:
a)x*~1>0(x—-1) opu a=>2,x>1;

6)”x—’i/(—1 <%x-a,ectmn>1,x>a>0;
B)l1+2Inx<x? npu x> 0.

§ 8. Hanpasaenue Boruyrocru. Touku meperuda

1. JocTaTounble YCHOBHA BOrHYTOCTH. I'paduk AuddepeHIMPYyeMOt
QyHKIMY Y = f(X) HA3BBIBACTCH BOZHYMBIM 86ePX WJIU BblILYyKAbLM BHU3 (802-
HYymulM GHUZ I GbINYKAbLM 66€pX) Ha cerMeHTe [a, b], ecu OTpe3oK KPUBOit

y=1(x) (a<x<b)
pacnojyo:xex Bbillle (COOTBETCTBEHHO HHKE) KacaTeJLHOH, IpoBeJeHHOIl B
106071 TOUKe 2TOro OTpe3Ka. J[[oCTATOYHBIM yCIOBUEM BOMHYTOCTH rpaduKa

BBepX (BHU3), B IPEJNOJIOMKEHHU CYLIECTBOBAHHUA BTODPOIl IIPOU3BOJHOM
f"’(x), sBNAeTCA BBHINOJHEHHE HEPABEHCTBA

f7(x)>0 (f(x)<0) npu a<x<b.
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2. JlocTaTouHOE yCaoBHe TOYKN nepern6a. TouKky, B KOTOPLIX MeHAETCA
panpaBieHHe BOTHYTOCTH rpaduka GyHKIUNA, HA3bIBAIOTCH MOLKAMU nepe-
suba. Toura x,, Ansa Roropoit aubo f'(x,) = 0, 1ubo f'’(x,) He cyiiecTsyer,
npudeM f'(xp) MMeeT CMBICI, eCTh TOUKA neperuba, ecnu f''(x) MeHAeT CBOi
3HAK DU Nepexoie uepe3 3HAYEHUE X;.

1298, UccnegosaTh HanpaBJeHNe BOTHYTOCTH KPHUBOI

y=1+%x
5 Toukax A(-1, 0), B(1, 2) u C(0, 0).

HaiiTu npoMeXyTKH BOTHYTOCTH ONpeAesIeHHOT'0 3HAaKa ¥ TOUKH
neperuba rpaduKoB caenyIux GyHKIuii:

- .8 _ _a?
1299. y= 3x2 X . 1300. y= m (a > O).
. 5
1301.y = x + 3. 1302. y = J1+x2.
1303. y = x + sin x. 1304. y = e~**.
1305.y =In (1 + x?).
1306. y = x sin (In x) (x> 0). 1307. y = x* (x> 0).
1308. ITokasaTh, UTO KpHUBad
_ x+1
y x2+1

MMeeT TPH TOYKH Neperuba, JesKaliyue Ha OJHOH NpAMOii.
ITocTpoutrs rpadux aTol OYHKIIHN.
1309. I[Ipu kaxom BeIGOpe napamMeTrpa b «KpHBaA BePOATHOCTH »

y = .ie—hzxz (h > 0)
NE
HMeeT ToUKH Hepernba x = +07?

1310. UccnenosaTs, HanpaBleHue BOTHYTOCTH ITHUKJIOUIB

x=a(t-sint), y=a(l —cost) (a>0).

1311. Ilyers pyurmusa f(x) peaskasl nuddepernupyemMa B Nnpo-
MexyTKe a < x < +00, mpuuem: 1)fla)= A > 0; 2) f(a) < 0;
3)f(x) < 0 1upu x> a.

Ilokasarthb, uro ypaBHeHue f(x) = 0 uMeeT OfMH M TOJBKO OOUH
IeiCTBUTENBbHBIN KOPEeHb B MHTepBale (a, +°).

1312, ®yuxnus f(x) HazslBaeTcA 8blnyKA0L CHU3y (ceepxy) Ha
unrepsane (a, b), ecnu 1 M00BIX TOUEK X; U X3 H3 9TOI'0 HHTepBasa
M TIPOM3BOJBLHBIX uMced Ay M Ay (A, > 0, Ay > 0, A; + A, = 1) umeer
MecTO HepaBeHCTBO

Fuxy + Agxy) < Af(aey) + Apf(xy)
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(1M COOTBETCTBEHHO NPOTHBONOJIOMKHOE HEPABEHCTBO)
f(hxy + Xoxxs) > Myf(xq) + Aaf(x,).

IokasaTs, uro: 1) dyuxiuda f(x) BeINyKJa cHU3y Ha (a, b), ecnn
f(x)> 0, mpu a < x < b; 2) f(x) BeInyKJa cBepxXy Ha (a, b), ecnun
f(x)<0,npra<x<b.

1313. ITokasaTh, 4TO QYHKIIUH

x* (n>1), €, xlnx
BBRIIYKJIBI CHM3Y Ha HHTeprane (0, +90), a GyHKIUHK
x" 0<n<l), Inx

BHIOYKJBI cBepXy Ha uHTepnaie (0, +00).
1314.1. [JoxasaTh HepaBeHCTBA ¥ BHIACHUTH UX FeOMETPHUUECKH I
CMBICJI:

a)%(x,1+yn)>(x_;yj" (x>0,y>0,x=y,n>1)

X+

6) EEE > e (x# )

BpxInx+ylny>(x+y)ln f_fzr_y’ ecimx>0 m y>0.
2. ITyers f(x) 2 0 npu a < x < b. Jlorasars, uro

B2 < LG + f)

npu m0bsIX X4, X, € [a, b].

1315. okasaThb, uTO OrpaHMYEHHAS BHINYKIAS QYHKIUSA BCIOAY
HelpepBIBHA M MMeeT OJHOCTOPOHHHe JIEBYIO M IIPaBylO MPOW3BOJ-
HbIE.

1316. IIycrs pyuruusa f(x) pBaskasl auddepeHIEpyeMa B HHTEP-
Bane (a, b) u f(§) # 0, rme a < € < b. '

Hoxasath, UTO B MHTepBale (a, b) MOXKHO HaliTH [Ba 3HAUYEHHUA
X, ¥ X; TaKHe, UTO

A FE) gy,

Xg9— Xq

1317. MokazaTh, uTo eciu pyHKIUA f(x) nBaxkasl nuddepeHnu-
pyeMa B 6eCKOHeUHOM HHTepBale (x,, +°) u

lim f(x)=0, lim f(x)=0,
x — 400

x— x5+ 0

TO B MHTepBaJse (Xy, +0°) UMeeTcA MO MeHbIIeil Mepe ofHa Touka §
rakas, uro f''(§) = 0.
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§ 9. PackpsiTue HeonmpeaeJeHHOCTeN

IIpaBuno Jlomnransa. Cnywait 1-it: packpsiTHe HeonpeaeleHHOCTH BU-

Aa 8 . Eciiu: 1) dyrrumnu f(x) 1 g(x) onpeaesieHs! U HENPEpPLIBHLI B HEKOTO-

pOil OKPECTHOCTH U." Touku a, rae @ — UMCJIO UM CHMBOJ OO, U IIpU x —
a obe CTPEMATCA K HYJIIO:

lim f(x) = lim g(x)=0;

x—a x—a
2) npousBojubie f'(x) U g’(x) cylecTBYIOT B OKpecTHOCTH U, TOUKM @, 3a

HCKJIIOUeHUeM, ObITh MOXKET, CAMOH TOUKM @, MPU1YeM OZHOBPEMEHHO He 06-
pAIAIOTCA B HYJIb IIDH X # @; 3) CYILIeCTBYeT KOHCUHBIN MM GECKOHEUHbIH

npeaea
lim f—,@ﬁz ,
x—a &(X)
TO UMeeM

lim &) = iy 22
x—a g(x) x—a g(x)

o o o0}
Cnyuall 2-fi: pacKpbiTHe HeOlpeJeJleHHOCTH BUJA p Ecnu:

1) pyrruuu f(x) u g(x) npu x — a cTpeMATCA K 6ECKOHEUHOCTU:
lim f(x) = lim g(x) = oo,
x—a x—a
rje @ — YUCIO MM CUMBOJ O0; 2) npousaBojuble f'(x) u g’(x) cyuiecTsyior
174 BCeX X, NPUHAANEIKAIIUX HEKOTOPOH OKpeCTHOCTH U, TOUKHU @ U OTJINU-
HBIX OT @, IpU4eM
FA0)+ g4 x)#0 npu x€U, u x # a;

3) cylLIeCTBYeT KOHEUHBbIN WIu 6eCKOHeuHbIH npenen

lim -fé(ﬂ,
x—a g(x)
TO
lim &) — yim £(x)
x~ag(x) x-ag(x)

AmnanoruuyHsie npaBuiIa crpaBeJIMBbI JJIA OQHOCTOPOHHUX NpPEAeJIoB.
PacKpbiTHe HeompegenesHocTeidl BugoB 0 + 00, 00 — 0o, 1%, 0° u . m.
nyrem ajgrebpanueckux npeobpasoBaHUl U JIOrapu(pMUPOBAHUA IPUBOAUT-
Cfl K pacKpbITUIO HeonpeaeJeHHOCTel ABYX OCHOBHbIX TUIIOB:
0 [e'e}

61/1;.

1 oz okpecTHOCTHIO U, TOUKH @ 1I0HMMAETCSA COBOKYITHOCTS UHCE X, YIOB-
1
JeTBOpAIOIMX HepaseHeTBy: 1) 0 < |x — a| < ¢, ectu a — uncno; 2) jx] > < e

@ — CHMBOJI 90,
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OnpeneanTs 3HAUYEHUS CACLYIOMIUX BLIPAMKEHMIL:

1318. lim Sinax, 1319. lim ¢hx - cosx
x—0 sinbx ¥ —0 x2
1320. lim 8X-a 1321. lim 3tgdx-12tgx
x—0 X—sinx x—0 3sindx - 12sinx
1322. lim %. 1323. lim x—ctﬁx_
x - 5
1324. lim Ygx-1 | 1825, lim e+ D)-2(er= 1)
x~'%’2s1112x—1. x—0 x
1326. lim 1- cosx? 1327. lim arcsin2x — 2arcsinx
“x=~0 x2sinx? i o .
1328. lim —— (JE arctg A[ Jb arctg [)
x -0 x,\/}
1329. lim L9 (4 5 ), 1330. lim (_u_)
x -0 x3 x—1 \nx-x2+1
1331. lim 1n(sinax) 1332. lim n(cosax)
x—0 In(sinbx) x—0 In(cosbx)’

1333, lim Sos(sinx)- cosx, 1334. lim _(L - L).
x—0 x x—0 X\thx tgx
1335, lim Arsh(shx) - A,rSh(Sinx) , The Arshx =1n (x + /1 + x2).

x—0 shx - sinx
1336. lim 1’;—" (€ > 0). 1337. lim £ (a >0, 2> 0).
x — +x x — foo @UX
Sl
2
] e : 2_-0,01x
1338. J16111}, par 1339, 1111100 x%e 0.01x
1340. lim Ilnx-In (1 - x). 1341. lim x°ln x (¢ > 0).
x—1-0 x— +0
1342, lim x*. 1343. lim x*" I,
x— +0 x—0
A
1344, lim0 (x*" = 1). 1345. lim x7-ix .,
x— x—+0
o
1346. lim x7-%. 1347. lim (2 -x) *©
xr— x 1
1348. Iim (tg x)‘g 2x. 1349 lim (Ctg x)sinx‘
x—1 x—0
4

1350. lim (In i) 1351. lim (tg nx )”x.

X — 00 2x+ 1
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lim

ctg(x - a)
1352. 1i (tg—x) S
x—a tga

1
. a*-xlna\;z
1353. lim, (br—xlnb) .

(1 _ 1 o1 1
1354. lim (x - 1) 1355. lim (lnx x—l)'
1356. lim (ctg x— 1)
x— 0
. 1 1
1357. lim - }
x=0 Lin(x+JT+x2) In(l+x)
1
1358. lim &= (a > 0). 1359. lim d+xX)*-¢
x—a X—Qa x—0 X
1360. lim Eiﬂi—— (@ >0). 1361. lim (T% arctg xj”.
x—0 x— 00
1362. lim (th x)*.
x = +00
1 R 1
1363. a) lim | a-—-“s‘“x) = 6) lim (_—S“‘x)ﬂ;
x—0 x—0 X
1 1
B) lim (tg—x)"z; r) lim (———amtgx)"z;
xr—0 X x—0\ X

L
m) Lim (Arshx)xz ’
x—0 X

1_1/x

rme Arsh x = In (x + J1 +x2).

x 1/x
1364. lim [Q—Eﬂ] 1365. lim (— arccos x) .
x—0 x—0
1
1366. lim (COS")x2 1367. lim —nehx
x—0 \ chx =0 mfchx - fchx
R 14e® cthy . xinx
1368, @ lim (S55) 9 Im Giny
1369. lim ["i/;’+x2+x+ 1 - Jx2+x+1 - lﬂ%iﬂ]
x — +00
1
1370. lim [(x+a) x —x1 x“’].
x — oo
1371. Hatitu lim H , ecnu KpusBad y = f(x) sxogut npu x — 0 B

x—0

Hayaso xoopauHar (0, 0) (lim f(x)=
x—0

0) mog yriom a.
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1372. Noxasats, uto lim x/*) = 1, ecnu HenpepsIBHAA KpuUBas
x— +0

y = f(x) BXxoguT npu x — +0 B Hauano koopauHar ( lim0 f(x)=0)nu
x =+

npu 0 < x < € HEJNKOM OCTAeTCA BHYTDPH OCTPOro yria, o6pasosas-
HOTO IPAMBIMU: i = —kx u y = kx (k # 00).

1373. 1. [Joxasarh, UTO ecJIH ANA PYHKIUH f(X) CyllecTBYeT BTO-
paa nmpoussoguada f'’(x), To

f(x) = lim f(x+1h)+ f(xf h)-2f(x)
h=—0 h?

2. Uccneposarts Ha puddepeRyupyemoctb B Touke x = 0 QyHK-

LIUIO:

l——l—, eciu x = 0;

x e*-
fx) =4
3" ecau x = 0.

3. Haiitu acuMnToTy KpHBOil
xl+x :
=-=—— (x>0).
y (1+x)* ( )
1374. VccnenoBaTh BO3MOXKHOCTh IpHMeHeHUA npasuia Jlomu-
Tand K CJeLYIOIUM IpUMepam:

i 1
x2sin= .
. X . x —sinx
a) lim —%; 6) lim X=X,
x—0 sinx x—oo X+8inx
. e-2x(cosx + 2sinx) + e-**sinZx
B) lim ( ), ;
x — 400 e *(cosx + sinx)
. 1+ x+sinxcosx
r) lim

x—co (x+ sinxcosx)esinx’

1375. Haiitu mnpenen OTHONIIEHUWA ILIOWIAAM KPYroBOTO CEeI'MEHTa,
HUMeIOLIEro XOpAy b ¥ cTpeIKy A, K N0 axH paBHoGe APe HHOIO TPeyrob-
HUKAa, BIIUCAHHOTO B 9TOT CETMERT, eCJIU yTra CerMeHTa IPU HEM3MEeHHOM
paguyce R crpemMurca K ByJa10. I1onb3ysach nonydeHHBIM Pe3yabTaToM,

BBIBECTH NpUOIMIKEeHHYIO (DOPMYJIY AJ1A IJIOIAAH ceIMeHTa: S = g- bh.

§ 10. ®opmyna Teitaopa

1. Jlokanbuas dopmyaa Teitnopa. Ecau: 1) Gyuknus f(x) onpegenena
B HEKOTOPOI OKPECTHOCTH [X — Xo| < € TOUKM Xo; 2) f(x) BMeeT B 3TOi OKpECT-

HOCTH npoussoRHble (%), ..., [~ Y(x) no (n — 1)-T0 OPAAKA BKIIOYHTENLHO;
3) B TOuKe X, CyLleCTBYET NPOU3BOAHASA n-ro mopaxka f\(x,), To
n
flx) = z ay(x = xo)* + o(x — x,)"%, (1)

k=0
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rpe
F® (x0)
k!

B 4aCTHOCTH, IIPH X, = 0 umeem

a, = (k=0,1, ..., n).

fx) = Z ﬁ%g) x* + o(x"). (2)
k=0 '

IIpy YKa3aHHBIX YCJOBHAX NIpejcTaBieHue (1) eAUHCTBEHHO.
Ecnu B TOuKe X, cymiectByeT npoussogHas [+ V(x,), To ocraTounbit
wieH B opmyie (1) mosker 6b1Th B3aT B BuAe OF((x — xp)" * ).

13 norkansuo#t Ppopmyast Teltnopa (2) monyuaem clegyoiie NATbL BAM-
HBIX Pa3JIoxKeHUH:

2
L e=1+x+% +..+% + o(x"™).
2! n!

xén-1

s — — x3 1y -~1 2n

II. sinx=x 3 + ...+ (1) ————(2’1_1)! + o(x*").
oy x? qyn X3 20+ 1
IIT. cosx=1 o + ..+ (-1) ] + o(x** ).

IV. (1+x)"=1+mx+ @i"g'—”lxu...

" mm-1)..(m-n+1)
n!

x" + o(x").

V. In1 +x)=x—§2—2 to b (1 o).
n

2. ®opmyaa Teinopa. Ecnu: 1) dyskiuus f(x) orpesesleHa Ha cerMexnTe
[a, b]; 2) f(x) uMeer Ha 3TOM cermeHTe HENpepbIBHLIE IPoU3BoAHbIe f'(x), ...,
"~ B(x); 8) npu @ < x < b cymecTsyer KoHeuHas npoussogHasa f(x), To

n-1
f(x) = z [%%9 (x ~ a)* + R(x) (a <x<bh),
k=0

rae

R (x) = f(_")(_a_*’féi_‘_ﬂn(x_a)" (0<0<1)

(ocmamounbtiit waen 6 gopme Jlazpaniia), unu
fM(a +0,(x - a))
(n-1)!

(ocmamounstii unen 6 gopme Kowu).

R,(x) = (1-0)""(x - a)" (0<8,<1)

1376. MuorouneH
P(x) =1+ 3x + 5x? — 2x°

PACIIOJIOMUTE 110 LIeJIbIM HeOTpUL AT bHLIM CTelIeHAM ABYyYJieHa x + 1.
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Hanwucarps pasnoxeHusa 1o I1eJbIM HEOTPHIIATENLHBIM CTETIEHAM
TepeMeHHOM X L0 UJEeHOB YKa3aHHOIO NopALKa BKJIIOUUTEJIbHO Clie-
AYIOMuX QyRKIIUNA:

1377. f(x) = lrxrxt no unena ¢ x*. Yemy pasuno f“(0)?

o

1-x+x%

(1 4 x)to0 . 2
1378. T 2x)%(17 20 IO uJleHa ¢ x°.

1379. “fa™ + x (a > 0) go wiena c x*
1380. J/1-2x+ x* — 3/1 - 3x + x% go wiena ¢ x2.

1381. e2¥-** 1o unena c x°.

1382. -~ T 70 Wiena c xt 1383. 4/sinx3 go unena c x!%.
er —

1384. In cos x 1o unena ¢ x° 1385. sin (sin x) g0 unena c x°.

1386. tg x o unena c x°. 1387.1n %’C’—x o unena ¢ x°.

1388. Haiitu Tpu uieHa pasioKeHUa GYHKUH f(x) = Jx 1m0 me-
JILIM HEOTPHILATEJIbHLIM CTeleHAM pazHoctu x — 1.

1389. @yuxuuio f(x) = x* — 1 pasioXHUTh 10 IIEJbIM HEOTPUILA-
TeJILHLIM cTernenaM 6uHoMa x — 1 o unena ¢ (x — 1)3.

1390. ®yukuuio y = a ch :—i(a > 0) B OKPEeCTHOCTH TOUKH X = (
pUOAMKEeHHO 3aMeHUTh NTapabonol 2-ro nopsaxa.

1391. dyuxrnumwo f(x) = m — x (x> 0) pasIoKUTh 11O IIEeJIbIM
HEeOTPULATEJIbHBIM CTeNIeRAM Apobu -312 JI0 UJjIeHa ¢ xi* .

1392. Hatitu pasyiosxkerue dyakuun f(h) = In (x + 2) (x> 0) no
IIeJILIM HEOTpUITATEIbHBIM CTEIIeHAM TipupallleHHusA A [o ujeHa c A"

(n — HaTypanbHOE YHUCIO).
1393.1. Ilyctn

f(x + h) = f(x) + hf'(x) + .. + % f(x + Oh)

(0 <8 < 1), npuuem f@ ¥ V(x) # 0.
HoxazaTts, uTo

lim 6= .
h—0 n+1

2. Ilycry npu x — 0 umeem
f(x)=1+ kx + o(x).
HokasaTte, 4TO

= ¢",

¢ I

lim [/(x)]
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3. Hyers f(x) € CO(0, 11, f(0) = f(1) = O, npuuem |[f"’(x)| < A npn
x € (0, 1). Hokazars, uTo '
If'(x)] < ‘% npu 0 < x < 1.
4. IIyers f(x) (-0 < x < +00) — nBaXkabl AUddepeHIUpyeMan
GyHKIUA 1
M,= sup |i®(x) <+ (k=0,1,2).

—00 < x < § o)

IloxasaTbh HepaBEHCTBO
M < 2MyM,.
1394. OnzeHnTH aBCONMIOTHYIO IOTPEIIHOCTD NMPUOIIKEHHbIX GOpMYJT:

2 n
a)ex21+x+’§—!+...+”—cl—! mpu 0 < x < 1;

b

i =~ —§_3 <l
6) sin x = x ~ % npu |x| 5
B)tgxzx—kx—g3 npu |x| <0, 1;

r)A/1+x:1+§—3;—2 mpu 0 < x < 1.

1395.1. na kakux X cripaBefiauBa ¢ TouHocThIo 10 0,0001 mpu-

OnmkenHas Gopmyna:
2

cosx=1-%X7?
© 2
2. loxazarb opmyny

atr+x =a+ x -r

nan-!

n-1  x2
nz22,a>0,x>0),rne 0 <r < =—. )
2n2 aZn— 1
1396. C momoutbio hopmyns! Telinopa MpubJIUKeHHO BEIYUCIUTD:

a) 4/30; 6) 3/250 ; B) 12/4000;
r) JE; I) sin 18°; e)In 1, 2;
x) arctg 0,8; 3) arcsin 0,45; n) (1, 1)12

1 OI[eHUTH TIOTPelTHOCTD.

1397. BuIUUCIHUTE:

a) e ¢ TouHoCThIO 10 107Y;
6) sin 1° ¢ TouHoOCTHIO HO 107%;
B) cos 9° ¢ TounoCTHIO KO 107%;

r) /5 ¢ TounocTsio A0 107%;
m lg 11 ¢ Tounoctsio go 1075,
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Hcnonbaya pasiosxkenns [—V, HaATH ciaenylolliye Mpeaebl:

2
x=

1398. lim So8¥=¢ *®

X0 x?

. rsinx — x(1 + x)
1399, lim &Sinx-x(1+x)

x1—~0 x3

3
1400. lim x2 (Jx+1 + Jx—1 - 2./x).
x> oo

1401. lim (%/x0+ x5 — @/x0— x3).
-

X

1
1402. lim [( b - x4 f)p? ~ Sy 1}_

s 2

1403. lim £+422 (4 0).

x 0 x2

1404. lim [rx _ ln(l + lﬂ
X

x —

1405. lim (l -1 )

x— 0 \X sinx
s 3 5
1406. a) lim 1(1 - ctg x) ; 6) lim sm(smx)th 1-x2,
x—0 X\X x>0 x®
B) lim _1_—_@_0%{2:, r) Hm .S.ﬂt&{");x )
x—0 P x>0 X

Jl1si 6eckonetno Mason npu X — O BeJIMUMHBI i/ ONIPENeUTh [JIAB-
HbIil wien suga Cx" (C — mocTosiHHAA), ecan
1407. y = tg(sin x) — sin(tg x).

1408.y = (1 + x)* - 1. 1409.y =1 — (1 +0>r)*‘_

1410.1. ITpu xaxom nmoadope KoaphULUEHTOB a B b BeJIHYnHA
x = (a+ bcos x)sin x

fymer HeCKOHEUHO MAJIOM H-To MOPAIKA OTHOCHTENbHO X?

2. Ilogobparts Koadxbunmentol A 1 B tak, urobs! npu x — 0 uMeo
MeCTO ACUMIITOTAYECKOE PABEHCTBO

1+Ax? 5
ctg x = —/——— + O(x°).
£ x + Bx? ")
3. ITpu rakux xoadpdunnenrax A, B, C u D cupasegnuBa npu
x — 0 acumnroTuieckaa dhopmysia
x_ 1+Ax+ Bx?

1+Ax+ Bx2 o .
Tiocrpe O
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1411. Cumrad |x| Masoii BeIMUKNHO, BLIBECTH MPOCThIE TIPUBIIH-
skeHHBbIe POPMYJIBL 11 CAERAYIOUINX BbIPAXKEeHUH:

1 1 . 1+x 1-x,
Vr T meer BT O T
B)é[l—(l-F-L) ”J; r‘)-——————-ln2 .
x 100 ln(l + —x—j
100
1412. Cinrada x MajbIM IO MOIYJIO, BbIBECTH TPUOGIUIKEHHYIO
dpopmyay BHIA

x=0osinx+Ptgx

¢ TOYHOCTBIO O tJIeHA ¢ X7,

ITpuMenuTb 3Ty POPMYNY AIAA NIPUOGIMIKEHHOrO CIIPAMIEHUA AYT
MaJiofl yTJI0BOH BeJTHUHMHEI.

1413. O1neHUTL OTHOCHTENBHYIO IOTPEIIHOCTS CJIeAYIONIero npa-
suna Yebvruiesa: xpyrosad Ayra npubiIn keHHO paBHA cyMMe DOKoO-
BBIX CTOPOH paBHOGeIPEHHOI'O TPeyroJIbHUKA, IOCTPOEHHOrO Ha XOp-

Jle 3TOI AYTCH ¥ KMeKIIero BbICOTOH J% ee CTPeJIKH.

§ 11. 9xcrpemym QyHKIMH.
HaubGoapmiee u HanMeHblIee 3HaYeHUss QYHKIUUK

1. Heo6xonumoe ycaosne sxctpemyma. ['osopsr, yro GpyHKmusa f(x) umeer
B TOUKC X DKCTPEMYM (MAKCUMYM UK MUHUMYM), eCJIN (DYHKIIHA olIpegesieHa
8 IBYXCTOPOHHCI OKPECTHOCTH TOUKH X, U I BCCX TOUEK X HEKOTOpOH 00-
nactu: 0 < |x ~ x| < 8, BBIIONHEHO COOTBETCTBEHHO HEPABEHCTBO

f(x) < f(xg) wnnm f(x) > f(x,).
B Touke sxcTpemyma npoussosaan f(x,) = 0, ecay oHa cymecTsycr.

2. Tocrarounsie yeaosus skcTpemyma. Ilepsoe npaguno. Ecau: 1) QyHk-
w1 f(x) onpefenseHa W HENpPepbIBHA B HEKOTODPOH OKPECTHOCTH [X —x,| < &
TOYKM X, TAKOIl, 4TO NPON3BoxHAas f'(x,) paBHA HYJI HJIN HE CYIIECTBYET
(xpumuuecrkas mouka); 2) f(x) nMeer KOHeUHY10 11pON3BOAHYIO ['(x) B obiactn
0 < |x — xg| < §; 3) npouspogHan f'(x) COXpaHACT OUpPEfeNeHHbII 3HAK CIeBa
OT X, ¥ CIIpaBa OT X,, TO nopegenuc PyHKnuu f(x) xapaxrepusyercs cie-
AVIOLIEeH Tabauiieit:

3HAK NPOU3BOAHOMN
Boisog
x < Xq X > x,
I + + JKcTpeMyMa HeT
II + - Makcumym
111 - + Munumym
v - - JKCTpEMYMa HET
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Bmopoe npasuno. Ecin dyHKuus f(x) uMeer BTOPYIO HPOU3BOAHYIO
f"’(x), npuueM B HEKOTOPOI TOYKE X, BHIIIOJTHEHBI YCJIOBUA

fix)=0 u f"(xg) #0,

TO B 92T0ii Touke GOyHKuMaA f(X) UMeeT 9 KCTPEMyM, a HMEHHO:
Maxcumym, Koraa f(x,) <0, mu MmuuauMyM, Korga [ "(x,) > 0.

Tpemve npasuio. Ilycts Gyurnua f(x) uMeer B HEKOTOPOM MHTepBaje
|x — x| < 8 npouasoansre f'(x), ..., f*~ () u B Touke x, npouasoANYIO f(x,),
npuyem

Ffx)=0(k=1, ..., n— 1), f™(x,) %= 0.

B rakom cayuae: 1) ecin n -— 4uCJI0 HYETHOE, TO B TOUKEe X, QYyHKIKA f(X)
HMEET PKCTpPEeMYM, a MMEHHO: Maxcumym npu [P(x,)< 0 u
MubHumywm npu f(x,) > 0; 2) ecau n — UKCIO HEUETHOE, TO B TOUKE X,
dyHKnUA f(X) s KcTpemMyMa HEe uMeeT.

3. A6comoTHbI akcrpemyM. HauGonbiuee (HauMeHblilee) 3HaUeHe HA
cermenTe [a, b] HenpepsIBHON PyHKIUU f(X) LOCTHraeTca MIU B KPUTHYE-

CKOI TOuKe 370 (QYHKUMHU (T. €. TaM, rae npouasoanas f'(x) Uiu paBHa HY-
JII0, UJIU HE CYIIECTBYET), UJIM B rPAHHYHBIX TOYKAX 4 U b JTaHHOrO CETMEHTA,

WccnepoBaTh Ha 9KCTPEMYM ciiefyioime QYRR
1414. y= 2 + x — 2,

1415. y = (x — 1)

1416. y = (x - 1)%.

1417. y = x" (1 — x)"* (m ¥ n — 1eJble NOJOXKUTENbHBIE UUCIA).
1418. y = cos x + ch x.

1419. y = (x + 1)~

1420.y = (1 +x + g e i—?) " (n — BaTypaJbHOE UUCIO).

1421, y = |x|.

1 2
1422, y = x3 (1 — x)*.
1423. MccnenoBaTh HAa BKCTPEMYM B TOUKE X = Xy PYHKIIUIO
f(x) = (x = x0)"¢(x)
(n — HarypalbHOe UHCNO), IAe QYHKIUA O(X) HellpepbIBHA IPU X = X,
u @(x) # 0.
1424, Tiycrs f(x) = L) | x x) = Pilx) X, — CTaHOHApPHAA
Q(x)’ Q(x)
Touka GyHkruun f(x), T. e. Py(xy) =0, @(x,) # 0.
JokazaTh, 4TO
sgn f"'(xo) = sgn Pj(xp).
1425. MoxxHO U yTBep:AaTh, YTo ecan QyHKIHUA f(x) B Touke
X, UMeeT MaKCUMYM, TO B HEKOTOPOU JOCTATOUHO MAJIOR OKPEeCTHOC-
TH 2TOH TOUKH CJIeBa OT TOUKU X, QYHKUUA f(x) Bo3pacraer, a cupasa
OT Hee yObIBaeT?
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PaccMOTpeTh IpuMep:
f(x)=2—x2(2+sin ch)’ ecnu x # 0 u f(0) = 2.

1426. [loxazaTh, 4TO QPYHKIIUA

1

fix)=r¢*, eciu x # 0 u f(0) =0,

uMeeT B TOUKe x = 0 MHUHUMYM, a QYHKIUA

_1
g(x)=xe **, ecniu x # 0 u g(0) = 0,

He uMeer B Touke X = 0 BKCTpeMyMa, XOTs
f0)=0, g™0)=0 (n=1, 2, ...).

Hocrpouth rpaduKy 3TUX QYHKIUI.
1427. UccnenoBaTh Ha 3KCTPEMYM (PYHKIIMHU:

2) f(x) = ¢ ™ [Jé + sin

) apu x # 0 u f(0) = 0;

6) f(x) = ¢ ™ (Jé + cos '135) npu x # 0 u £(0) = 0.

IlocTponTh rpauKy ITUX QYHKITUII.
1428. ViccenoBaTh Ha 9KCTpeMyM B Touke X = 0 hyHKIUIO

f(x) = x| (2 + cos J—IC) ,ecnn x = 0 u f(0)=0.

IlocTrpouTs rpauK aToM PyHKIUH.

HaiiTu sxcrpeMmymbl caegyomux GyBKIUI:
1429. y = x* — 6x% + 9x — 4.  1430. y = 2x? — x*

1431,y = x(x — 1)%(x — 2)>.  1432.y=x + ch

1433.y=12+xxz. 1434.y=§—2i—3—%.

1435.y = J2x - x2. 1436.y = x%x-1.

1437. y = xe™ . 1438. y = Jx In x.

1439. y = 1—“53 1440. y = cos x + % cos 2x.

1441.y= —9 | 1442. y = arctg x— & In (1 + x?).
1+ sin2x 2

1443. y = ¢* sin x. 1444, y = |xje* U,
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Haiitu HauMeHbIIHNE H "Hanbosplliye 3HAYEHUA CIEIYIOUIHX
dyarimii:

1445. f(x) = 27 Ha cermesre [—1; 5].

1446. f(x) = x* — 4x + 6 Ha cermenre [-3; 10].

1447. f(x) = |x* — 8x + 2| na cermenre [-10; 10].

1448. f(x) = x + 317 na cermenre [0,01; 100].

1449. f(x) = J5 - 4x na cermenre [-1; 1].

Haitru suskHIow rpansk (inf) u BepxHIOWO rpass (sup) caegyomux
byHKRIIMI:
1450. f(x) = xe *°'* ya unrepnane (0, +00).

1451. f(x) = (1 + x + ’26—? + ..+ %) e ™ Ha nHTepBaie (0, +00).

4

1452, f(x) = 1::2 Ha uHTepsaie (0, +00).
1453. /(x) = e~** cos x* na unTepBase (—00, +00),
1454. 1. OnpenenuTs HIKHIOIO M BePXHIOI rpaHd (HyHKINU

fE)= :—}f—&% Ha unTepBaie x < & < 400, Ilocrpouts rpaduku Gyuxuit

M@xy= sup f(&) u m(x)= inf f@).
2. Ilycth
M, = sup|f®(x)|, k=0,1, 2, ....

Haittu My, M, u M,, ecnu f(x) = e™*".
1455. OnpegennTs HAaUOGOABIINY YJleH HMOCJEL0BATEbHOCTH:

nto Jn
L =1,2,..)% 6) —X—— =1,2,..);
a) o (n=1 ) ) ~ 10000 (n=1,2,..)

B)4n (n=1,2,..).
1456. 1. [Joxaszarb HepaBeHCTBa:
a)|8x — 2% < 2 npu || < 2;

6)_23—1 S+ (1-x)'<s1, eemn OSx<lup>1L

n n
B)x"(a—x)"< — 24"+ npu m>0,n>0u0<x< a;
(m+n)m+n

I‘)x:'_lll <nfxnrgr <x+a (x>0,a>0,n>1)
2"
n)la sin x + b cos x| < Ja?+b2.
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2. lloka3aTh HepaBeHCTBA
2
2 2+l o9
3 x2+x+1
npu —® < x < 400,
1457. OnpenennuTs «OTKJIOHEHHUE OT HYJAA» MHOTOUJIEHA
P(x) = x(x — 1)’(x + 2)
Ha cermenre [-2, 1], T. e. HaliTH
Ep= sup |P(x).
-2 x<1

1458. ITpu kaxom BbiGope KoadduMEHTa ¢ MHOTOUJIEH
P(x)=x*+gq
HauMeHee OTKJIOHAETCA OT HyJA Ha cermeHre [-1, 1], T. e.
Ep= sup 1|P(3c)| = min.

1459. AGcornromuvim omraonenuenm AByX QyHRuMA f(x) u g(x)
Ha cerMeHrTe [a, b] HaspiBaeTcA 4mCIIO

A= ”sgl_:gblf(x) - g(x)|.

OnpezseauTs abCOMOTHOE OTKJIOHeHHEe QYHKIMIL:
flx)=x* n g(x)=x>
Ha cermesre [0, 1].
1460. ®yHK1UHMIO
flx) = x*
HAa cerMeHTe [x;, x,] IpuOIMKeHHO 3aMeHUTh JInHelHON Qyrkiueit
gx)=1(x;, +x)x+ b

Tak, Y4ToObl abCcoMoTHOE OTKJIOHeHNe QyHKIui f(x) n g(x) (cM. npe-
ABLAYIYIO 3aauy) 6110 HAMMEHBIIINM, ¥ OIIpe[esIiTh 39TC HalilMeHb-
uiee abCcoJIIOTHOE OTKJIOHEHME.

1461. Onpepenutbs MUHAMYM QYyHKIIUKA

f(x) = max {2/, [1 + f}.

OnpefeNuTh YMCIO BEIECTBEHHBIX KODHEHl ypaBHeHHMA U OTAe-
JINTH 9TH KOPHH, eCJIU:

1462. x* — 6x% 4+ 9x — 10 = 0.

1463. x* - 83x2 - 9x + A = 0.

1464, 3x* — 4x% — 6x2 + 12x — 20 = 0.

1465. x> - bx = a.

1466. In x = kx.

1467. * = ax?.

1468.sin®* x *cos x=a npu 0< x < 1.

1469. ch x = kx.
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1470. Ilpu xakoM ycnoBuu ypaBHERHe
x* +px+qg=0
nMeer:
a) OJMH BEIIeCTBEHHBIN KOPEHb;
6) TpH BellecTBeHHLIX KOpHA?
M306pasuts cooTsercTRyomne obracTu Ha MIOCKOCTH (P, g).

§ 12. Ilocrpoenne rpacukoB GyHKIUK
N0 XapaKTePHLIM TOYKAM

s nocrpoenust rpaduka GQyHKLuun ¥ = f(x) HyskHo: 1) onpegenuts 06-
JIACTH CyNIECTBOBAHUSA 3TOH (PYHKIIUU U UCCIENOBATDh II0BefeHNe PYHKIIUN
B PPAaHUUHBLIX TOYKAaX MocjenHell; 2) BHACHUTh CUMMeTDHI0 rpaduka U me-
pUOANYHOCTE; 3) HAMTH TOUKH paspblBa (PYHKIUM M IIDOMEXKYTKH Hellpe-
pBlBHOCTH; 4) onpeseuTs HyHn PYHKLUUU U 00JIACTU IIOCTOAHCTBA 3HAKA;
5) HANTH TOYKHU KCTPEMYyMa U BBIACHUTH [IPOMEK YTKY BO3pacTaHud U yObI-
BaHuA QPyHKuuH; 6) onpenenTs TOUYKHU Iepernda 1 yCTaHOBUTH IPOMEKYT-
KUY BOTHYTOCTH OllpejieIeHHOro 3Haka rpadguka GpyHrnuii; 7) Halitu acumn-
TOTBHI B CJIyyae CYyUIECTBOBAHWA ux; 8) yKasaTh Te WJIN HHBIe 0CODEHHOCTH
rpadpura. B yacTHBIX clyyasax ofiad cxema yIpouiaercs.

B sagmauax, oTMEUYEeHHBIX 3Be3JOUKOH, TOUKHU mneperuta onpeiensioTes
npubnuKeHHo.

IHocrpouts rpadukuy caegyomux QyHrImi:

1471. y = 3x — x 1472.y=1+x2—’-f-;.
1473. y = (x + 1)(x — 2)% 1474%. y = f;ij
1475%. y = ;rf%;%g 1476%. y = ("175%1_—??
1477, y = (—1_%)7 1478. y = sz)d

1479. y = %%122 1480. y = ZT—%Z?
1481.y = %{-}g 1482%. y = %f-?
1483.y=i—%;—§1—3%+1ix. 1484. y = (x - 3) Jx.

1485. a) y = +48x%2-x4; 6)y= X-2

x2+1 '
1486. y = +.(x - 1)(x - 2)(x - 3). 1487+ y=3/x3—x2—x+1.
2 2
1488.y = 4/x2 — 3/x2 ¢ 1. 1489. y =(x+2)% —(x—2)3.
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2
3

2
1490.y = (x + 1)3 —(x — 1)

1491.
1492,y = T2 1493.
1494.y=1 - x + 3/3’fx. 1495.

1496%, y = [£+3. 1497.
x%+1

1498. y = (7 + 2 cos x) sin x. 1499.
1500. y = cos x — % cos 2x, 1501.
1502. y = sin x * sin 3x. 1503.

1504. a) y = cosx . 6)y = sinx

cos2x’ " 2+ cosx
1505. y = 2x — tg x. 1506.
1507.y = (1 + x%)e*". 1508.
1509. a) y = xge‘x; 6) y = e % sin? x.
1510. y = 1(:x' 1511.
1512. y = 05 1513.

1514. y = Jx2+1 - In (x + Jx2+1).

1515, y = Aresinx, 1516.
YT
1517.y = g + arcctg x. 1518.
_ : 2x
1519. y = arcsin Tt 1520.
1
1521. y = (x + 2)ex. 1522,

1523%, y=1In ¥ -3*+2

x2+1

1524. y = a arcsin i - Ja2-x?2 (a>0).

= 1 -
1525. y = arccos TS

1526.

x
y:

BxZ__l

3

_ |1+ |2
y= .

Jx

- | x2
V=41

y = sin x + cos? x.
y=sinx+% sin 3x.

y = sin* x + cos? x.

y= sinx
: yu
X -
sm( +4)
y= e2x—x2_
y=x+e*
y= 1-e*.

y=Iln(x+ Jx2+1}).

y = x + arctg x.

y = x arctg x.

1-x2
1+x2°

y= zij2+1—4/ 2-1

Yy = arccos
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1 1

1527*, y = x~. 1528.y=(1 + x) ~.
- 1}*

1529*.y—x(1+;) (x> 0).

1

1. x2
1530*%. y = f+ ;2 (6e3 nccnenoBaHMs BOTHYTOCTH).

IlocTpouTh KpUBLHIE, 3aJaHHBIE B IapaMeTpuyecKoil hopme:

1531, x = LD - (1P
4 )

4
1532. x = 2t - 2, y=3t— ¢t
1533*. x 1’ y ey
_ _t? _ 1
1534. x T T

1535.x =t + e, y=2t+ e
1536. x =acos 2t, y=acos 3t (a>0).

1537. x = cos' ¢, y = sin* ¢,

1538. x =t In ¢, y=litt.

1539. x = —2, y=atg’t (a>0).
cosdt

1540. x=a(shit-t),y=a(cht - 1) (a > 0).

IIpeAcraBus ypaBHeHuA KPUBLIX B apaMerpudeckoi Gpopme, mo-
CTPOUTH 3TH KPUBLIE, €CJH:

1541. x* + y®> — 3axy = 0 (a > 0).
Yrxasanue. ITonoxnurs y = tx.
1542, x® + y? = x* + y*. 1543. x%y? = x® - y°.
1544. x = y* (x> 0, y > 0).
1545. ITocTpouTs rpa@uk KpUBoii:
ch?x —ch’y=1.
IToctponts rpaduuy pyHKIU, 3alaBEBIX B IOJAPHON cucreMe

koopaugar (¢, ry (r = 0):
1546. r=a + bcosp (0 < a < b).

1547. r= a sin 3¢ (a > 0). 1548. r = —2 (a > 0).
cos3@

1549%, r= a(—;%, rae @ > 1 (a > 0).

r—-1

1550%*. ¢ = arccos

r
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IToctpouTer rpadukm cemeficTB KPHBHX (@ — IepeMeHHBIN
napamerpj:
1551. y = x* - 2x + a. 1552.y=x+“_x2.

1553.y=x + Ja(1 - x2). 1554,y = ’-2‘ + e,

1555. 5= xe “.

§ 13. 3azayu Ha MAKCHUMYM M MHHHMYM (PyHKI M

1556. Hokasars, uro ecin GpyHKRuua f(X) BeoTpuuaTelbHa, TO
byHKIINA

F(x) = Cf4x) (C>0)

MMeeT B TOUHOCTH T€ K€ TOUYKM SKCTpeMyMa, uTo 1 PyHKIua f(x).
1557. JokasaTs, uTo ecnut (hyHKIuA ((X) — MOHOTOHHO BO3pac-
TaOINAasl B CTPOI'OM CMBICJE ITpH —00 < x < 400, 7o QyHKIIUU

flx) n o(f(x))
MMEIOT OJHY ¥ Te K€ TOUKHU dKCTpeMyMa.

1558. Onpegenurs HanboJiblilee 3aYeHNe NpousBeeHnd m-1 u
n-it cremenefi (m > 0, n > 0) ABYX HOJIOMUTENbHBIX UMCEJ, CyMMa
KOTOPBIX IOCTOAHHA U paBHA 4.

1559. HaifiTu HauMeHblilIee 3HAUEHME CYMMBI M- 1 n-if cTernese
(m >0, n > 0) AByX NOJIOMNUTEJIbHBIX UNCeJ, IPOU3BeJeHNe KOTOPBIX
MOCTOAHRHO M PABHO d.

1560. B kaxkux cucreMmax Jorapu@MoB CYII€CTBYIOT YUCJIa, PaB-
HBIE CBoeMy norapudpmy?

1561. s Bcex mpaMOYTOJBHHUKOB MaHHOHN mIolasm S ompejne-
JUTH TOT, IEPUMETP KOTOPOTO HAUMEHBIIINL.

1562. HafiTu npsaAMOyronbHEI# TPeyroJdbHMUK HamboJbIlIeH NJIo-
IIAAM, ecJIy CyMMa KaTeTa ¥ I'MIOTEeHY3h!l er0 IIOCTOAHHA.

1563. IIpu Kakux nuHEHHLIX pasMepax 3aKkpbiTad NUIUHAPHUE-
cKadA 6aHKa JaHHOM BMecTuMOcCTH V OyieT UMeTh HAMMEHBIIYIO 110~
HYIO II0BepXHOCTH?

1564. B magHbI KPYroBoH CerMeHT, HE MPEeBRbINIAIOIMUN [0JYy-
Kpyra, BIKUCATH IPAMOYTONBHUK ¢ HanboabHieil aIouiagbo.

1565. B asnuic

x_z + .’Lz =1

a2 b2
BIIMCATH NPAMOYIoJbHUK CO CTOPOHAMH, [IAPAJIIEIbHBIME OCAM 3JI-
JIMIICA, ILJIOHIA/b KOTOpOro HanboJsbiiad.
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1566. B tpeyrosbHuUK ¢ OCHOBAHWEM b 1 BBICOTOH i BIIMcaTh NIpsi-
MOYTOJIBHUK C HAMOOJBIINM IEPUMETPOM.

HccnepoBaTs BOBMOMCHOCTD pellleHMUS ATOI 3aJadu.

1567. s kpyraoro 6peBma aumaMerpa d BbITE€ChHIBAeTCs Haika
C IPAMOYTONBHBIM IIOIEPEUHBIM CeUeHNEM, OCHOBAHHE KOTOPOTO PaB-
HO b 1 BeicoTa h. IIpn rakmx pasmepax Ganka Oyfer uMeTh HauboIL-
IIYIO IIPOYHOCTH, CAY IIPOUYHOCTH ee Iporopiuuonansaa bh?

1568. B nonymap pagnyca R BnucaTh npAMOYTOAbHBIN napaiie-
JIennIe]| ¢ KBaApaTHLIM OCHOBAHMEM HaMBOJbIIEro obbeMa.

1569. B map paanyca R snmcats nuauuAp Hanboabuiero obbema.

1570. B map paanyca R BnucaTs HUIUHAD ¢ Hanboblilei MOMHOHR
MMOBEPXHOCTBIO.

1571. Oxono gaHHOrO IIapa ONMCATH KOHYC HAMMEHbIIEro 06%-
ema.

1572. Haiitu HanbonsInuii o66eM KoHYCA ¢ fanHoM obpasyomeii [.

1573. B npaAMoit KpyroBoii KOHYC ¢ yTJIoM 20. B OCEBOM CEUeHHH
¥ paguycoM OCHOBaHMA R BIHcATH UMIMHAD ¢ HaubOJAbIIeH MoJTHOK
IIOBEPXHOCTHIO.

1574. HafiTn kpardaifiiee paccrostine touku M(p, p) or napa-
Gonn y* = 2px.

1575. Haiitu wpatuaiiniee u HauGoJblliee pPACCTOAHMS TOUYKU
A(2, 0) ot oxpysuocTH x% + y? = 1.

1576. Hafityt HauboabIyio XOpay SJLINICA Z—j + bLz =1(0<b<a),
npoxoaAmylo uepes sepmuny B (0, —b).

1577. Yepes Toury M(x, y) sannuica g + ;Lz = 1 nposecTu Ka-
caTenbHYy0, 00pasyiouyio ¢ ocAMN KOOPAMHEAT TPEYTOJbHUK, IJIO-
1ab KOTOPOTO HAMMEHbIIas.

1578. Teno npepacTasiager coboil IPIMOI KPyTroBoit UAKHAD, 34-
BeplIeHHBII cBepxy nosymapoM. IIpu Kakux JAuHEHHBIX pasMepax
3TO Teno OyJeT UMeTh HAMMEHBIIYIO HOJHYIO HMOBEPXHOCTb, €CJH
obwvem ero pasen V.,

1579. Ilonepeunoe cedeHne OTKPHITOrO KaHana uMeeT QopMy
paBHoGeApeHHOM Tpanenun. [Ipn KaKOM HaKJIOHE (@ GOKOB « MOKDHIN
nepuMeTp» cedeHnsd OyzeT HAMMEHBIINM, €CHU IJIOUIALb <«XHBOTO
CedeHUs» BOAbI B KaHaje pasHa S, a ypoBeHb BOALI paBeH h?

1580. H3sunucmocmoio 3aMKHYTOI'0 KOHTYpa, OrpaHHYHBAalOlle-
ro mromage S, HasbIBaeTCA OTHOIIEHME IEepHUMeTpa 9TOro KOHTYpa
K ANYIHE OKPYXXHOCTH, OrPaHUYNBAIONIIEN KPYT TOH JKe miomanu S.

Kakxosa opma pasro6eapenHoii rpanenun ABCD (AD || BC), 06-
nanampiieil HauMeHbIIe N3BUJINCTOCTBIO, eCliyl ocHoBaHuMe AD = 2a
u ocTpeiil yron BAD = o?
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1581. Kakoii cekTOp cnefyer BHIpe3aTh U3 Kpyra paguyca R, uro-
fBI U3 OCTABILEICS YACTH MOXKHO ObIJIO CBePHYTH BOPOHKY Haub0b-
m1eil BMECTHUMOCTH.

1582. 3aBox A oTCTOUT OT Kene3HO jgoporu, uAyiIeil ¢ rora Ha
cesep U NMPOXOoJAIMUI uepes ropof B, cuuTasd 110 KparuaiineMy pac-
CTOSAHHIO, Ha paccToaHue a. [lon KaKuUM YTIJIOM @ K »KeJIe3HOIk fopore
clenyeT MOCTPOUTH IOAbe3AHON MYyTh OT 3aBOJA, UTOOBI TPAHCIOP-
TUPOBKA I'py30B U3 A B B 6bL1a Hanbosiee 9KOHOMHYHOM, €C/IU CTOH-
MOCTh IpPOBO3a TOHHBI I'Py3a HA PACCTOAHHM 1 KM COCTABISAET IO
roA’be3THOMY IIYTH p p. IO »KeJIe3HOM fgopore ¢ p. (p > ¢) u ropox B
pacHoJIoeH Ha paccTOAHUM b cepepHee 3aBoga A?

1583. lIBa Kopalbsasi IIBIBYT C HOCTOAHHBIMY CKOPOCTAMY U U U
1o NPAMBIM THHHUAM, COCTABJAIONIUM yToJ 6 Mexny coboit. Onpene-
JIUTh Ha¥iIMeHbIIlee PACCTOAHIE MEeXKAY KOpabaMHU, eCJi¥ PACCTOAHUA
UX OT TOUKH IepeceuyeHHsd NyTeil B HEKOTOPLII MOMEHT GBLIM COOT-
BETCTBEHHO PaBHLI @ 1 b.

1584. B Tourkax A u B HaxopsTCA MCTOUHUKM CBETA COOTBET-
crBeHHO cunoit S; 1 S, kaHnen. Ha orpeske AB = g HaliTu HauMeHee
OCBENIEHHYIO TOURy M.

1585. Ceeramasicd Touka HAXOAMTCA Ha JUBUN LEHTPOB ABYX
HeHepeceKarnImuXxcs mapoB paanycos R u r (R > r) u pacmoyioxeHa
BHE 3THUX apos. [Ipy KaKoM IOJIOXKEeHNH TOUKY CyMMAa OCBEIeHHBIX
yacTeil HOBEPXHOCTH IIapoRB 6yner Hanbosbiitas?

1586. Ha rakoit BpIcOTe HaJ LEHTPOM KPYIrJIOro CTOJa paguyca
a cJeJlyeT IOMeCTUTh JJEeKTPUUECKYIO JaMIIOUKY, YTOObI OCBeIleH-
HOCTBb Kpad crojsa Obliaa Haubosbiiiei?

Yxaszauue. OCBeIEHHOCTH BbHIPAsKaeTCa (POPMyJI0i

sin
I=1,289
r2
rjie (¢ — yroJ HakJIOHa Jiydell K IIJIOCKOCTH CTOJIa, I — PACCTOSAHUC HCTOY-
HHUKA CBeTa OT OCBellaeMOH ILnomanky, I, — ciia HCTOUHHKA CBETA.

1587. K pexe mupunHOH a NOCTPOEH IO IPAMBIM YIJIOM KaHAJ
mupuHoil b. Kakoit MakcHMaNbHOH® AJUHBI CYAAa MOTYT BXOAWUTH B
BTOT KaHan?

1588. CyrouHble pacXOAbI IPH IJIABAHNY CYAHA COCTOAT U3 ABYX
Jacrei: MOCTOAHHOM, paBHOM a p., U IepeMeHHOi, BO3pacramoouiei
MpolopuMoHaabHO KYy6y cropocru. IIpu kakoil ckopocTu v INaBane
cynRa 6ygmeT Haubosiee SKOHOMUUHBIM?

1589. I'pys, nexamnnii Ha rOpU3OHTANBHOH IIIEPOXOBATOH IJIOC-
KocTH, Tpebyercs: CABHHYTHL ¢ MecTa IIpUoKeHHoH cunoil. Ilpu ka-
KOM HaKJIOHE 3TOM CHJIBI K TOPUIOHTY ee 3HaueHue Hyner HauMeHb-
mWuM, ecant Koa)HUIUERT TpeHusa rpysa paseH k?

1590. B yainky, uMeloiyio opMy HOAyILIapa paguyca a, oIyleH
crep:keHb Anuubl [ > 2a. Haiitu nmono)xeHne paBHOBECUS CTEPXKHS.
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§ 14. Kacanue xpupsix. Kpyr KpueusHbsr. IBOIIOTA

1. Kacauune n-ro nopanka. ['oBopsAT, uTO KpuUBble
y=ox) u y=y)
UMEIOT B TOUKe X, Kacawue n-zo nopadka (B crporom cmeicael), ecnu
0@ (x) =W x) (=0, 1, ..., n) u " " Wxg) # y'" * Y(x,). B aroM cayuae
IIpU X — X, ©UMeeM:
(%) = y(x) = O¥x — xo]" " .
2. Kpyr kpnsnsusl. OKpysKHOCTb
(x-8F+-ny=rR,

UMewInad ¢ ZaHHOH KpUBOH y = f(x) KacaHue He HUKe 2-ro NopALKa, HA3kI-
BAETCH KpYz0M KPUBU3HLL B COOTBETCTBYIOIIEH Touke. Paguyc aroro kpyra
3

R Ly
1yl

1 .
HasbIBaeTCH paduycom KpUueU3Hbi, a BeJIUUHHA k = 7 KpUBU3HOIL.

3. Isomora. Neomerpuueckoe mecto neHTpos (£, ) KpyroB KpUBHU3HBI
(yenmpot KpUBUIHbL)

¢ ‘2 r2
R A S S
Y Yy
HasbIBaeTCA 980.410Moil JAHHOU KpuBoil y = f(x).

1591. Ilogo6paTe mapaMeTphl k u b npsamoit
y=kx +0
TakK, uTOOBI OHA MMesa ¢ KpuBoH
y=x"—-3x2+2
KacaHMe IOPSiKa BhIlie IepPBOro.
1592. IIpu xakoMm BriGope KoaddHUINEHTOR A, b U ¢ napabona
y=ax’+bx+c
UMeeT B TOUKe X = X, KacaHue 2-To HOPALKA C KPUBOH Y = e*?
1593. Kakoii nopsiioxk Kacasdus ¢ ocbio Ox uMeT B Touke X = 0

KpHUBLIE:
a)y=1—-cos x; 6) y = tg x — sin x;

B)y=e"—(1+x+x§)?

1
1594. [Toxasars, uto Kpuag y =e * npux #0uy=0npu x=0
uMeer B Touke x = 0 ¢ 0cbio Ox KacaHye 6eCKOREUHO GOJILIIOrO HOPALKA.
1595. Haiitu pagyyc u neHTp KPUBUSHLI THHEpGoTh

xy=1
B Toukax: a) M (1, 1); 6) N (100; 0,01).
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OnpeAeNuTh PATUYCHl KPUBUIHBI CASAYIONMX KPUBIX:
1596. y? = 2px (mapaboaa).

1597. £ + ¥ =1 (a > b > 0) (snnumc).

a? b2
1598. Xz ﬁ = 1 (runepbosa).
a’? b?

2 2 2
1599.x3 + y3 = a3 (acTpouzga).
1600. x = g cos t, y = b sin ¢t (anumnc).
1601. x=a (¢t —sin ), y = a (1 — cos t) (murIoUmA).
1602. x =a(cost +tsint), y =a(sin ¢ — ¢ cos t) (9B0AbBEHTA KPyTAa).
1603. Joka3aTh, 4TO paguyCc KPHBU3HLI JIMHUU 2-T0 HOPAZKA

y* = 2px — qa’
NMpoNopuMoHaieH Kyby oTpeska HopMaJi.

1604. Hanuicats opmyny pasuyca KpUBU3HBI JUHUU, 3a0aHHOM
B IOJNAPHBIX KOOPAWHATAX.

OnpefenuTs pafnychl KPUBU3HBl KPUBBIX, 3aJaHHBIX B IIOJAD-
HEBIX KOOpPAMHATAX (IapaMeTpsl HOJOXKUTeNbHbI):

1605. r = ap (cnupanb Apxumena).

1606. r = ae™? (norapudMuUecKas CIUpPab).

1607. r = a (1 + cos @) (Kapauouga).

1608. r* = a* cos 2¢ (1eMHUCKATAa).

1609. Ha kpuBoit y = In x HaliTu TOUKY, KPUBU3HA B KOTOPOH
HanboJIbIIAA.

3
1610. MaxkcumManbHaa KPUBU3HA KyOUUecKoi mapabons y = kx?

(0 < x +o0, k> 0) paBHa 10100 . Haitru Touky x, B KOTOpoI focTura-

€TCA 3Ta MaKCUMaJbHadaA KPUBHU3HA.

CoCTaBUTb ypaBHEHNS 3BOJIOTH KPUBBIX:
1611. y? = 2px (mapaboma).

1612. L | (annumc).
a2 b2

2
3

1613.x3 +y3 =a

1614. x = ln 22NE - Y “Zz_z — Ja? - y? (TpakTpuca).

1615. r = ae™" (norapudmMmueckas CIUPaNsb).
1616. Jorasarhb, YTO 9BOJIIOTA LUKJIOULBI

x=a(t—sint), y=a(l —cosi)

(acTpouga).

€CThb TaKXe MUKJIonga, OTNYAI0ONIaACH OT JaHHOM TOJLKO IIOJIOKEHNEM.
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§ 15. IIpubauxeHHOE pelieHHe ypaBHEHHH

1. IIpapuao nponopunoHanbHbeiX yactei (Meron xopa). Ecan GpyHknus
f(x) HenpepslBHA Ha cermeHTe [a, bl n
f(a)f(b) <0,
npuuem f'(x) # 0 npu a < x < b, To ypapHeHue
flx}y=0 (1)
HMeEeT OJJHH ¥ TONbKO OAXH AelCTBATENLHBIN KODeHD & B TpoMexxyTKe (a, b).
3a neproe nNpubIMKeHHEe 3TOr0 KOpHI MOKHO [PUHATH 3HAUEHHE
x,=a+3d,
rue
8= -8 __ - a).
f(b) - f(a)
IIpumenss gajee 9TOT clIocod K TOMY U3 ITPOMEXYTKOB (@, x,) unu (x,, b),
Ha KOHIaxX KoToporo PyHknud f(x) pasHo3HavyHa, MONAyUUM BTOpoe Npubm-
sKeHue X, kKopsa & u r. 4. Ilna oLeHKY n-ro NpubAnKeHUs X, cupaBefinBa
dopmyna

» (2)

f(x,)
m

rge m = inf |f(x)), npuuem
a<x<h

2. Ipasuao HeroTona (meron kacareasHbix). Ecau f''(x) # 0 Ha cer-
menre [a, b] u f(a)f"’(a) > 0, To 3a nepsoe npubnmxenue &; kopHa & ypan-
HeHud (1) MOKHO IIPUHATL 3HaUeHUE

g, =a- f(a) .
f'(a)

IToBTOpAA 3TOT IIpHEM, TOJYyUaeM GBICTPO CXOAALIHECA K KOPHIO & To-
cregoBaTensHble Npubnmkerusn £, (n = 1, 2, ...), TOUHOCTH KOTOpBIX OIEHHU-
BaeTcda, Hallpumep, 1o hopmyne (2).

s rpy6oil OpHMEeHTHPOBKU II0JIE3HO HAPUCOBATH HABPOCOK rpadiuka
byurnun y = f(x).

Ionp3ysch MeTONOM MPONOPILIMOHANBHBIX YaCTel, OlpenelnThb
¢ Tousocthio Ao 0,001 KOpHU caeAyOIUX YPaBHEHMII:

1617. x* — 6x + 2 = 0. 1618. x* - x - 1=0.

1619. x — 0,1 sin x = 2. 1620. cos x = x2.

IToneayscs meTogom HeloroHa, onpegeanTs ¢ VRA3aHHOH TOUHO-
CTBIO KOPHU CIEeYIOIUX YpPaBHEHMIT:

1621. x* + L

5= 10x (c Tounoctsio go 107%).

1622. x 1g x = 1 (¢ TounocTsIO A0 107%).
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1623. cos x - ch x = 1 (c TouHOCTBIO 0 107%) (1BA MOMOKUTETBHBIX
KOpHSL).
1624. x + ¢* = 0 (c TounocTsio 7o 10°%).
1625. x th x = 1 (¢ TounocTEIO 70 10 ).
1626. C rounoctbio 1o 0, 001 HANTU TPU MEPBBLIX MOJIOKUTEIb-
HBIX KOpDHSA ypaBHEHUSA
tg x = x.

1627. C rouHocThio 40 107 HafTH ABa TOJOMKUTENbHBIX KOPHS
ypaBHEHUA

ctg x =

R

x
3"



PABIEJ II1I

HEOIIPEJIEJEHHBIA MHTETPAJI

§ 1. Ilpocreiimue HEOnpeneeHHbIE HHTErPaasl

1. IlousTne HeompeneaeHHoro uurerpana. Ecan gpyskuua f(x) onpege-
JICHA M HENPCPbIBHA HAa TpoMexyTKe (a, b) nu F(x) — ce neproobpasuad, 7. e.
F'(x) = f(x) npu a < x < b, T0O

J.f(x)dx:F(x)JrC, a < x<b,

rjae C — TpoM3BOJNBHAA ITOCTOSHHASA.
2. OcHoBHbIe CBOIICTBa HeONpPCICACHHOTO HHTErpaaa:

a)d U.f(x) dx} = f(x) dx; 6) J.dq)(x) = O(x) + C;
B) J.Af(x) dx=A J.f(x) dx (A= const; A # 0).

D [[70) + g dx = [0 dx + [a(x) d.
3. Tab6amMua npocreiiunix MHTEIPAJOB:

xntl
1. fx" dx = =—— - C (n#-1).
n+1

n [ - +c (x=0).
I dx_ { arctg x + C,

. 1+x2  |-arcctg x + C.
v, 4 Ll |lex e

1-x2 2 1-x

v dx { arcsin x + C,

: /1—x2 |—arccosx + C.
VI, [ - e+ SR O

x2x1

VIIL. J.a"dx= ﬁf— +C(@>0,a%1); J.e"dx=("‘+C.
1a

VIII. J.sinxdx=~cosx+c. IX.J.cosxdx:sinerC.
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dX g x +C. L[ —igxvc
sinZx cos?x
XII. J.sh xdx =chx +C. XIH.J.Ch x dx=shx +C.
xiv. 2% - _cihx+c. xv.{ 4 —hxto
sh?x chZx

4. OcHoBHbIE METOAbI HHTEIPHPOBAHU L.
a) Memod egedenus 106020 apzymenna. BEenn

J.f(x) dx = F(x) + C,
TO
ff(u) du= Fu)-+ C,

rae i = @(x) — HenpepbiBHO AihdepeHpyeMas PyHKIHL,
6) Memod pasaoxcenus. Ecau

f(x) = f1(x) + [o(x),

TO
J.f(x) dx = J.f,(x) dx + J.fz(x) dx.
B) Memod nodcmanosku. Ecnu f(x) HenpepblBHA, TO, noJjaras

x = (1),

rie ¢(t) HenpeprlBHAS BMeCTE €O cRoell nponaroaHoil O’(t), noaytuim
f fx) dx = f Fo(e (1) dt.

r) Memod unmezpupogariua no vacmsa. Bean u 11 v — HEKOTOPBIC U~
(epeHuupycmble DYHKIHE OT X, TO

J.u du = uv ~ J.u du.

IIpumenasa Tabiauily MpocTefIIMX HHTETPATOB, HAWTII cleayio-
e UHTEerpasbl;

1628. J'(3 — x%)3 dx. 1629. J'x2(5 - ) dx.
_ _ _ (1-x Lo
1630. [(1 ~ 2)(1 — 2x)(1 - 3x) dx. 1631 [[=F] dx.
1632. ﬂﬂ +8 4 8 ax. 1633. f“l dx.
X X X
1634. fMitl dx. 1635. f” —2 g,
4

1636. f L) Jedx dx. 1637. f ﬁ_ﬁ_—Q di.
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TO

1638. J' A IR gy,

x2dx
1640.fl_x2.

1642. J'A/1+x2+A/1—

J1 = x4

1643. J'____._____W Nx? -1 dx.

Jxi-1

x+1 x-1
1645. J‘?—L dx.

10~

1647. f(l + sin x + cos x) dx.

1648. fA/l —sin2x dx (0< x <m).

1649. J' ctg? x dx.

1651. J'(a sh x + b ch x) dx.

1653. J'cch x dx.

1654. [loxasarb, 4To ecju

1+ x2

1641. f"zji’ dx.

1639. f x?dx

1644. J' (2 + 39?2 dx.

1646. J' e+ 1oy,

e+ 1

1650. J' tg? x dx.

1652. fthz x dx.

J.f(x) dx = F(x) + C,

ff(ax+ b) dx = iF(ax+ by + C (a#0).

Haiitu uHTerpansi:

1657. f%/l " 3x dx.

1659. f———,,
(5x -~ 2)2

1661J’232

1663. J' .
2 - 3x2

1665. J' (e + e 2% dx.

1656. f(Zx — 3)10 gy.

1658, [ —4x .
J2 - bx

1660. J"’_____W dx.

1662.J' dr
2 - 3x2

1664. dx
N3x2—-2

1666. J.(sin5x - sinba) dx.
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1667. J' 1668. J' - .

st(Zx + n) +cosx
4

1669. J' 1670. J' .
1-cosx 1+ sinx

1671. J'[sh(zx + 1) + ch(2x — 1)] dx.

1672. '[ 1673. J' .
ch shzz

IIyrem Haziexauiero npeodpasoBaHUs IOAbIHTEIPAJbHOTO Bbl-

1674. J' %
1676.I L
1678. f dx
1680. J' (l—ii)ﬁ

dx

VkasaHue. == = 2d(.J/x).

X

dx
1683.." —dx
xAx?-1
1685.." xdx
(x% = 1)2
J‘ dx
Jx(1+x)
1689. J. xe** dx.

1687.

1691.

ex+ex'

1693. _[ In’x

1695. | sin® x cos x dx.

1697. J' tg x dx.

1699 J‘ sinx + cosx ..
i/sinx — cosx

pakeHUs: HallTH cileqyioljie MHTErpaslbl:

1675. .[ x2 31+ 28 dx.

xax
1677.J' T

1679. _[ 3‘“ .

1681. J‘ sin l.dx_

x2

1682. f
e

1684. J' _dx
(x2+ 1)2

1686. J' _x_‘ix_z_
(8x5+27)5

1688. _dx
J. Jx(l-x)

1690. .[ erdx
2+er

dx
1692.J' _dx
«/1+e2"

1694. J. xlnxln(lnx)

1696J' _sinx gy

cos3 x

1698. J' ctg x dx.



156 PABJIEJ I1I. HEONIPEAEJEHHBIN UHTEIPAJI

1700_aJ~ sinxcosx dx: 6J’ _sinx
) Jazsin?x + b%cos?x ) m
B)I _cosx )J. _shx
Jcost /ch2x
1701. .[ _dx 1702..[ __dx
sin2x ./ctgx sin?x + 2cos?x
1703.J' LEA 1704. J'
sinx cosx
1705. [ 2% 1706. J‘ dx
shx

1707, [ —shxchx . 1708. J‘

shix + ch4x

arctgx gy 1710..[ dx .
1+x° (arcsinx)?J1 — x2

fnx+ 14+ x2
_[ 1+ x2 dx.
1712J~ +1dx VxaszaHue. (1+l) dx =d (x—%j

ch? xi/thzx

1709.

1711.

1713. [ 221 gy, 1714. .[ _xidx_
x4+ 1 (xP+1)4
gdx 1 1+x
1715, | XX | 16. | ——
Nt 1716, [ Hntt
1717. cosxdx ) 18.f sinxcosx
/9% cos2x 17 sinfx + costx dx
1719.J' 92 i’; dx. 1720.J‘ xdx .
- J1+x24 J1 1 x2)8

IIpumensaa MeToOJ pasiioKeHUs, BBIYUCIUTD CJAeAYIONIHMe HHTer-
pasbl: '

1721. a) Ixz(z - 3x%)? dx; 6) J' x(1 - %) dx.
1722.J' 142 gy, 1723.
1-x
1725..[ A+2)* g,
1+ x2
1726.J' (2=x)% gy 1727.J' 2 x
2 — x? (1= x)100
1729. f __dx
Je+ 1+ Jx -
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1730. .[ x J2- bz dx.
2

1
y LXE-2(2-5bx)+ =,
Kasagwue. X 5( x) 5

1731..[ _xdx 1732. J' x* 3T+ 2% dx.

¥1-3x
dx
1733, | .

y}{asanne.lzi[(x+3)~(x—1)].

1734. J' L 1735. f (xz+1 L
1736._[ __dx 1737, [ —xdx
(x2-2)(x2%+3) (x+2)(x+3)
xdx dx
. —_—_—, . _—_— Z= b).
1738 J. x4+ 3x2+2 1739 (x+a)2(x+b)2(a b
dx 2 p2
1740.J' T @ 6.
1741. J' sin? x dx. 1742. J' cos? x dx.
1743. J' sin x sin(x + o) dx. 1744. .[ sin 3x - sin 5x dx.
1745.J. cos 5 © COS % dx.
_=
1746. fsm 2x 6) cos (3x + ) dx.
1747. J. sin® x dx. 1748. J. cos® x dx.
1749. J' sin? x dx. 1750. J' cos* x dx.
1751. .[ ctg? x dx. 1752. .[ tg® x dx.
1753. J. sin? 3x sin® 2x dx.
1754. J. smlxcoszx
Vkaszauue. 1 =sin®x + cos® x.
1755. J' S 1756. .[ _dx
SIN“X COSX SINn X cos’ X

1757.J‘ %ﬁf dx. 1758.J' dx

costx
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1760. [ e gy
1+ 2%

1761.I sh? x dx. 1762. J' ch? x dx.
1763. J' sh x sh 2x dx. 1764. J‘ ch x - ch 3x dx.
1765. | it

TIIpuMensad nmogxonmAuie NOaCTAHOBKM, HAUTU clegyiouile HUH-
TerpaJsibl:

1766.I 2 31—z da. 1767. J‘ x3(l - 5x%)"° dx.
1768. .[ dx. 1769. .[ .
J2-x N
2
1770. J' 2 - 5x%) 7 dax.
1771. J. cos® x - Jfsinx dx. 1772. J. sinxcosix ;..
1+ cos?x
sin® Inxdx
1773.J' SIE gy, 1774.J' _Inxdx
cos"x xﬂ/l + Inx
1775. [ 22 1776. j .
2, ox J1+ e
e“+ ¢

1777 arctgﬁ_ dx
) Jx 1+x’

IlpumenAasda TpUTOHOMETpUUYECKHEe NOACTAHOBKH X = a Sin ¢,

x=atgt, x=asin®tu r. 0., HaliTH cremyOUMe MHTErPaIL! (Ma-
paMeTpsl HOJIOJKI/ITeJIbeI)Z

1778. J' 1779. J‘ xldx
1—x2) -2
1780. [ VT~ dx. 1781, [ 2.
(x%+a?)?
1782.I /‘1_” dx. 1783. J' x dx.
1784. f i )(b ) Y kaaaHnue. [I[pUMEHUTL TOXCTAHOBKY
Jx—-a x

x—a=(b-a)sin?t.

1785.J' Jx—a)b-a) dx.
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IIpumeHssa runepbosiMuecKre IOACTaHOBKU x = ash ¢, x =acht,
u T. ., HalTH ciegyiouie WHTeTpaJgbl (IllapamMeTpbl ITOJIOMKHU-
TeJILHBI):

2
1786. J‘ JaZ+ 22 dx. 1787.I 2dx gy,

a?+ x?
1788. f ¢ dx.,
1789.[ 1790..[ Jx+ (7 b) dx.
A/(x+a x+b) ( I )

VYraszaunwne. Ionoxurs
x+a=(-a)sh?t.

IIpumeHsasa MeTon MHTETPUPOBAHUA IO YACTAM, HAUTU ClIEeAYIO-
111Me UHTErpasbl:

1791.j1n:rdx. 1792.j x"In x dx (n# 1).
1793.f G%;f dx. 1794.f J* In? x dx.
1795. J. xe " dx. 1796. J. x%e™%* dx.

1797. J. xPe*" dx. 1798. I x cos x dx
1ﬂmx[ﬁsm2xdx ]8mlfxshxdx
1801.J' % ch 3x dx. 1802.J' arctg x dx.

1803. .[ arcsin x dx. 1804. I x arctg x dx
1805. J. x? arccos x dx. 1806. J‘ arcxsinx dx.
1807.I In (x + JT+ x%) dx. 1808.f xln 122 gy
1809.j arctg Jx dx. 1810.I sin x - In (tg x) dx.
Haiitu caemyroiine UHTerpabl;

1811.I e dx. 1812.J' (arcsin x)? dx.
1813.j x(arctg x)? dx. 1814.f *1n 122 gx.
1815.f £Hii%fggzzﬁ dx. 1816.I 675253
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1817.J' _dx 1818.I JaZ— <% dx.
(a?+ x2)?
1819.I JeZra dx. 1820. J' x? Ja%+ 22 dx.

1821.J' x sin? x dx. 1822.J' e dx.
1823.I xsin Jx dx. 1824. .[ xerer
(1+x2)2
1825.I e dx. 1826. .[ sin (In ) dx.
(1 +x2)?
1827. J' cos (In x) dx. 1828. f " cos bx dx.
1829. I e** sin bx dx. 1830. J‘ e?* sin? x dx.
1831. _[ (e* — cos x)? dx. 1832. J' arcctger
1833.f In(sinx) ;. 1834. J' xdx
sin?x coszx
xe*
1835. J' T

Haxoxxpenue crneyioix HHTErpajoB OCHOBAHO HA TPUBEIEHUU KBaj-
paTHOIO TpPexuJeHa K KAHOHUUYeCKOMY BHUAY U ITpuMeHeHUn (DOpMYJI:

dx _ 1 X
I. J.a2+xz—aarctgz+0(a¢0).
dx 1 a+x
. — = = + # 0).
11 Iaz—xz P In e C (a #0)

TII. J' Xdx 412 e x4 c
aztx? 2

V. «/?ﬂ%x—é = arcsin g +C (a>0).
dx
V. —=— =1In|x + Jx2ta2?|+ C (a > 0).
N re =0
VI | 29X _ 4 [a%Ea% 4 C (a>0).

Jalitx?

2
VII. J. Jaz-x? dx = g-A/az—xZ + % arcsin = +C (a > 0).
i a

VIIL. J‘ Jx?*a? dx = g,/xziaz s (—12—2 Injx + Jx2ta2|+ C (a > 0).
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HaiiTu caenyiole HHTETpajbl:

1836. _[ dx_ (ap 2 0). 1837. .[ _dx
a+b 2 —x+2
xdx
1838.[ 2x . 1839..[ e
_x+1 1 xdx
1840. [ G0 de. 841, | oty
_x3dx x%dx
1842]’ il 1843. J’ ol
x
1844. _[ 3sinZx - 8sinxcosx + bcoslx
1845_[ 1nx+2cosx+3
dx
1846. f (b # 0). 1847._[ —dx
a+bx2 ,/1—2x-x2
1848]’ 1849. .[ .
x+x1 J——A’2_+—

1850. JoxasaTs, uTo ecan

y=ax?+bx+c (a#0),

de=1 1n‘H_ +ayl + C npn a>0
Yy
dx _ 1 : -~y
ZZ = -—— arcsin + C npn a <0.
Jy o J-a b2 —-4ac
1
1851. J’ 1852.J' —x+l gy
/5+x X% JxZ+rx+l
1853. a)J’ ______‘i_____; 6)_[ cosxdx .
J1—-3x2-2x¢ J1 + sinx + cos?x
1854.]’ i 1855..[ —x+x2 gy,
[x4—2x2-1 N1+ x2— x4
1856. J' 1857.]’ _dx
x«/x2+x+ sz/x2+x+ 1
1858. J' —dx 1859. J'
(x+ D)Jx2+1 (x- 1),\/962 2

dx
1860.J' . 1861..[ J2+x—x? dx.
(x+2)2/x2+2x-5
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H%ZIA&+x+x2dx I&Bn[Jﬂ+2ﬂ~1xd&

1864.J loxvx? gy 1865.J NELLD S
xJ1+ x - x2 xadxt+ 1

§ 2. HurerpupoBaHue PalMOHAJIBHBIX (QyHKIIUI

IpuMensaa MeTox HeollpeaeSeHHBIX K0d(QPUIIUEHTOB, HANTH cie-
Ayloie MHTeTPAJIbl:

1866. a:%%%%gsdx. l&w‘j<x+1x;f;xx+a‘
1868.I ;§%%§§§. 1869.I 539255?65 dx.
1870.j —r:§%7:z dx. 1871.I ;z?gfzz-
1872. a;:%%%%rTsdx. 1873.[(:7r§513)2dx.
1874. (x + 1)(xf;)2(x+3)3'
1875. _[ x5 4 x4 — Zx('fJi 2x2+x+1°
1876. ;f:;?;:i dx 18717. E?IT%EEZES'
1878. 4x+4)(x2 4x+5)’ 1879‘_[ (x—l)Z(J;iJfr 2x+2)"
1880. (1+x)(1+x+x )’ 1881. x3dfl'
1882, [ XdL 1883.j g

et 1885.I —

1886.

1887.

(1+x)(1 +x1)(1 +x3)’
1888.

x4+x3—x2+x 1’
2dx

x4+ 3x3 + x1+3x+1

1889.

J
=
5
J
1884. j
J =
J
J =
J
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1890. IIpn KaKoM YCJIOBUH MHTETpPA

ax?+bx+c
J sz OF

npelcTaBJIAeT Co60li panMoOHANEHYI0 QYHKIHIO?

IIpumenssa merog OcTpOTPafCKOTI0, HAUTY HHTETPAJIbI:

xdx dx
1891. -[ m . 1892- .[ m .
dx x2dx
1893. [ 5 804 | T
dx x2+3x-2
1895'_[ (s 1)z’ 1896'_[ (x-1)(x2+x+1)?

dx
1897. [

Brigennts anrebpandeckyio 4acTh cJAeAYION{NX HHTETPAJIOB;

x2+1 dx
1898. | iy 1899. | Ty
4x5-1
1900. [ =T dx.

1901. Ha#iTu nurerpas

dx
x4+ 2x3 4+ 3x2+2x+ 1"
1902. TIpu xakKoM yCJIOBHHM HHTETPAI

J‘ ax?+2Bx+y dx

(ax?+ 2bx +¢)?

IIpeICTaBAsSEeT CO60H palMOHANbLHYI0 QYHKIIHIG?

HpI/IMeHHH paBJII/I‘{Hble IpUeMBEI, HaWTH ciaenyrinue HHTerpaJbl:

xdx
1903. f T 1904.f It
1905.J' dx, 1906.J' L gy,
x6+1
xi-3 xtdx
1907. f x—_—_(x8+3x4+2) dx. 1908..[ EoRork
xlidx x%dx
1909. [ . 1910. | s
x2n-1 x3n-1
1911, J’ - dx. 1912.J’ T A
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1913.J' ;(—ﬁj‘Tz). 1914. J' —m.
1915'_’. ﬁ;x;_ﬁ dx. 1916. .[x(x4—5§:;515x+ 1) *
1917.J’ Fx%ﬁ dx. 191s,J' x4+x3x+2;21+x+1
1919_J’ L8 g, 1920.J' 2ol g,

1921. BriBecTrt peKyppeHTHYI0O GOPMYJIY AJA BHIUUCIEHUA WH-
Terpaja

I, = —ix—— (a # 0).

" (ax?+bx+c)
Ionbaysacek a3To# HoOpMYJIOit, BHIUUCINTD

L= | —4x .
(x2+x+1)3

Vkasanue. Mcnonb3osaTh TOMXAECTBO
4a (ax? + bx + ¢) = (2ax + b)? + (4ac - b?).

1922. IIpuMeHUTL TOACTAHOBKY ¢ = i:g

JJ1A BBIUNCJIEHNA HNH-

Terpaja

I=J’ dx
(x+a)y"(x+b)"

(m 1 n — HarypajpHble uncia). [lonp3ysack aTo¥ MOACTAHOBKOI,
HalTH
dx
(x-2)2(x+3)%"

1923. Brruncanrs
P,(x)
ecan P, (x) ecTb MHOTOUJIEH CTEIIEHH /i OTHOCHUTEJNBHO X.
Y rkasauue. [Ipumenurs popmyny Teitnopa.

1924. Ilycrs R(x) = R'(x?), roe R* — pauuoHaabHasa GyHKIHA,
Kakumu ocobenHocTamMn obaafaeT pasnokeHune Gyaxnun R(x) Ha
pandoHaabHbie Apobu?

dx
(1+x)2n’

1925. Brruncaurs
e 1 — 1eJ0e MOJMOMUTENbHOe YNCIO.
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§ 3. Hurerpupopanue uppauuoOHAIBHBIX QyHKOHIT

C IOMOILBIO IIPUBEAEHUA NOALIHTETpaJbHBIX (DYHKIUUHA K paiao-
HaJbHBIM (bymcumm HaWTH ciaejyolye MHTEeTPAJbL:

1926. J’ 1927.J’ _dx
1+J§ (1 + 2./x+ x)
1928.f N2 X gy 1929. J' 1‘4“ dx.
x+42+x 1+%x+1
1930f 1931.f dx+l- el dx
(1+‘1/;c)ﬁ A/x+1+./x
1932.f __dx 1933. f (a > 0).
Wx+ 1)2(x - 1)4 x 3(a x)
1934.-[ dx (n — HaTypaJbHOE YUCJIO).
fx—a)y+(x—b)n-!
1935. .[ —dx
1+A/;c+A/1+x
uz-1\?
YKasauue. HOJIOJKI/ITbx:(——-) .
2u

1936. JokasaTh, 4TO HHTErpA
4 g
J'R [x, (x = a)" (x — b)"] dx,

rie R — paunonanbHad GyHKIAA U p, ¢, N — [eJble YHUCJIa, SBJIA-
eTca paeMeHTapHOH )yHKIMeH, ecan

p+q=kn,

rae k — 1eJjoe 4YuCIO.

HaitTt uHTErpaJbl OT IIPOCTEHINNX KBaAPATHUUYHLIX HPpaIuo-
HaJNLHOCTeH:

1937. J’ 1938.]’ dx .
A/1+x+x1 (x+ DJx2+x+1

1939. J’ ———1‘——— 1940.J' NXIH2x+2 g
(1-x2)fT-x% x

1941.J' xdx . 1942.J' d-xrx? gy
(1+x)y1-2-x2 N1+ x—x?

Ipumenaa dpopmyay
[ =2 dar=q, @y+r| %,
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rae y = Jax?+bx+c¢, P,(x) — mMHOTOUIEH cTelleHu n, Q, . ;(x) —
MHOTOYJIEH CTeleHu n — 1 u A — 4ucio, HaATH caeaylomue HHTer-
paJibl:

1943.j ;ﬁ?f%%fii dx 1944.I 5%%%§?

b ¢ 3 . 2 —_
1945.I xiJa? %t dx. 1946.I x §j+1ii§ 6 gx.
1947. J an;F—‘ 194s.j ;:jgng.
1949.I (x_lqu;;I§§iFI' 1950. f Z;:T_%fiffgi

1951. IIpu KakoM yCJIOBHH HHTEIDAJ

J’ a;x%+b a,x*+ b x+cy dx
Jaxi+bx+c

npefcTaBiadeT coboil anrebpanueckyio QyHKIu0?

Haitrn J. LPlx) dx,rpey = Jax? + bx + ¢, pasnaras palydOHaIb-

Q(x)y
HYI0 GYHKIAIO QJ(—% Ha IIpocreiline gpodu.
1952. J xdx . 1953. I dx
(x-1)2J1+ 2x — x? (Jcl—l)A/xZ
1954. j NELRE LD O 1955. j x?
1)Z (1+x)A/1+2x—x2
1956.I xdx . 1957.[ ——dx
2-3x+2)Jx2~-4x+3 (I +x2)J1—x2

1959. j dx

dx
1958..[ —_— _.
(x2+ 1)Jx2-1 (1 -x4)J1+x2

1960.I NXEH 2 g
x2+1

HpI/IBOJ.UI KBaApaTU4UYHbIE€ TPEXYUJEHbl K KaHOHHYECKOMY BHAY,
BBEIUUCJINTE COeJYIOIe HHTerpaJjsl.

1961.j dx :
(x2+x+ 1)J/x2+x-1

x2dx

(4-2x+x8)2+ 2x-x2

1963.I (x+1)dx :
(x2+x+ 1D)Jx2+x+1

1962.I
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1964. C momomibio ApoGHO-muHeiinol moncranoky x = b

1+¢
BRIUHCIUTEL UHTErpas
J‘ dx
(x2-x+1)Jx2+x+1
1965. Haiitu
J' dx
(x24+2)J2x2-2x+5
IIpumeHsaa NogcTaHOBKY Jilaepa:
1) Jax?+ bx +¢ = +.Jax + z, ecnm a > O;
2) Jax2+bx+ec =xz+ Je, ecamc > 0;
3) Ja(x—x)(x-x3) = z(x - xy),
HAUTH cneny}oume I/IHTeraJIbIZ
dx
1966. J' 1967. J’ . dx
x+A/x2+x+ 1+J1-2x - x2
1968..[xA/x2—2x+2 dx. 1969. J' XoNx24 8542 g
+ X2+ 3x+ 2
dx
1970. J’ —_—
(1+Jx(1+x))
[IpuMeHAA pa3innuHble METOABl, HAUTH CJaeAYIONMe UHTErPaIb:
dx ___xdx
1971. J' —dx_ 1972. J'
Jx2+1-Jx2-1 l—ch)Jl—xZ

1973.J' dx 1974.J’ xtJlex+x? gy

L+ 1-x+T+x 1+x+ 1+ x+x2
1975_-[' Ax(x+1) g0 1976. J. (x*-lydx

Jrev Jx+1 (x2+ l)m
1977. J' (e l)dx 1978.J' —_dxr

(x2- 1DJxt+ 1 xfxt+2x2-1
1979_J' (x*+ )ydx

xJxiy x4+ 1

1980. [JokasaTs, UTO HAXOXIeHUE NHTerpaia

J.R(x, Jax+b, Jex+d)dx,

rae R — panuoHanpHasa QyHKIUA, CBOAUTCA K HHTETPHPOBAHUIO pa-
IUOHAJIBLHON PYHKIIUHU.
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Humezpaan om dugdepenyuanrbhozo 6unoma
j x"(a + bx")? dx,

rAe m, n ¥ p — palOHAJILHBIE YUCJIA, MOKET ObITh NPUBCAEH K MHTEIPH-
POBaHMIO PALLMOHAJBHBIX (GYHKIWH JIHUIIL B CAEAYIOUUX TpeX clyuanax (meo-
pexna Yebviuiesa):

Cayuait 1. Ilycrs p — nenoe. Torga nonaraem x = 2, rae N — 06-
i 3HaMeHaTenb apobeit m u n.

Cnyuai#i 2. Ilycrs m+l nesnoe. Toraa nonaraem a + bx" = 2V,

rae N — obuiuil 3HaMeHaTeslb Apo6u p.

Cnyuait 3. Ilycrs m+ 1

+ p — uenoe. Torga npumeHsieM 10jAcTAa-
HOBKY ax "+ b = 2V, rge N — smamenareas apobu p.
Ecnn n =1, To 911 cayuyau 3KBUBaJEHTHbI CAEAYIOUIMM:

1) p — uenoe; 2) m — uenoe; 3) m + p — 1esoe.

Haiiti caenyroiiye HHTETDAJLL:

1981.J’ Jx¥+ %4 dx. 1982..[ Y g

1983..[ _xdx 1984..[ _xbdx
/1 + 3 x2 J1 - x?
1985. J' 1986. [ —dx
1987. .[ 1988. f dx
x':/1+x" xi 141
X

1989.J' 3/3x - x? dx.

1990. B xakux ciyvyaax MHTErpas
J’ N1+ xm dx,

rape m — paloHaJAbLHOE YHUCJIO0, IPeJcTaBadeT coboi 3JIeMEHTAPHYIO
dyHKIII0?

§ 4. HuTerpupoBane TPUTOHOMETPHYECKUX (DYHKIIUIA

Wurerpans Buga

sin™ x cos” x dx,

I'ie m u n — LeJible YMCJIa, BBIUYUCAAIOTCSA C TTIOMOLIBIO0 HCKYCCTBEHHBIX TIpe-
obpa3oBaHu#l UM IpUMeHeHHEM (POPMYJT MOHUMKEHUA.
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HaiiTi uHTEeI'pasbL:

1991. .[ cos’® x dx. 1992. J. sin® x dx.
1993. J.cos x dx. 1994. J.sm x cos? x dx.
1995.J. sin* x cos® x dx. 1996. .[ sin® x cos® x dx.
1997 J sintx g 1998, [ cosix
: costx ’ sindx
1999.[ dx 2000. f dx
sin‘x CcOs° X
2001.f —dx 2002. I —dx
sintxcostx Sln"xCOS X
2003.j _dx 2004. J’tg5x dx
SINXCcos*Xx
ﬂm&fcwﬁxdx 2mm_[$ﬁ
cosx
2007.1___iiL___‘ 2008. j
Jsindxcosdx cosx ifsinZx

2009. | 4x_ 2010.
tgx 'A/tgx

2011. BriBectu hopMy sl TOHMMKEHUA NJIA UHTETPAJIOB:
a)l,= J. sin” x dx; 6)K,= .[ cos” x dx (n > 2)

1 C UX IIOMOUIIBIO BBIUYNCJIUTH

I sin® x dx n .[ cos® x dx.

2012. BrisecTrt PopMyInl HOHUMKEHNAA 1A UHTETPAJIOB:

a)In:-[ dx > 6)K,1=J’ dx (n>2)
cos"x

sin"x
11 ¢ UX TIOMOIIILIO BLIUYHCINUTH

dx ax
— n — .
sinfx cos’x

CaeiytoLiyie MHTEI DAJibl BBIYMCIASIOTCS C HOMOLIBbIO IPUMeHeHU A (DOpMYIL:

I. sinasinf} = %[Cos(a - ) - cos (o + B)].

-

II. cos atcos B = =[cos (a0 — B) + cos (a0 + B)].

DN

III. sin a cos B = = [sin (& — B) + sin (a + B)].

no
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HaiiTy MHTerpaJsbl:
2013. J. sin 5x cos x dx.

2014. I cos X ¢os 2x cos 3x dx.

2015. J. sin x sin J—ZC sin ’é dx.

2016. I sin x sin(x + a) sin (x + b) dx.

2017. J. cos® ax cos® bx dx.

2018. .[ sin® 2x - cos® 8x dx.

Caeaymouiie MHTEIPAJBL BBIYUCIAIOTCS [TyTEM MPUMEHEeHN TOMCCTB:
sin (a0 = ) = sin [(x + ) — (x + )],

cos (o — B) = cos [{(x + o) ~ (x + B)).

HaiiT; nHTETPAJIBL:

2019.I ax

sin{x + a)sin(x +b)

2020.f dx .

sin(x + a)cos(x +b)

2021.f dx .

cos(x + a)cos(x+b)

2022.J dx

sinx — sina ’

2023.[ dx

COSX + cosa

2024.ftg;xtg(x-+a)dx.

BrruyucieHue NHTErpajoB Buja
.[ R (sin x, cos x) dx,

rae R — paunonasbHaa (PYHKIMA, B OBIIEM Caydyae TPUBOAUTCA K MHTEIPU-
. X
POBAHUIO PAllMOHANBHBIX (DYHKIUU C [TOMOILIBIO IIOACTAHOBKHU tg § =1t.
a) Ecan BBINIONIHEHO paBeHCTBO

R(-sin x, cos x) = —R (sin x, cos x)

I
R (sin x, —cos x) = —-R (sin x, cos x),

TO BBIT'OJAHO IPUMEHSATH IOACTAHOBKY COS X = { MUJIU COOTBETCTBEHHO sin x =t.



§ 4. UirrerpupoBanue TpHTOHOMETPHYCCKUX BYHKLIT 171

6) Ecsait BEINIOJIHEHO PABEHCTBO
R (—sin x, —cos x) = R (sin x, cos x),

0 TIOJIE3HO MIPUMEHATh MOACTAHOBKY tg x = t.

Haiitu I/IHTeI‘paJIbI'

2025.

2s1nx— cosx+5"

ZOZG.J dx

(2 + cosx)sinx

sinx
sinx + 2cos x

dx
1+¢ecosx

_sin’x g 2030.j dx

1+ sin?2x a?sin?x + b2cos?x

J e
J
J
f .
2031. j costxdx 2032.j _Sinxcosx g,
J
J
J
L

2027.
2028. npu: a)0 <e<1;6)e> 1.

2029.

(a?sin?x + b2cos?x)? sinx + cosx

dx 2034. J' sinxdx i

sindx + cosdx

2033.

(asinx + bcosx)?

2035.

sintx + costx sin®x + cos®x

dx 2036.-[ sinZx cos?x dx

2037. sin®x — cos?x dx. 2038.j sinxcosx

sintx + costx 1+ sindx
2039.

2041.

2o4o.j ___dx
(sin?

s1n"x+ cosz x + 2cos?x)?

afiTu HHTEerpaj

dx
asiny + beosx’
npuBefsa 3HaMeHaTe b K JorapudMuiecKoMy BUAY.
2042. loxkasarn, 4TO

IW dx=Ax + Blnla sin x + b cos x| + C,

asinx + bcosx

raoe A, B, C — nocTosiHHBIE.

Vikasanue. ITonoxurs

a,sin x + b, cos x=A (a sin x + b cos x) + B (a cos x — b sin x),
rae A u B — nocrosiHHbIE.

HaiiTu uHTerpanbi:

2043. a)J‘ sinx - cos x dax; 6)J‘ sinx

sinx + 2cosx sinx - 3cosx

2045. J‘ a;sinx + b,cosx dx

(asinx + bcos x)?

2044. j 5‘?5;;
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2046. JoxasaTs, 4To

J. GSIX+ b COSXHCy g Ay 4 Bl la sin x + b cos x + ¢ +

asinx + bcosx + ¢

+ : dx ,
asinx + becosx + ¢
rae A, B, C — HeKOTOpbIe NOCTOAHHBIE KOBDDHUITUEHTHI.

HaiiTyt uHTErpabl:
2047. J‘ sinx + 2cosx - 3 dx

sinx ~2cosx + 3

2048. j —sinx gy

J2 4 sinx + cosx

3sinx +4cosx - 2

2049. J' 2sinx + cosx dx.

2050. [JToxasaTb, 4To

a,sin?x + 2b;sinxcosx + ¢, cos?x d
x
asinx + bcosx

=Asinx+Bcosx+Cj —_——g—x—,
asinx + bcosx

rae A, B, C — nocrosuuble KOdaDOUAIUEHTHI.

HaiiTu nHTErpanbI:
sin?x — 4 si + 3 cos?
2051. J' x—4sinxcosx X .

sinx + cosx

sinx — + 2cosix
2052 SUXXCOSX d
sinx + 2cosx

2053. JlokasaTs, uTo ecnu (a — ¢)® + b2 # 0, To

J' a,sinx + b cosx _AJ‘ du1 +BJ‘ _duy,
k

in2 ] 2
asin?x + 2bsinxcosx + ccos?x Jud k2u2+)\z

rae A, B — HeonpeneneHHble KO3DPUIMEHTHL, Ay, Ay — KOPHU YPaB-
HeHusA

a-h b o0 @y =1y,
b c—A
u;=(a—-A)sinx +bcosx u k= a_lf (i=1,2).

i
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HaiiTi nHTerpaibl:
2054. J‘ 2sinx — cosx dx

3sin?x + 4cos?x

2055. J‘ __ (sinx + cosx)dx

2sin®x — 4sinxcosx + 5cos?x

1+ 4sinxcosx

2056.." sinx — 2cos x dx

2057. okaszaTs, 4TO

dx _ _Asinx+ Bcosx
(asinx + bcosx)" (asinx + beosx)"-1

+C dx
(asinx + bcosx)r-2’

roe A, B, C — HeonpeneneHHble KOdDPUITHMEHTHI.

2058. Haiitn dx

(sinx + 2cosx)?
2059. [JoxkasaTn, uTO

dx — Asinx +B dx +
(a+ bcosx)" (a+bcosx)r~1 (a+bcosx)r-1

d
+ C j (ah_;Tc_{C_—‘_ (lal = o)),

osx)-2

u oupenenuThb KosdduiueHTol 4, B u C, ecni 7 — HaTypaabHOe YHUC-
70, 6oabiliee eqUHAILBI.

HaiiTu nudrerpansi:

. -
2060._[ —sinxdx 2061.-[ —sin?x g
cosx 1+ sin?x cos?x tgx

2062. J‘ sinxdx )
N2 4+ sin2x

dx
2063.J m (0 < g < 1)

Cosn,1x+a

2064. J' 2 g

sinn+! x—-4a
2

x+a
2
_a.
2

cOSs
Vikasaune. ITonoxurs t =
X
Sin
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2065. BoisecTd (hopMyay TTOHMKEHUS [JIs1 UHTElpasa

x n
sin

I":JA 2 dx
. x+a
2

Sin

(n — HaTypanbHOE UHUCIO).

§ 5. Uurerpuposaune
pasaMuHbIX TPAHCHEHAEHTHBIX (PyHKuuUi

2066. JoxaszaTs, uTo ecau P(x) — MHOroUJIeH CTelleHHU 71, TO

2067. [fokasaTh, 4To ecnu P(x) — MHOTOUJIEH CTeleHH! 72, TO

P(x) cos ax dx = S—inﬂ[ Px) - Bx) 4 PI(x) } +
a a? at

4 COSAX[ priyy Prx) o PV(x) _ L
a? a? at

jP(x)sinax dx=~w{ P(x)-f,’—(jQ + PI(x) ~J +
a a?

at

sinax P (x PY(x
+ a [P(x) ——ag‘)+—ér2’..:'+c.

Haiitu uHTErpasin:
2068. [ x%* d 2069. I (x% - 2x + 2)e~" dx

2070. [ x° sin 5x dx. 2071. I (1 + x%? cos x dx.

2072. e dx. 2073. I xZed* dx.

2076. | xe* sin x dx. 20717. J' x%e* cos x dx.

2078. [ xe* sin? x dx. 2079. I (x — sin x)* dx.

2080. [ cos? Jx dx.

J =
J
e
2074. I * cos? bx dx. 2075. I e sin® bx dx.
J
J
J
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2081. [TokasaTh, uTo eciu R — parnuoHalbHad QYHKIMA U YHCIa
@y, Gz +++» @, COAZMEDUMBI, TO HHTETDAT

j4R(e”x,0”x,.“,e“x)dx
BBHIPA’KAETCA B BHJE DIEMEHTaPHONH QDYHKIHH.

Haiitu nHTerpanm:

ex
2082. I wz 2083.j £ dx.
2084. [ X 2085, [ —4* .
0“+e‘-2 xxox
1+e24e?+eb
2086. [ 1 dx. 2087.j —dx_

=

2088. j 1 . 2089.j Jeir 1 der 1 dx.

2090. j
J1+er +A/1—ex

2091. JToxa3aTb, YTO HHTETPAI
j R(x)e™ dx,

rie R — pamnuoHanbHasi (GQYyHKIMsA, 3HAMEHATEeNb KOTODPOH HMeeT
JUIIb AefcTBUTENbHbIE KOPHH, BBIpAXKaeTCA depe3 dJIeMeHTapHbIe
(OYBEKIIUY U TPAHCIEHLEHTHYIO QYHKIIUIO

j e gx =1i (&™) + C,

rue

lix=] =.
Inx

2092. B kakoM cayuae HHTerpan
j P(l) e dx,
X

a a
L x_z U Qg, Gy, ..., @, TOCTOAHHBI, IPE-

FneP(l) = q, + =
x

cTaBJsgeT coboil BIIEMEHTAPHYIO (PYHKITUIO?
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Haijity HHTerpanbl:
2093._[ (1-2) "ot dx. 2094._" (1-1) e ax.

2095. j ¥ dx. 2096. j =

dx
3x+2 1)Z

x4e<!x
2097._[ s d.

HaiiTu muaTerpamnsl, cogepskalue Gyakunu ln f(x), arctg f(x),
arcsin f(x), arccos f(x), rge f(x) — anrebpanueckasa QyHKIUAS:

2098. j In” x dx (n — marypajibHO€ UHCJIO).

3
2099. j 23 1n® x dx. 2100. J. (l_nx_x) dx.

dx

x+a x+b s
2101, [ In [(r + @ " (x + 0 ) oS

2102. _[ In? (x + JT+x2) dx.
2103. j In(JI—x + JT+%) dx.

2104._[ Inx gy, 2105. j x arctg (x + 1) dx.
(14 x2)?

2106._[ Jx arctg Jx dx. 2107. j x arcsin (1 — ¥) dx.

2108. j arcsin Jx dx. 2109. j X arccos l dx.

2110. [ arcsin 2“/; 2111. j arccosx dx.

(1- xz)2

(1- 2)2

2112. J‘ xarccosx dx.

2113. | x arctg x In (1 + x%) dx.
2114.'[ xln LEX gy 2115. J‘ InCx+ /To2h)dx
1-
(1+x7)?

HaiiTi MHTETpaNhl, CoLepiKalle TuIepOonnuecKe QyEKIHNN:
2116. J. sh? x ch? x dx. 2117. j ch? x dx.

2118.[ sh® x dx. 2119. J' sh x sh 2x sh 3x dx.
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2120. I th x dx. 2121. j cth? x dx.
2122.J Jthx dx.
dx

. 6 .

2123.2) j shx+ 2chx ) j sh2x — dshxchx + 9ch2x’
. __chxdx
?) J. 0,1 +chx ’ r) j 3shx - dchx

2124. J‘ sh ax sin bx dx. 2125. J. sh ax cos bx dx.

§ 6. Ilpumepnl HA MHTErpUpPOBaHUe (PYHEIMHA

Hasitu nHTerpanm:

x2dx
2126. J' T(l—fx_‘) 2127.I T
2128, j —dx__. 2129.
1l+x'+x J?c+"i/?c
2 X X+ 2
2130.j x /1_x dx. 2131 [ .
2132.j x - dx. 2133, [ X2dx_
1- x J1+ x2
dx
2134. f 2135, [ ——9x .
J__l(l——) X1+ x%+ x8
1+.41-x2
2136. j 2137._[ T 122 gy
xafxd-~ 2x3 1-.J1—-x2
2138.f M_ 2139_." In(1+x+x%) 4.
x4+ x4 x? (1+x)?
2140. j (2x + 3) arccos (2x — 3) dx.
2141 [ xIn (4 + 2 dx. 2142, [ MERT . L gy,
- X

2143_." xIn(l+ Jy1+x%) 4.

J1+x2

2144. j x Jx2+ 1 Infx2-1 dx.

2145._[ X Ip % dx. 2146.."( dx

- x2 n-x 24 sinx)?’
sindx dx
| = dx. 2148, | ———————.
2147 j sin®x + cos®x o f sinx /1 + cosx
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2149. [ @240 arctg x dx. 2150. j ax?sb oy |x- 1 gy,

x2+1 X2 -1 P

x Inx x arctgx

. . 2152, d

2151 T 00 dx — x.
2153. _sin2x 4. 2154. xParccosx ;.

N1+ costx 1~ x2
2155.]‘ XA gy, 2156. _[ ﬂc_tg_

+ X

2157. j M dx 2158._[ A/1—x2 arcsin ¥ dx.

2159. j x(1 + %) arcctg xdx.

2160. j x*(1 + In x) dx. 2161. j arciixner dx.
2162. j arctge? dx.
(1 + ex)

2163.-[ dx . 2164.-[ Jth?x+ 1 dx.

(ex+1+ 1)2—(6“\"14— 1)2

2165._[ Lesine x gy, 2166. j x| dx.

1+ cosx

2167. _[ x || dx. 2168.-[ (x + }x1)2 dx
2169._[ H+x-1-o!dx. 2170 j el dx.,

2171. j max (1, x?) dx.

2172, j @(x)dx, roe @(x) — paccToAHMe YKCa X 10 61K afiniero
I1eJIOTO YHcia.
2173. j [x] |sin mtx| dx (x > 0).

1-x% mpujx <1
1 - |x| npum [x|> 1.

2174.j f(x) dx, rre f(x)={

1, ecnu—00 < x <0;
2175. _[ f(x)dx, rme f(x)={x+1,ectm0<x< 1;
2x, ecnu 1l < x <400,

2176. Haiitu |' xf(x) dx.
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2177.HaﬁTn.er2x)dx.
2178. Hasitu f(x), ecnn f'(x?) = %C (x > 0).
2179. Haijitu f(x), ecnu: a) f'(sin® x) = cos? x;
, _Jlmpu0<x<1; 0 —
6)f(lnx)_{xnpnl<x<+oo u f{0)=0.

2180. Ilycts f(x) — MoHOTOHHAs HempepblBHad (PYHKLIUA U
f Hx) — ee obparHas QyHKIMA. [loKa3aTh, YTO €CNH

jﬂmdx=ﬂm+c,

TO

j £7(x) dx = xf N (x) - F(f(x) + C.

Paccmorpers npumepsl: a) f(x) = x" (n > 0); 6) f(x) = e%;
B) f(x) = arcsin x; 1) f(x) = Arth x.



PABJIEJ IV

OIIPEJEJIEHHLIN WHTEIPAJI

§ 1. OnpegeneHubId MHTErPaJ KaK Hpesesl cyMMbl

1. Huterpan (B cmeicne Pumana). Ecau GpyHruud f(x) onpejesneHa na
la, blua=x, < x; < x5 < ... < x, = b, o unmezparomn PpyHxuuu f(x) ua
cermenTe [a, b] HagbIBaeTCA YUCIIO

b
n-1
f(xydx = lim 2 fENAxX,, 8))
nmxlell -~ 0 4 -
2 i=0
e x; SE S x M Ax = a0 -
Ins cymecrsopanus npegena (1) Heo6xoJUMO U HOCTATOUHO, UTOGBHI

HUMNCHAA UHMeZDANLbHAA CYMMA
n-1
S= Z mAx;
i-0
U 8EPXHAA UHMEZPANLHAL CYMMA

3' == Z MAx,
i=0

rae
m;= inf flx) u M,= sup f(x),

xS x<xg xS x<x),
umenu oSmuii npesen npu max |Ax] — 0.

@yuknuu f(x), A0s1 KOTOPBIX ipejies B IpaBoit yactu paseHcrea (1) cy-
HIeCTBY €T, HA3blBAOTCH UHmMezpupyemvimi (COGCTBEHHO) HA COOTBETCTRYIO-
meM npoMe)kytke. B yactHocTH, a) HenpepoiBHAS (DYHKIUS; 6) OTpAHUYEH-
Hast QYHKIMA, MelIasd KOHEeUHOe YHCIIO TOYEK DA3PHIEA; B) OrpaHUYeHHAR
MOHOTOHHAsA (DYHKIUS, — UHTErpupyeMa Ha JII060OM KOHEeYHOM CerMeHTe.
Ecnu dpyuxnus f(x) He orpaHuueHa Ha cermente [a, b], To oHa coGcTBEHHO
HeWHTerpupyema Ha [a, b].

2. Ycaosue naterpupyemoctu. Heo6xoquMbIM U JOCTATOUYHBIM YCIOBU-
€M UHTEerpUpYEMOCTYW Ha JAaHHOM cerMenre [a, b] QpyHxuuu f(x) sipasercs
BBINTOJIHEHHE PABEHCTBA

n-1
Hm wlAx; = 0,
=0

nmx{A.ril -0 :

rae w; — rkonebaHus GyHKuuu f(x) Ha cermenre [x;, x;, ]
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2181. Haittn usTerpanbHyIo cymmy S, And QyHKIUH
flxy=1+x

ga cermesnre [~1, 4], pa3buBas ero Ha n PaBHLIX IPOMEKYTKOB U
peIOUpast 3Hauenus aprymesdra &, (i =0, 1, ..., n — 1) B cepegunax
3THX IPOMEKYTKOB.

2182. Ina nanseix pysrnuil f(x) HaliTH HUKHIOW S, ¥ BEPXHIOK

Sy HHTerpajJbHbIE CYMMBI Ha COOTBETCTBYIOIIUX ceIrMeHTaxX, Aejsd
11X Ha 11 PaBHBIX UacTed, eCiH:
a) f(x) = x* [-2<x <3

6) f(x) = Jx [0<x<1];
B) flx)=2* [0< 10].

2183. HailTu HHIKHIOI HMHTErPANBLHYI0 CYMMY Uia (PYHKIIUK
f(x) = x* ma cermenre [1, 2], pasbuBas 3TOT cerMeHT Ha n uacreil,
JUIMHBL KOTOPBIX 00pa3yloT reoMeTpruecKkylo uporpeccuto. YeMmy pa-
BEH IIpefes 3TOM CyMMsI Ipu n — co?

2184. Ucxonsa us oupepesesus uaTerpaia, Haitu

x <
X <

T

I (UO + gt) dt)

0

rxe T, vy, & IOCTOAHHEL.

Brluncnurs onpenesnessble MHETErpaipl, paccMaTpuBas UX Kak
IIpeJiebl COOTBETCTBYIONINX UHTEIPAJIBHBIX CYMM U IIPOU3BOMA pas-
Omesue TPOMEXKyTKa UHTEIPANHN HBajieKauium o0pasom:

2 1
2185. I X2 dx. 2186.'[ a* dx (a > 0).
-1 0
; .
2187.J' sin x dx. 2188._" cos t dt.
(4] 0
b
2189.-" dx (o < g < b).
x2

a

Yraszaune. Homnoxurs &= Jx,x,,, (i=0,1, ..., n).

b
2190. '[ x™dx (0 <a<b,m#-1).

Y kasauune. BoeibpaTh TOUKH feseHHdA Tak, 4TOOB UX ablucchl x; 06-
Pa30BBIBAJIM T€OMETPHUYECKYIO [IPOTPEeCcCHIO.
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b
2191. f dx_x (0 <a <b).
2192. Brruncaurts uaTerpas Ilyaccona
f In (1 — 20 cos x + 0?) dx

V]
npu: a) jo| < 1; 6) jof > 1.
YV Kasanue. Bocmonb3osaThca pasiokeHneM MHOTOuMeHa 0" — 1 Ha
KBapaTHbIe MHOXKHUTENU.
2193. 1. ITyctsb dbyurnuu f(x) u ¢(x) HeNpepbIBLLI Ha [a, b]. Jo-
KasaThb, UTO

b
lim 3 €008, = [ /o) dx,

max]Axi| -0 :

e x; S &S x <0, <%, ,(=0,1,...,n~DulAx,=x ., —
-x; (xg=a, x, = b).
2. Ilyers q)ymcmm f(x) orpanuuena u MoHoTOHHa Ha [0, 1]. {o-

Kas3aTb, 4UTO
1
[ e ds =15 (%) = of3).
0 k=1

3. llycts dysruua f(X) orpanudesa U BLIIIYKJa cBepxy (cM. 3a-
nauy 1312) sa cermenre [a, b]. JorazaTs, uto

b
(b~ a) Hal2[O) <ff(x)dx<(b—a)f(9_;_b),

4. TIyers f(x) € CP [1, 400 u f(x) > 0, f(x) 20, f”(x) < 0 upu
x € [1, +00). JorazaTs, UTO

Y =3 ) + [ fx) dx + O()
k=1 1

IIpu n — 0,
5. IIyers f(x) € CY [a, bl n

b
A, J' f(x) dx —

a

(a+kb ")

Ha#itu lim nA,.

n-—
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2194. ITokasarh, 4TO pa3pblBHasA GYHKIIUA
f(x) = sgn (sin E)
X
uHTErpupyema #a npomexkyrxe [0, 1].

2195. Ilokasars, 4ro pyHKIua Pumasa

0, ecau x UppalOHANLHO;
=<1 m
o(x) =, ecau x = —,
n n

rnemun (n>1) — B3auUMHO IIPOCTHIE LIeJble UKca, UHTerpupyeMa
Ha JII000M KOHEUHOM IIPOMEXKYTKe.

2196. IlokazaTb, 4TO (PyHKIIUA

f(x) = 315 —B-], ecnu x # 0

11 f(0) = 0, unrerpupyema Ha cermesre [0, 1].
2197. Jokasars, Uro Ppysruus Jupuxne

(x) = 0, ecau x UppalIOHANBLHO;
xx 1, ecau x panuosansHoO,

He MHTerpupyemMa Ha JIO60M IPOMEKYTKE.
2198. Ilycts pyuruus f(x) uarerpupyema ua [a, bl u
[x)y=sup f(x) mpu x; < x <Xx;,4,

riae

x;=a+i@®-a) (i=0,1,..,n5n=1,2,..).
n

JloxkazaTsk, uTo

n oo

b b
lim J. f(x) dx = '[ f(x) dx.

2199. lokxasars, uto ecau QpysKius [(x) HHTEerpupyema sa [a, bl,
TO cyI[ECTBYET NOCJe0BATENLHOCTh HENIPEPBIBHLIX QyBKIUN @, (X)
(n=1, 2, ...) rakada, 4To

'[ f(x) dx = lim '[ @ (x)dx mpu a<c<b.
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2200. JokazaTs, UTO €CaU OTpaHUUYeHHasa QyHKuusa f(x) uHTEr-
pupyema Ba cermMeHTe [a, b], To abcomorHasa BesuunHa ee |f(x)| rakxe
nurerpupyema ua [a, b], npuuem

j flx) dx| < :r lf(x)| dx.

2201. Tlycrs pysxiuua f(x) abconoTHO HHETEIPUPYEeMa Ha ceMMeH-
h

te [a, bl, T. e. uTETpAN .[lf(x)[ dx cyumectByeT. dBiaAeTCcS AN BTA
dyBKI A uHTerpUpyeMoit Ha {a, b]?
Paccmorpers npumep:

1, ecnu x panuoHanbHO;
f(x)=1-1, ecan x uppammonansuo.

2202. ITycts pysxuus f(x) uarerpupyema Ha [a, bju A< f(x) < B
npua < x < b, ayakuus @(x) oupefiesiesa ¥ HeIpephIBHA HA CETMEH-
te [A, B]. Hokazars, uro Qpyuaxnus ¢(f(x)) usrerpupyema Ha [a, b].

2203. Ecan ¢pyurnuu f(x) 1 @(x) HEHTErpHPyeMBbI, TO 00533aTeAbHO
nu Qysrnusa f(P(x)) rakske unTerpupyema’?

PaccmoTpers npumep:

10, ecam x = 0;
f(x)”ﬁ 1, ecnu x # 0,

u ¢(x) — Qpyurnina Pamaua (cm. 3agauy 2195).

2204. llycrs dyuxuuda f(x) uarerpupyema sHa cermenre [4, B).
Hoxazars, yTo QpysKIUA [(X) 0061aJaeT CBOICTBOM UKNIEZPANLHOLL
HenpepbvieHOCMU, T. €.

lim I If(x + h) = f(x)| dx = 0,
h-+0

rae [a, b] C [4, B].
2205. ITycty Qyuxuusa f(x) uHTErpUpYeMa Ha cerMmenre [a, b).
IloxazaTs, UTO PAaBEHCTBO

j.fz(x) dx =10

UMEeT MEeCTO TOrja W TOJBLKO Torfa, ecau f(x) = 0 BO Bcex TOuKax
HellpepbIBHOCTUA (PDYHKHIWM f(x), IpUHaJIeXKalIUX cermenry [a, b].
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§ 2. Beruncaenue OnpeaeIeHHbIX UHTErpaJos
¢ IMOMOUILI0 HEONpeaeIeHHbIX

1. ®opmyna Herorona—Jleit6unua. Ecnn pyuruusa f(x) onpesenena u

HerpepbIBHA Ha cermeHte [a, b] 11 F(x) — ee nepsoodpasiias, T. e. F'(x) = f(x), To
&

b

J' f(x) dx = F(b) - F(a) = F(x)| .

a
b
OnpegeaeHHbIH HHTErpas J. f(x) dx nupnu f(x) » 0 reoMCTPUUECKI NIPCA-

a
crapiser cofoil mioulanb S, orpaHmueHHyI0 Kpusoit y = f(x), ocvio Ox u
ABYMA NepHeHauKyaapaMiu K ocit Ox: x = a it x = b (puc. 9).

Puc. 9

2. ®opmysa uHTerpupoBanns no vyactam. Ecin [(x), g(x) € Ca, b], To
b

- j £(0)/'(x) dx.

a

b

a

b
f (g’ (x) dx = f(x)g(x)

3. 3amena nepemennoit. Ecnu: 1) ynknusa f(x) HerpepbIBHA HA CETMEH-
te [a, b}; 2) dynkuua @(¢) HellpepbIBHA BMECTE €O ¢BoOeil NPOU3BOAHOI ('(1)
Ha cermenre [a, B, Tae ¢ = ¢(a), b = @(B); 3) cnoxkuaa GpyuErmua f(p(t)) ou-
peesieHa ¥ HempepbisHa Ha [, P, TO

b B
ff(x) dx - f AN (t) de.

Hpumenssa Qpopmyny Hreiorona—Jleiibsuna, HaliTil caefymolliye
olipe/leNieHHEIE UHTErPAJIbL U HAPHUCOBATh COOTBETCTBYIOIINE KPHUBO-
JUHeWHbIe NJIOMALN:

8 e
2206. I 3x dx. 2207. '[ sin x dx.
-1 0
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1
J3 2
dx dx
2209. .
2208. [ 395 ° | 7=
1 1
NV 2
sh2 2
dx
2210. . 2211.J' 1 - x| dx.
sh1 1 + x2 0
2212. dx 0 < a <m).
~2xcosu+ 1

—4X_ (0<e<1).
1+ ecosx

2213.

dx — (a] <1, bl < 1, ab > 0).

2214.
J(1-2ax+a?)(1-2bx

SE] .-.'—"b““ oe_“§ L'_.H

dx
ab # 0).
a’sin?x + b2cos?x ( )

(3]
Do
p—
&
Sy

<

2216. O6'bsacHEUTE, ToYeMy QOopMaabHOE NIPUMeHEHNEe (JOPMYALI
Hriorona—JIeiibHuna NpUBOAUT K HEBEPHBIM PE3YJIbTATaM, €CJIH:

1 1

dx seclxdx , a 1

a)-[ X’ ).[ 2+ lgix’ B)J‘ dx(arctg x)dx'
z M)

1
d

2217. Haiitn J' ——( 1 de.
dx 1
1+ 2~

-1

100n

2218. Haiti f J1= cos2xdx.
0

C IOMOIIBIO OIIpeIeIeHHbIX NHTET PANIOB HAUTH I PeLeIbl CIeYI0-
IIUX CYMM:

2219, lim (L + Z 44221,
7

n— x n?

2220. lim (;l— FEE S ).

n— oo +1 n+2 n+n



187

§ 2. Briuucnenue OlIpCACISINbIX HUTEIPAJOB ¢ NOMOLILIO HEONpCREJICHHBIX

21. lim ( " LS T . )

22 nl"oo n?+12 n?4 22 n2+ nt

2222. lim 1(Sm Toygin 2% 4 4 sin gn—lzn).
n-—o I n n n

2223, lim L2ttt )
n— oo ne+t
2224. lim 1( haelv a2 44 /1+E)
n-—o 1N n n n
Hamru:
. nin! . b-a
2225. lim 2 2226. lim [ Z f(a+k )]

=1

OT6packiBad paBHOMEPHO 0ECKOHEUHO MaJjble BBICHINX IOpAL-
KOB, HaliTH [IpeLeNnsl cAeRYIOMUX CyMM:

2227. lim [(1+1) Sinﬂz +(1+ )sm-z-g L
n— n. n nz
+(1+ n'l) sin (n—l)n]
n n?
n 1
2228. lim sin % -
o n k-12+coskn
ZJ(nx+k)(nx+k+ 1)
2229, lim &=1 - (x > 0).
n oo n
L 2 n
2230. lim 2”1 + 2”1 4 2"1
e n+ n+ = n+ =
n
2231. Haiitu:

2232.

b b
d . 2 d . 2 4 d . 2
a , — , — x.
dxjsmx dx daJ’smx xdb_[SIde
Hartitu:

x3 cosx

. p) 4 j cos (nt?) dt.
m ax

sinx

a) —JA/1 sitdy; 6) L
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2233. Hatitu:
cosx?dx (arctgx)?dx
a) lim &—uw— —; 6) lim &4—u-—_——;
x—0 X x — +00 241
x 2
[jexzde .
B) lim ey r) lim | f(nx)dx,
x — +o0 n—

fe“zdx 0

ecan f(x) € C [0, +Og] u f(x) > A npu x — +00,

2234. [loxas3aTb, 4TO
x
jexzdx dx ~ L=
2x
0

opm x — 0,

2235. Haiitu
'[ Jtg xdx
lim LL———— .
x — +0 '€F
J. Jsinxdx

2236. Ilyctey f(x) — HenpepblBHAS NOJOXKUTENbHAA (QYHKIAL.
Hokazarts, uTo QyBKIUA

X

tf(t)dx
plx) = S
J'f(t)dx
1]
Bo3pacTaer npu x = 0.
2237. Haiitu:
2
[ x? npu0< x<1,
) [ 10 dxcomn f = {5 TPROSEE
0
X npul <x<t,

1
6)jf(x) dx, ecnu f(x) =19 t- 11—_——’: nput < x< 1,
0
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2238. BeluncauTh ¥ MOCTPOUTH IpaduKku uererpasos I = I(a),

paccMaTpHUBas HX Kak (hyHKUNY napameTpa oL, ecliu:
1

a)l = J. xlx - of dx; 6) I = J' —_sinfx ..
1+ 2ccosx + a?

B) I = J’ __ sinxdx
A1 -20cosx + az

TIpumessas GopMysy MHTErpPUPOBAHUS II0 YACTAM, HAWTH clie-
AyIOIYie ONpefieIeBHble NHETErpasbl:

In2 n

2239, f xe™* dx. 2240. f x sin x dx.

2n

2241. f x? cos x dx. 2242. | |In x| dx.

é"hh—‘l—,'\ =3

2243. j arccos x dx. 2244. '[ x arctg x dx.

0
[puMensasa MOAXOJAIIYIO 3aMEHY IepeMeHBHO#, HalTH cieqylo-
1Y€ OIpefeeHHbIE HHTETPAJbL:

1 a

2245. I _xdx_ 2246 fx%/az—xz dx.
Jh—-4x

b}

0,75 In2

2247. f __x__—. 2248. I Jer—1 dx.
(x+1)Jx2+1 !

2249, J' arcsinyx
) Jx(1 - x)
1
1+ x2

1+x

1

dx moJyiaras x — = = t.
X

2250. Briunucaures UETETPAJ '[
-1
2251, O6'bACHUTE, NIoUeMy (opMaibHas 3aMeHa X = @(¢) nIpuBo-

AUT K HEBeprIM pe3ynbTatraMm, €cyu:
1

2
a)jdx rpge t = x3; 6)]—(-li-, rae x =
14+ x2

-1

k4

L.
t

B) ——g-?f—, rae tg x = t.
1+ sinfx
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2252. MosxHO U B UETeTpaje
3

j x3/1 - x% dx
0

MOJOKUTE X = sin t?
1

2253. MoyksO /¥ B MHTETpale f J1 - x%2dx npu samene nepe-

o : n
MEHHOU X = SIn ¢ B KauecTBE HOBLIX NPeJIeJIOB B3ATL UNCIa T U 5 ?

2254. JloxaaaTb UTO €CNAU f(x) HenpepslBHa Ha [a, b], To
f f(x) dx = (b - a)J' fa + (b — a)x) dx.

2255. lokasaTb PaBEHCTBO

a llz

J' () dx = -;: f xf(x) dx (a > 0).

2256. Ilycty f(x) — HenpepsiBHass QYHKOUSA Ha CerMeHTe
b

[A, B] > [a, b]. Haittu dix J' f(x + y)dy npu [a — x, b - x] C [A, B).

2257. JTokasaTts, uTo ecau f(x) venpepsiBHa Ha [0, 1], To

a) J)' f(sin x) dx = J)' f(cos x) dx;

6) }': xf(sin x) dx = g}[ f(sin x) dx.

2258. JokasaTs, 4TO JJis HelIpepblBHOW Ha [, [] pyaxuuu f(x)
uMeeM:

! {
1) | f(x)dx =21 f(x)dx,
|
ecau pysrnuda f(x) yernad, u

2) J' f(x) dx = 0,

ecnu GyHKnua f(x) sedetHad. larb reomerpuuecKyoo WHTEpIpeETa-
LMIO 3TUX (PAKTOB.
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2259. TokasaThb, YTO OLHA U3 MePBOOOPABHBIX YeTHOH HYHKIIUN
ecTh PYHKIIUA HeuyeTHasd, & BCAKaA Neproobpasnas HeueTHON QyHK-
gM¥ eCTh PYHKINA ueTHad.

2260. Beruncanrs MHTETPAI

2

1 x+l
J(1+x——-)e * dx,
X

1

2

_ 1

BBEIA HOBYIO IIEpEMEHHYIO t = X + =.
X

2261. B unrerpae
27
I f(x) cos x dx
o

BBLIMOJIHUTH 3aMEHY MIEPEMEHHOTO Sin x = .
2262. BeluncanTs nHTETPAI

1
| cos<{1n3)
cosx| In=
x

(,—211/1
rje n — HaTypaJibHOEe YHCJIO.
2263. Haiitu uarerpan

dx,

14
xsinx
2 dx
1+ cos?x
0

2264. Haittu nnrerpani

3

£ (x)
I e

eciin

f(x) = (x+ )3 (x-1)
23 (x-2)

2265. JokasaTtb, 4To ecnu f(x) — HENpepblBHAA IMepHoOANYe-
cxad PYHKIUA, oNpegelieHHAd IpH —00 < x < +00 y UMeloIaa ne-
puog T, To

a+T T
! f(x) dx =-([f(x) dx,

rage a — a0boe Yucio.
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2266. [lokas3aThb, 4TO 1PN /7 HEUETHOM (DYHKIINU
X X

F(x) = Jl sin"xdx n Gx)= Jl cos" x dx
4

repuoguyecKyue C MepruofoM 27; a OpU N YeTHOM Kadkaasd M3 STHUX
$yHRIUN ecTh CyMMa JUHEHHON 1 nepuoanyecKol PyHKITIH.

2267. Noxkasarb, yTo (hyHKIIUA
F(x) = j f(x) dx,

roe f(x) — HenpepblBHaA nepuoiudeckad pyHKUusa c nepuonom T,
B 061I[eM CJIyUae ecTh cyMMa JHNHeliHO# PYHKINY U NepHOgUYeCcKOn
dbyakuuu nepuona 7.

Boryucaurs HNHTEerpaJbl:

1 1
2268. _[ (2 ~ x'2 dx. 2269. J _xdx
x2+x+1
0 -1
e 9
2270. I (x In x)? dx. 2271. I x 31 xdx.
1 1
-1 1
dx
2272. _[ _dx 2273, I X T+ 3% dx.
xJx2-1 )
3 2n
2274. J' arcsin |—%— dx. 2275, I dx .
1+x (2 + cosx)(3 + cosx)
4] 0
2 5
2276. J' S S— 2277. j sin x sin 2x sin 3x dx.
SIn?x + cos*x
0 4]
2278. I (x sin x)? dx. 2279. J e* cos? x dx.
0 (4]

In2

2280. J sh* x dx.

¢
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C nomoibio GopMYN MIOHWIKEHUS BEIYMCANTL UHTErPaJbl, 3aBU-
cAliyie OT IapaMeTpa n, IPHHUMAIOILIETO LeJble IOJIOKHUTENbHEIe
aHAUEeHU:

2 :

2281.1, = J' sin” x dx. 2282. 1, = J' cos” x dx.
0 ) 0
i 1

2283.1, = I tg® x dx. 2284. 1, = J’ (1 - x)" dx.
0 0
1 1

rdx

2285. 1, = J' andx 2286.1, = J' x™ (In x)* dx.
0 1 - xz 0
i

2287.1, = (—-——Si“"“°°sx)2"”dx.

o sinx + cosx

0

Ecnu f(x) = f,(x) + ify(x) ecTb KoMILIeKCHAA PYHKUUA OT AeHCTBUTENb-
HO mepemeHnHoil x, rae f,(x) = Re f(x), fo(x) = Im f(x) u i’= -1, 10 O
onpeAeNneHuIo MoJIaramoT:

If(x) dx = jfl(x) dx + ijfz(x) dx.
OueBUAHO, YTO

Rejf(x) dx = IRe f(x) dx,

Imjf(x) dx = jIm f(x) dx.
2288. Iloas3ysack popMynoit Sitnepa

e* = cos x + i sin x,
MOKAa3aTh, 4TO

2
. inzgrimz g 0, ectum #*n,
je e X¥=2r, ecnum=n

(n 1 m — uennle).
2289. IlokasaTh, UTO
[4
J’ oot B g, o et - 'ea(a+iﬁ)
a+ip

a

(0. u B — nocroanubIe).
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ITonpaysack hopMynaMu Jitrepa:
cos x = é(e“‘ + e), sinx= Eli(e"” - %),

BBIYHCINTL MHTETPAJbI (M U N — IleJble TOJOKHATENbHbIE YHCIA):

Ls

2 n
2290. J' sin®™ x cos®" x dx. 2291. J' sinnx ;.
sSinx
0 0
2292, J. Eﬁf—:s-:—ll-’f dx. 2293. J. cos” x cos nx dx.
0

n
2294. I sin” x sin nx dx.
0
Haiitu mHTerpans: (n — HaTypaJabHOE YHCJIO):

2295. I sin” " ! x cos (n + 1)x dx.
cos" ! x sin (n + 1)x dx.

2296.

2297. | e cos®” x dx.

1A Oy ¥ Oty 2 ©

2298. I In cos x * cos 2nx dx.
0

2299, [IpuMenaa MHOTOKpPATHOE HHTErPHUPOBAHME IO YaCTAM,
1
BBIYHUCJIUTB UHMezpan Sitrepa: B(m, n) = J x™ 11 - x)" !dx, rpe
0
m ¥ n -— LeJble NOJOKUTENbHbIE YUCIIA.
2300. Muozounen Jlexmandpa P, (x) oupenensierca cielyiolei

i1 = 1 _g"_ 2-— n =
dopmynoii: P,(x) Frmiden [(x*—-1)"] (n=0,1, 2, ..)).

Jloxaszars, 4TO
1 0, ecamm#n,
IPm(x)Pn(x) dx =

-1

2 l,eCJmm=n.
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2301. Ilycts dpyuxuua f(x) cobCcTBEeHHO MHTerpupyema Ha [a, b]
n F(x) — dynkuusa takas, 4ro F'(x) = f(x) Bcogy B [a, b], 3a uck-
joUeHueM, OBIThL MOXKeT, KOHEYHOr'0 4YNCIa BHYTPEHHHX TOUYeK
e, (i=1,...,p)urouer a u b, rge pyuxuusa F(x) repnuT pa3phs
1-ro pona («o0o6enHas nepBoobpasHas»). JlokasaTh, UTO

i=1

I f(x) dx = F( - 0) - F(a + 0) — Zp: [F(c; + 0) = F(c; — 0)].

2302. Ilycty Gpyukuusa f(x) co6CTBeHHO HHTEerpupyeMa Ha Cer-
menTe [a, b]l u

F(x)=C+ j £(E) dE

— ee HeoNpeJleIeHHBIH WHTerpaJl.
IloxkasaTh, uro GyHKINA F(x) HenmpepbIBHA ¥ BO BCEX TOUKAX He-
MIPEPHIBHOCTH PYHKIMHA f(x) EIMeeT MecTO paBeHCTBO

F'(x) = f(x).
Yr0 MOXKHO CKa3aTh 0 IPONU3BOAHON GhyHKIInM F(x) B TOUKaX pas-
peiBa Gyuruuy f(x)?
PaccmoTpers npumepsi:

a)f(}li) =1(n=%1,%2,..) n f(x) =0 npn x * ',1;;
6) f(x) = sgn x.

Haiitu HeonpefesleHHble HHTErpajbl OT OPPAaHNYeHHBIX Pa3phIB-
HBIX QYHKIINI:

2303. jsgn x dx. 2304. jsgn (sin x) dx.
2305. J'[x] dx (x > 0). 2306. J'x[x] dx (x > 0).
2307. J'(—l)m dx.

1, ecom |x| < I,
0, ecom |x] > 1 .

2308. J‘ f(x) dx, rae f(x) = {

Brruncaurh onpefeneHHbBIE WHTErpajibl OT OTDAHHYEHHBIX pas-
PBIBHBIX (QhyHKIIMH:
3

2
2309. I sgn (x — x%) dx. 2310. J' [e*] dx.
)]

[}

6 n
2311. j [+] sin 2 dx. 2312. J' x sgn (cos x) dx.
0 0
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n+1

2313. '[ In [x] dx, roe n — HaATypaJILHOE YHCIO.

1

1
2314. J' sgn [sin (In %)] dx.
0

2315. Hatrrn j |cos x]./sinx dx, rae E — MHOMecTBO Tex 3Haue-

E
uui cermenTa [0, 41], 19 KOTOPBIX NOALIHTErPATIBHOE BbIparkKeHNe

HMeeT CMBICI.
§ 3. Teopemsr 0 cpeanem
1. Cpennee anavenne ¢gyaxumn. Jucuo

1
b-a

b
Mif] = j f(x) dx

HA3BIBAETCA CPeOHUM 3HaieHUem (pyHKUMU f(x) HA npoMesxyTKe [a, b].
Ecnun dyaknua f(x) HenpepHBHAa Ha [a, b], To HallzeTca TouKa ¢ € (a, b)
TaxKaf, 4To

MI[f]= f(c).

2. IepBasa Teopema o cpeanem. Ecau: 1) pyuruun f(x) u ¢(x) orpanu-
YeHbl ¥ COOTBETCTBEHHO HHTErPpUPYEMEl Ha cerMeHTe [a, b]; 2) dyuruusa ¢(x)
He MeHdAeT 3Haka npu a < x < b, TO

b

b
J' F(e)o(x) dx = j o(x) dx,

a
raem <Spu<Mum= inf f(x), M= sup f(x);
a<x<b asx<b

3) ecnu, ceepx Toro, pyHkuua f(x) HenpeprisHa Ha cerMexre [a, b], To

w=f(c), rae as<c<bh.

3. Bropaa Teopema o cpeanem. Ecnu: 1) pyukuua f(x) u ¢(x) orpanu-
YyeHHl ¥ COGCTBEHHO MHTErpupyeMsl Ha cermenre {a, b); 2) byuxuma ¢(x) mo-
HOTOHHA nMpu a < x < b, T0

b i3 b
J f(x)p(x) dx = ¢ (a0 + 0).[ f(x) dx + (b — O)I f(x) dx,
a a 3

rae a < § < b;
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3) ecau, ceepx Toro, GyHKuua G(x) MOHOTOHHO yOBIBAIOIRAA (B LIMDOKOM
cMbIcae!) ¥ HeorpunaTenbHad, TO

b g
jﬂnwmdx=Wa+mIﬂmdxw<é<m,

a ecnd GpyHKUUA ((x) MOHOTOHHO BO3pacTamollas (B IIMPOKOM cMbiciel) u
HEOTPHUIATENLHAsA, TO

b b
j Ax)p(x) dx = (b — 0)j f(x) dx (a < E < b).
a 3

2316. OnpefennTs 3HAKHU CJAENYIOLUINX ONpeJeNeHHbIX MHTerpa-
JIOB:

2n 2n
a)jxsinxdx; 6)'[ —Sl% dx;
) 0
2 1
B) I 2327 dx; r) I x21n x dx.
~2 1

2
2317. Onpeflenuts, KaKkoi uaTerpaj 6oabie:

a) | sin'® x dx wam sin? x dx;

e roim
O, o1

0
1 1
6) I e* dx wnim I e~ dux;
0 0
T 27
_x2 2 _x2 2
B) | e*"cos® x dx wam e * cos® x dx.
0 n

2318. Onpegennuts CpefHNe 3HAUEHHUA NAHHBIX PYHKIMHI B yKa-
3AaHHBIX IPOMEXKYTKAX:

a) f(x) = x* na [0, 1};

6) f(x) = J/x ua [0, 100];
B) f(x) =10 + 2 sin x + 3 cos x Ha [0, 2x];
r) f(x) = sin x sin (x + ¢) =Ha [0, 27].
2319. 1. HaijiTu cpenHee 3HaueHWe AJUHBL (POKAJILHOrO paau-
yca-BeKTOpa 3JINICca

r=—2FP _ (0<e<1).

1 —-ecosp
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2. Haiitu cpeiHee sHaueHUe CKOPOCTHU CBOGOHO MaJAIOLIEro Te-
Jla, Ha4YaJbHAA CKOPOCTh KOTOPOTO PaBHA Ug.
2320. Cuyia nepeMeHHOTO TOKA U3MEHAETCA 10 3aKOHY

27t )
=3 — +
i=i, sm( (0]

rhe i, — amMnanryga, t — ppemd, T — nepuol 1 ¢ — HauvaJbHada da-
3a. Halitu cpegHee 3HaueHHe KBaJpaTa CUJIBI TOKA.

2321. Iycts f(x) € C[0, +0) n hm f(x) = A. Haitru

x = +00

X
: 1
lim p I f(x) dx.
0
Paccmorpers npumep f(x) = arctg x.

2322, Ilycth I f(t) dt = xf(Bx). HaitTu 6, ecan:

0
a) f(t) = 1" (n>-1); 6) f(1)=1Int;
B) f(1) = €.
Yemy paBHbI lim 6u lim 6?
x— +0 x — +00

ITonpaysck nmeppoii TeopeMoil 0 cpesHeM, OLLeHPITb MHTEerpabl:
2n

2323, _[

dx.

2324, J’

1+05cosx Ji+x

100

.
2325. I o

2326.1. JloxasaTs paBeHCTBA:

1

= e S XIE

a) lim X dx = 6) lim sin” x dx=0
n— oo 1+x n— oo
0
2. Hasiru:
1
. dx . dx
lim ; 1 =,
3) el~»o ex3+1 %) ginfo J. f(x) x
0

rnea>0,b>0wu f(x) €C[O0, 1].
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2327. Ilycrs f(x) menpepslBHa Ha [a, b], a ¢(x) HenpephIBHA Ha
[a, b] n nudbdepennupyema na (a, b), npuuem

¢ (x) > 0npu a < x <b.

JlokxasaTb BTOPYIO TEOpEMY O CpeJHEeM, MPUMEeHAS NHTerprupoBa-
HHE 10 YaCTAM U HCIOJIbL3y s NePBYIO TEOPEMY O CpeJHeM.

ITonkaysack BTOpO# TeopeMoOIl 0 CpefHEeM, OLEHUTH MHTErPAJILI:
200n

2328, I sinx ..

X

100x
b

2329._[e-§i‘sinxdx (@>0;0<a<b).

b
2330. J’ sin 2% dx (0 < a < b).

a
2331. Ilycrs pynkyum ¢(x) u y(x) MHTErpUPyeMEI Ha IPOMEXKYT-
ke [a, b] Bmecre co cBomMH KBajgparamu. J[oKasaTh HepageHcmBo
Kowu—Bynarxoeckozo

{j Q(x)y(x) dx }2 < j @*(x) dxj ¢*(x) dx.

2332. Ilycts hyHKIMa f(x) HenmpeprBHO AuddepeHUpyeMa Ha
cermeHre [a,b] u f(a) = 0.
JoxasaTh HEpaBEHCTBO

b
M2 < (b - a) J' 2(x) dx,

rie M = sup |f(x)].
2333. JloxazaTh HEPABEHCTBO

n+p

lim Si—;”fdx=0 (p > 0).

n— o

§ 4. HecoGcTBeHHBIE MHTETPAJIBI

1. HecobcreeHHan wmHTErpHpyemocts ¢yEkuui. Ecau dyukoua f(x)
coOCTBEHHO MHTErDHpPYEMa HA Ka)KAOM KoHeuHoM cermenTte [a, b], To, mo
onpefeieHHIO, IOJAraoT

+00 b

'[ f(x) dx = ,,l_i.mm -[ f(x) dx. (1)
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Ecnu pyHruua f(x) He orpaHNyYeHa B OKPECTHOCTU TOYKH b U cober-
BEHHO MHTErpuUpyeMa Ha KaXJIoM cermexte [a, b — €] (¢ > 0), To npunu-
MaIoT

b-¢

b 3
J.f(x) dx = lim J' f(x) dx. @)

Ecnu npeaesst (1) uiau (2) CyIieCTBYIOT, TO COOTBETCTBYIOIUI HHTErPA
HA3BIBAETCA CX00AUWUMCA, B TIPOTUBHOM ciayuae — pacxodswumcs (B ane-
MEHTApHOM CMBICJIE).

2. Kpurepuii Kourn. [{na cxogumocru unrterpana (1) Heo6x0auMo U 10-
CTaTOYHO, 4TOOKI A4 aro6oro € > 0 cymecTBoBaso yncho b = b(€) Takoe, 4TO
11pu m0661X b’ > b 1 b’ > b 66110 6BI BHINIOTHEHO HEPABEHCTBO

b

l I flx) dx
b

Amnasoruuso ¢popMmynupyetca Kpurepuit Kown ansa unterpana runa (2).

3. Hpusnaakn aGecomornoit cxogumoctu. Ecnu |f(x)| HecoGeTsenno un-
Terpupyema, TO COOTBETCTBYIOINMN aneMeHTapHbIH uuTerpan (1) unu (2) or
dyHKIMYM f(x) HA3BIBAETCA AGCONIOMHO CXOOAUUMCA U ABAACTCA NHTErpa-
JIOM 32BEJOMO CXOAAINUMCA.

< E.

Hpusnax cpasnenus 1. Mycts |f(x)] < F(x) npu x > a.

+00 +00
Ecan j F(x) dx cxogutca, To MHTErpan J. f(x) dx cxomurca a6eo-
a a
JIIOTHO.
Hpusnax cpasnenus II. Ecnn y(x) > 0 u ¢(x) = O*(y(x)) npu x — +00,

+00 00

TO HHTETrPAaJIb] I ¢(x)dxm '[ Y(x) dx cxomsTCA MU PACXOAATCS OLHOBDE-

a a
MeHHO. B uacTHOCTH, 3TO MMeeT MecTO, ecnu ((x) ~ W(x) npu x — +00,
ITpusnax cpasuernus 111, a) Ilycts

f(x) = O* (;};}) npu x — +00,

B Takom cnyuae mHTerpan (1) cxogurcsa, ecau p > 1, U pacxomMTCA, €CIH
ps< 1.
6) ITyctn
1

f(x) = O* ((—b—_x)ﬂ’) apu x — 0.

B rakom cayuae uHTerpan (2) cxogures, ecau p < 1, u pacxomuTed, ecau
p=1.
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4. CiennanpHbiii npu3Hak cxoguMocti. Ecau: 1) Gysxnua ¢(x) moxo-
TOHHO CTPEMUTCA K HYJIIO IpH X — +00 u 2) hyuruua f(x) umeer orpaHu-
yeHHYIO IepBOOOPa3HYI0

F(x) - j f(8) d,

TO MHTErpan
400

j fx)ptx) dx

CcXOAUTCA, BooOlile roBops, He abconoTHO.
B yacTHOCTH, MHTErPALI

oo 400
cosx sinx
'[ “—=dx un I dx (a>0)
xP
a a

cxopares, ecau p > 0.

5. FnaBrnoe smauenue (B cmoicie Kown). Ecau ¢pyrrnusa f(x) rakosa,
4TO IIpH a1060M € > 0 CyIecTBYOT COGCTBEHHbIE HHTErpaabl

J' f(x) dx u '[f(x)dx (a<c<b),

TO NOJ 2AA8HbIM 3HAYeHUeM 8 cmbicae Kowu (v. p. ) MOHHMAETCA YHCHO
c—-¢€

V. p. '[ f(x) dx = hm [ '[ f(x) dx + f f(x) dx}

c+E

AHxanoruuso

+00

V. Dp. '[ flx)dx = hm J.f(x) dx.

Boruucauts HHTEerpanbl:

400 1
2334. J' (a > 0). 2335.'[1nxdx.
0
400 1
dx
2337. [ —9x_.
4 M1 - x2
400 +o0
2338. f s 2339. f Nrrvrsyh
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+0oo +00

dx x241
2340. J’ g 2341. J' 2l dx,
0 1}
1 +00
dx ___dax
2342, [ —dx 2343. I
.‘[(Z—x)A/I—x xA/1+x5+x10
400 400
2344. J' T%dx. 2345. J' ArOBE gy
X
( (1+22)2
400

2346. J. e ** cos bx dx (a > 0).
[

400

2347. J' ¢ sin bx dx (a > 0).

C nomo1ibio GopMyJI HOHMIKeHN A BLIYNCIUTD CleayioLie Hecob-
CTBeHHBIe MHTErPaJbl (/1 — HaTypaJIbHOE YMCJIO0):

+00

2348. I, = J' e dx.

- Y
2349.1, J’(ax”%“c)n (ac — b* > 0).
_ dx
2350.1, = ,[x(x+1)...(x+n)'
1
1
2351.1, = | ——Xdx
0 J(1-x)(1+x)
+00
_ dx
2352. 1, = J' —d

[}

n n
2

2353. a) J. In sin x dx; 0) J‘ In cos x dx.
0

)
2354. Haiitu

X .
-5 |sinx -
J’ezl n cosxldx’
sinx

rje E — mMHOMeCcTBO TexX 3Hauenuii x unrepnalia (0, +0), ni1a Koro-
PBIX IOABIHTErpaJibHOEe BhIpajskeHUe NMeeT CMbICI.
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2355. JlokasaTb paBeHCTBO

400 +oo

'[f(ax+ ]dx—— J‘ f(Jx2 + 4ab) dx,

0

rae a > 0u b > 0, npenmnoJsiarasa, 4yTo MHTErpaa B JeBOU YacTH PaBeH-
CTB& MMeeT CMBICI.

2356. Cpednum 3navenuem pyuryul f(x) Ha uarepsaie (0, +00)
Ha3bIBaeTCHA YHCIO

- ¥ 1
Mif| = tim 2 [ ) dt.
[

Haittu cpeaHue sHauyeHUd cleqyOMUX GyHKITUH:
a) f(x) = sin? x + cos? (x4/2); 6) f(x) = arctg x;
B) f(x) = Jx sin x.
2357. Haiiru:
1 J1+t4d
li cost gy,
a) Lim xf e

1
B) lim = ; r) lim x* ﬂildt,
1 x-0 pa+l
rae 0. > 0 u f(t) — HempepbiBHasA GyHKIUA Ha cermenTe [0, 1].
Hcenenosars cXo4MMOCTh HHTETDATIOB:

+00 ‘oo

x2dx
2858, [ FEro. 2359. J’
0

x 1/x2

+oa

2
2360. J' dx
In
0

1

2362. J' P In¢ %dx.

+00

2364. J' Er—“)‘%ﬁdx (a % 0).

2361. J' xP 17 dx.

+o0

2363. J'
0

+oo
2365. J' (1) gy,
0

m
X _dx (n>
14+ xn

0)
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+00 400
2366. J’ xrarcter go (4 > 0). 2367. J' OSAX 4y (> ),
2+ xn 1+ xn
0 0
z
400 2
2368. I LILE 2369. I __dx |
X sin? xcos?x
i) 0
1 +00
ndx dx
2370.aj xtdx . 6)'[ _dx
)0 1 - x4 X3+ x
+00 1
2371. J’ _dx_ 2372.j Inx_ g
xP 4+ x7 1-x2
0
5 oo
2373. J' In(sin®) 5 2374, f
xl'l ax’
0
+4 o0
dx
2375. _[ xr(Inx)e(Inlnx)"’
2376. a) J‘ dx (@, < a, < ...<a,);
|x = a|’t|x - a2 |x—a

400

6) J' 2x — 1 dx.

2377. J‘ ,,,((x)) dx, rage P,(x) u P,(x) — B3aMHO IpocThie MHO-

royJieHbl COOTBETCTBEHHO CTEIIeHEl m U n.

HccnenoBaTh Ha aGCOMIOTHYIO U YCIOBHYIO CXOAMMOCTH CJIeYIO-
e HHTerpaabl:
400

2378. | Z2Xdx.
x
Yrcasaune Jsin x| > sin® x.

A/;f COSX
2379. J’ LL005X i
0
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i
2

2380. a) I x? sin (x9) dx (¢ # 0); 0) '[ sin (sec x) dx;
0 0

400

+00
B) '[ x* cos (e*) dx.
0
hoe ] oo sin(x+ —)
2381. J' X0SINX gy (g > 0). 2382. I — X dx.
1+ x9 xn
0

[
+ 00
P,(x) .
2383. I Fon) sin x dx, rue P,,(x) n P,(x) — 1eJsible MHOrOYJIeHbI

uP,(x)>0,ecanx >a > 0.
+00

2384. 1. Ecan I f(x) dx cxomuresa, To o6a3aresnbHO au f(x) — 0

a
npu x — +00? PaccMoTpeTh OIpUMephl:

oo +o0

a) '([ sin (x)? dx; 6) 1': (-1)1#*1 dx.

2. yers f(x) € CV [x,, +00), |f'(x)) < C npu x,< x < +00 n

+00

J' |f(x)| dx cxonurea. fokasaTs, uro f(x) — 0 mpm x — +00,

*o

400
Y kasanwue. Paccmorpers unrerpan '[ f(x)f'(x) dx.
]
2385. MoxkHO Jiu cxoAsiuiica HecOOCTBEHHBII MHTerpat

b
'[ f(x) dx

OT HeorpanmueHHou dyHxruum f(x), ompenesienuon Ha [a, b], pac-
CMaTPHUBATh KaK iIpefesl COOTBETCTBYIOIEH HHTErpaabHoil cyMMbI

n-1
z f(€)Ax;,
i=0

rme x; << x,, 1 Ax;=x,, - x?
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2386. Ilyctb

400

j f(x) dx )

a
cxoauTes v QYyHKIUA O(x) orpannyeHa. O6a3aTenbHo JIM CXOAUTCA

MHTerpas
+ o

j fx)p(x) dx? (2)

IIpmBeCcTH COOTBETCTBYIOINI IIPUMED.
Y10 MOXKHO CKa3aTh O CXOAMMOCTH HHTerpaJja (2), ecam nHTerpai
(1) cxonurca abcos0THO?

+o0

2387. lokazaTb, UTO eciiu I f(x) dx cxopurcsa u f(x) — MoHo-

roHHad QpyHKUMA, TO f(x) = O (-:‘E) .

2388. Ilycrb dyHknua f(x) MOHOTOHHA B IIpoMexyTKe 0 < x < 1
M He OrpPaHHYeHa B OKPECTHOCTH TOUYKHU X = 0.
HMoxasaThb, 4TO €CJAM CYIeCTBYeT

'(|: f(x) dx,

TO

lim = Z f f f(x) dx.
n—oo N

2389. Iloxasatb, 4UTO eciin (bymclma f(x) MmoHOTOHHA M OTpaHu-

YyeHa B uHTepBajse 0 < X < @ M CylllecTByeT HeCcOOCTBeHHBIH HHTErpas

a

'[ x? f(x) dx,
0
TO
lim x?*! f(x) =
x— +0
2390. ITokasarh, 4TO:
+00
dx _ q. dx_ _a.
a)v.p.j—; 0; 6) V. p. I T 0;
1 )

+00

B) V. D. I sin x dx = 0.
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2391. Hokasatb, uto upu x > 0 cymeCTByeT

lix=v.p. _[ln?,

Haittu ciepyioniye MHTErpaibi:

+00 2
dx
2392. v. p. f S 2393. v. p. I A
1
2
400 +00
2394. v. p. I 11:;2 dx. 2395. v. p. J. arctg x dx.

§ 5. Belunciaenue mwiomanen

1. ILnomwans B npAMOYroasHbiX KoopauHartax. Ilnomans S niaockoit pu-
rypsi A,A,B,B, (puc. 10), orpaHHYeHHON ABYMA HENPEPLIBHBIMM KPHBBIMH
Y= y,(0) 1y = ya(%) (%) > (X)) 1 ABYMA IpAMBIME X = a 1 x = b (a < b),
paBHa

- j [y2(x) - yy(2)] dax.

2. Ilnomaas Gurypsi, OrpaHNYEHHON KpHUBOM, 3ajaHHON B mapamer-
puyeckom suae. Ecan x = x(t), y = y(¢t) [0 < t < T] — napaMeTpudeckHe
ypaBHEHNA KYCOUHO-TNAaJAKON IPOCcToi 3aMKHYTOM KpuBoi C, npoberaemoii
IPOTHB X0[a YacOBOH CTPENKH W orpaHuuuBamwuieil ciesa or cebs purypy
¢ maomaasio S (puc. 11), To

T T
S= —j y(O)x'(t) dt = j (W) dt,
0 0
Yy y
A, B, oy =y,(x)
A Bl: y=ux)
O a b x (o) x

Puc. 10 Puc. 11
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591178

Nl)—‘

j [x(t)y () — = (By(t)] dt.

3. Ilnomwane B nmoaapubix KoopauHarax. Ilnowans S cexropa OAB
(puc. 12), orpaHMuUeHHOr0 HeNpepbLIBHOM Kpuso#t r= r(Q) U ABYMa
HOAYOPAMBIMH @ = L B ¢ = § (0 < B) paBHa

I () do.

Nh—‘

2396. [TokazaTb, UTO IJIOIIAAb IIPAMOTO IapaboJinuyecKOro cer-
MeHTa PaBHa

S = Zbh,

Wi

rge b — ocHoBaHHMe B i — BBICOTA cerMeHTa (puc. 13).

B

/S h
A
B
0 & P -
Puc. 12 Punc. 13

Haiiti mromany Guryp, OrpaHMYeHHLIX KPUBbIMH, 33aHHBIMU
B IPAMOYTOJbHBIX KOOpAMHaTax."

2397. ax = y?, ay = x%.

2398.y=x%, x +y=2.

2399.y=2x — x%, x +y=0.

2400.a) y =g x|, y=0, x= 0,1, x = 10;
6yy=2%y=2,x=0;
Bly=(x+1)%, x=sinnmy,y=00<y<1).

2401.y=x;y~x+sm x(0<x<m).

2402, Y= 50 Y~ 0.

) Bce mapaMeTphl B 9TOM U clefyoIIMX naparpadax pasgena IV cunra-
I0TCH MONOXKUTENbHBIMH.
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xz
2403;+%5—1

2404. y? = x%a? — x%).
2405. y%? = 2px, 27py® = 8(x —p)°.
2406. Ax? + 2Bxy + Cy> =1 (A > 0, AC — B? > 0).

2407. y* = 5

(uncconna), x = 2a.

2408. x =a In ‘L*LZ_EL Ja?-y%, y= 0 (rpakTpuca).
2409. y2 = (1—+—§—,:1+_2)E (x > O; n> '_2).

2410.y = e ¥sin x|, y = 0 (x > 0).

2411. B kakoM oTHoweHuu napadona y* = 2x OeJUT MJIOMAAbL
kpyra x? + y? = 8?

2412. BuipasuTb KOOPAMHATHI TOUKHK M(x, y) runepbonst x° — y? = 1
Kak yHKIUHY Iomagu runepboamyeckoro cekropa S = OM M, orpa-
HUYEHHOro Ayroii runep6oasl MM u apyms ayuamu OM u OM’, rae
M’(x, ~y) — Touka, cuMMeTpuYHaa M orHocUTEJbHO ocHu Ox.

Haiirn naowmwagu Guryp, OorpaHu4YeHHbIX KPUBLIMHU, 3afaHHBIMHA
rapaMeTpuuecKu:

2413.x = a(t —sin t), y=a(l —cos t) (0 < ¢ £ 21) (MUKIONAA)
ny=0.

2414. x = 2t — t%, y = 2% - 3.

2415.x=a (cos t + t sint), y=a (sint — tcos t) (0 < ¢ < 2n)
(pasBepTka Kpyra)u x = a, y < 0.

2416.x=a (2 cos t — cos 2t), = g (2sin t — sin 2t).

2417 a) x = — cos t,y= s1n t (c? = a* — b?) (sBOUTIOTA DILIMIICA);
2¢
6) x = a cos t, = ﬁi— .
) y 2 + sint

Haiitn naowmagu Guryp, orpaHNYeHHBIX KPHUBBIMHU, 3aJaHHBIMHU
B IOJIAPHBIX KOOPAMHATAX!:

2418. r? = a? cos 2¢ (neMHUCKaTa).

2419.r = a (1 + cos @) (kapauounga).

2420, r = a sin 3¢ (TPUIANCTHHUK).

=P == =
2421. r T (mapabona), ¢ ¢

SRR
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2422. a)r= —L—— (0 <& < 1) (3nnunc);
1 +ecos®

1 1 4
= - = = <z
6)r=3+ 2 cos ¢; B)r ,r (O<(p 2).

sing@
2423. r = a cos @, r=a (cos ¢ + sin @) (M (g,o) ES).

2424, HafiTu naonjafb CeKTOpa, OTPAHMUEHHOr0 KPUBOH

@=rarctgr

¥ aByMda JdydamMu ¢ =0 u ¢ = L.
3
2425, Hafitu nnomaasb ¢purypsl, orpaHu4eHHo:
a) kpusoit r¥ + ¢ = 1;
6) nenecTkoM KpuBoi ¢ = sin (nr) (0 < r< 1);
B) muHuaAMu ¢ = 4r — r3, ¢ =0;
r) IUHUAMYU ¢ = r — sinr, ¢ = T;
I) 3aMKHYTOU KpUBOH r = 1-2:——
Ilepeiins kK HOJNAPHBIM KOODAMHATAM, HAWTH IJOmMAAHN Guryp,
OrpaHMYEeHHBIX KPMBBIMU:
2426. x* + y® = 3axy (amct Iekapra).
2427. x* + y* = a®(x% + y?).
2428. (x* + y?)? = 2a’xy (nemuMCKaTa).

IlpuBens ypaBHEHHA K IIapaMeTPHUYECKOMY BUAY, HATH IJIOIIA-

au puryp, orpaHNYeHHbIX KPUBBIMM:
2 2 2
2429.x3% + y3 =a?® (acrpoupna).

2430. x* + y* = ax?y.
Vrkasauune. Ionoxurs y = tx.

§ 6. Berunciaenne MJNH Xyr

1. JauHa Qyru 8 npAMOYroibHBIX KOOpAMHaTrax. [[nuHa Ayru oTpeska
raaaxoi (aenpepbisno auddepeHpyeMoil) KpuBoii
y=y(x) (a<x<b)

paBHa

b
s= J‘Jl +y'%(x)dx.
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2. IlauHa Ryrn KpHBOM, 3ajanHoO napamerpudecku. Ecau xpusas C
sazaHa yPaBHEHUAMU

x=2x(t), y=yt) (H<t<T),

rae x(t), y(t) € CV [t,, T}, To anuna xyru xpusoit C paBHa
T
§= J‘«/x'z(t) +y'2(t) dt.
10

3. Jamua Ayrs B NOJspHBIX KoopaMHarax. Eciu
r=r{g) (@a<o<f),

rae r(@) € CV {a, ], TO anUHA AYTU COOTBCTCTBYIOLIETO OTPe3Ka KPUBOi
paBHA

i}
§= J r2(@) + r'¥(e) do.

JlnuHbl gyr NpocTpaHCTBEHHBIX KPUBHIX cM. B paax. VIII.

Hadty ZAuHLI AYT CAEXYIOUINX KPHUBLIX:

3
2431.y=x2 (0 < x < 4).
2432. y? = 2px (0 < x < x;)-

2433.y=a chg or touku A4 (0, a) no rouxku B (b, }).
2434. y = ¢ (0 < x < xy).
2435. x = iyz— %lny(l <y<e).

2436.y=aln“— (0<x<b<a).
a<—-x

2437.y=1ncosx(o<x<a<g).

2438. x = a In2E S - U “ayz—z - Ja2-y?2 (0<b<y<a)

a).

(acTpouga).

2439, y* = X’ (o <x<

Lo

2440. x5 +y

2441. x = C cost ¢, y= %zsins t, ¢2=a?—b® (oBosIOTA BANHUIICA).
a

2442, x = cos* t, y = sin’ t.

2443. x=a (t - sin t), y = a(1 — cos t) (0 < t < 2m).

2444, x = a(cost +tsint), y=a(sint—tcost) upu 0 < t< 2n
(pasBepTKa OKPYXXHOCTH).
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2445. a)x=a(sht—-t),y=a(cht-1)(0<t<T)
6)x=ch®t,y=sh®3t (0<t<T).
2446. r = a¢ (cunupans Apxumena) npu 0 < @ < 27,

2447.r =ae™ (m > 0) npu 0 <r<a.
2448.r=a (1 + cos @).

o P "g’.‘)_
2449.r = 2 (}(pi 4

2450. r = a sin® %’

2451.r=a tgg (0 < ¢ < 2m).

2452. 2) 9 = 3 r + HDas<r<sy
6) @ = Jr (0< r<5)

B)@=J%de(0<r<R);
0

r)r=1+cost,(p=t—tgé (0<t<T<n).

2453. [loxasars, 4YTO AJAVMHA OYTHU dJJHUICA

x=acost, y=bsint
paBHa AJIMHE OfHOIl BOJIHB CHHYCOMALBL i = C sin% , e ¢ = Ja? - b2,

2454, TTapa6oaa 4ay = x* karurca no ocu Ox. Jlokasars, uro do-
Kyc napa6oJibl onuchkiBaeT LeMHYI0 JHHUIO.
2455, HaiiTi oTHOlIIEHHE ILTOUIAIM, OTPaHITUeHHOT TTeTeil KpUBOii

y=i(§ —x)«/a_c,

K ILJIOIIAAU KpyTa, JJUHA OKPY)KHOCTH KOTOPOTo PaBHA AJINHE KOH-
Typa 3TOH KPUBOIi.

§ 7. Boiuncaenne od6'neMoB

1. O6'beM Teaa Mo H3BECTHBLIM NomnepedyHbIM ceyenuAm. Ecnu obbem V
Tena cymecsByer u S = S(x) [a < x < b} ecTh NNOmMALE CEUEHHUA TEJA TIJIOC-
KOCThIO, NEPIEHAUKYNAPHOHR K ocu Ox B TOUKe X, TO

b

V= I S(x) dx.

a
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2. O6'sem Tena spauennsn. O6bem Tena, 06pazoBaHHOrO BpalljleHUeM BO-
kpyr ocu Ox KpUBONMHERHOM Tpaneru

a<x<b, 0<y<yx),

rie y(x) — HenpepbIBHAA OXHO3HAYHAA (DYHKIIMA, PaBEH
b

V,=n f yi(x) dx.

B Gonee obuieM cayyae 06beM KOAbLA, 00Pa30BAHHOTO BPAI[eHHUEM BO-
kpyr ocu Ox durypsl a € x < b, y,(x) < y < yy(x), rae y,(x) u1 y,(x) — He-
pepblBHBIE HEOTPUIIATENbHbIE PYHKIIUH, PABEH

b
V=rn j [y () - % ()] de.

2456. Haiitu o6beM yepAaxKa, oCHOBaHME KOTOPOTO €CTh IPAMO-
yrOJABHUK CO CTOpOHAaMH a 1 b, BepXHee pebpo paBHO ¢, a BbICOTA
paBHa h.

2457. Haurn obneM obesricka, mapaaienbHbie OCHOBAHN A KOTO-
poro cyTh HpAMOYTOJbBHUKHU cO cTOpoHamu 4, B u a, b, a BeICOTA
paBHa h.

2458. Haiitu o6beM yceueHHOro KoHyca, OCHOBAHUS KOTOPOro
CyTh DJLIMICH ¢ onyocsamu A, B u a, b, a BeIicoTa paBHa h.

2459. Hairrn o6beM napa6osionfa BpallleHWss, OCHOBAHHE KOTO-
poro S, a BuicoTa paBHa H.

2460. ITycrs gna xkybupyemoro tena njomanb S = S(x) ero mo-
MepeUHOTO CeUeHM s, NePIeHANKYAAPHOro K ocu Ox, N3MeHsAeTCs 110
KBafpaTUIHOMY 3aKOHY:

S(x)=Ax?>+ Bx + C[a < x < 8],

raoe A, B 1 C — moCTOAHHLIE.
Hokasars, 4T0 06'b€M 3TOrO TEJNA PaBeH

= %’[S(a) + 45(%_1)) + S(b)],

roe H = b ~ a (¢popmyra Cumncona).

2461. Teno npepcraBaser co0oil MHOKecTBO Todek M(x, y, 2),
roe 0< z2< 1, npuuem 0 € x < 1, 0 < y < 1, ecsiu z palloHaNbHO, U
~1<x<0, -1 <y <0, ecnu z uppanyoHansHo. JlokasaTs, uro o6LeM
3TOro TeJjia He CYIeCTBYeT, XOTA COOTBETCTBYIONIuil HHTerpad

!5(2) dx=1.



214 PABIEJ 1V. ONPENEJIIEHHBIIL UHTETPAJI

Haiirn o6'beMbI TeJ, OrpadMueHHbIX CeNYIOIIMMY IOBEPXHOCTAMY

xZ 2_ ¢ .
2462.;1—2 +%§ —1,2—(—lx,2—0.

2463. = + ¥ 1 Z = | (onaunconp).
a bZ 2

2
[
xZ 2 22_ .
2464. = +%§ -5 =lLx=+c
2465. x* + 2% = a?, y* + 2% = a’.
2466. x2 + y* + 2% = a?, x* + y? = ax.
2467.22=b(a — x), x* + y* = ax.
2468. £ + L —1(0<z<a).
a Z

2469.x +y+22=1,x=0,y=0,2=0.
2470. x® + > + 22 + xy + yz + 2x = a®.
2471. Toxkasars, uTo o6neM Testa, 06pa3zoBaHHOTO Bpalle HUEM BO-
Kpyr ocu Oy mLaocKoit purypst
a<x<b 0<y<ylx),

rae y(x) — ogHo3HauUHAas HellpepbIBHAA (PYHKIHA, PABEH
)
V= 2njxy(x) dx.
a

Haiirn o6meMbI T, OrpaHU4YEHHBIX IIOBEPXHOCTAMMU, MOJyUYeH-
HBIMH NPH BPaujeHNH oTPe3KaMH CIEAYIOUIUX JUHUIHI:

2
2472. y = b(i)s (0 < x < a) Bokpyr ocu Ox (Heitnronxn).

2473. y = 2x — x%, y = 0: a) Bokpyr ocu Ox; 6) Bokpyr ocu Oy.
2474.y = sin x, y = 0 (0 < x < 7m): a) Bokpyr ocu Ox; 6) BOKpyr
ocu Oy.

2
2475.y = b(’é) Y= bl_’f} : a) Boxkpyr ocu Ox; 6) Boxpyr ocu Oy.
a

2476. y =%, y = 0 (0 < x +00): a) Boxpyr ocu Ox; 6) Bokpyr ocu Oy.
2477. x% + (y — b)® = a® (0 < a < b) Bokpyr ocu Ox.
2478. x? — xy + y? = a?® Bokpyr ocu Ox.

2479.y = e *Jsinx (0 < x < +00) BoKpyr ocHu Ox.

2480.x=a(t —sint), y=a(l —cos t) (0 <t < 2n), y= 0:
a) Bokpyr ocn Ox; 6) Boxpyr ocu Oy; B) BOKPYT NpAMOii ¥ = 2a.

2481. x = a sin® ¢, y = b cos® t (0 < ¢ < 2m): a) Bokpyr ocu Ox;
6) sBoxpyr ocu Oy.
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2482. 1. Haittu 06'beM Tes1a, 06pa3doBaHHOrO BpalleHueM ILJIola-
AH TIETIY KPHBOX
x=2t-t, y=4t-¢
pokpyr: a) ocu Ox; 6) ocu Oy.
2. Hokasars, uro obbem Tena, obpazoBaHHOro BpallleHHEM BO-
KpyT HOJADPHON ocu NAOCKOA QUTrypHL

0<a<o<Ba, 0<r<r(y

(¢ ¥ r — TONApHbIE KOOPAUHATHI), PaBEeH
B
Ir3(¢) sin ¢ dg.
o
Haiitu 06beMbl Te1, 06pasoBaHHBIX BpallleHNeM NJIOCKHUX Guryp,
3afaHHbIX B HOJAPHBIX KOODAUHATAX!:
2483. 1. r=a (1 + cos ¢) (0 < @ < 2m): a) BOKPYT NOJAAPHOMH OCH;
a

6) BOKPYT IPAMOHA r €OS § = "1

2. (2% + y»)? = a’(x? — y?): a) Bokpyr ocu Ox; 6) Bokpyr ocu Oy;
B) BOKPYT NpPAMOi y = X.

Yrasaunue. IlepeiiTu K NONAPHBIM KOODJAHHATAM.

2484. 1. Hafitu o6beM Tena, o6pasoBaHHOTrO BpallleHueM (Ury-
pHI, OrPaHMYEHHOM NOJYBUTKOM clupanu Apxumena

2n

V='3—

r=ap¢ (a>0;0<¢<mn),

BOKpPYT HOJSApHON OCH,
2. Haiitu o6beM Tesa, o6pa3oBaHHOro BpallleHHeM (QUryphl, Or-
paHUYeHHOW JUHUAMH:

©o=nr’, ¢=mn,

BOKPYT NOJAAPHOH oCcH.
2485. Haittu o6'beM Tena, o6pasoBasHoOIo BpallleHMeM PHUIYDBI:

a <r<a.2sin2¢

BOKpYT HOJSIPHOH OCH.

§ 8. Brruucaenue mwIoOLAAel MOBEPXHOCTEH BpalEHHUS

I rowade nosepxnocmu, o6pa3scBaHHON BpAleHUEM IJIAZKOH KPUBOH
AB Boxpyr ocu Ox, paBHA

B
p= 2nfly| ds,
A

rae ds — auddepediuai Iyru.
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Haiiry naomagu nosepxHocTeit, 06pa3oBaHHBIX BpallleHHEM Ce-
AYIOHNUX KPUBBIX:

2486.y = xA/E (0 < x < a) Bokpyr ocu Ox.
a
2487.y=a cos% (lx] < b) BoxpyT oCH Ox.

2488.y=tg x (‘0 <x< E) BOKpyT ocu Ox.

2489. y? = 2px (0 < x < x,): a) BoXpyT ocu Ox; 6) Bokpyr ocu Oy.
2490. Z—Z + %—2— =1 (0 <b < a): a) Bokpyr ocu Ox; 6) BOKpyT ocu Oy,

2491. x® + (y — b)®2 = a® (b > a) Bokpyr ocu Ox.

wWins

2 2
2492.x3 + y3 =a? Bokpyr ocu Ox.

2493.y=a chg (lx[ < b) : a) Bokpyr ocu Ox; 6) Bokpyr ocu Oy,

2494, tx = g In@F VA=Y Ja?-y? Boxpyr ocu Ox.
Yy

2495. x =a(t—sint), y=a(l —cost) (0 <t < 27m): a) BOKpPYyT
ocu Ox; 6) BoXpyr ocu Oy; B) BOKPYT IpAMOH Y = 2a.

2496. x = a cos® t, y = a sin® ¢ BOkpyr npamoii y = x.

2497.r = a (1 + cos ) BOKpYT NOJAPHON OCH.

2498. r? = a? cos 2¢: a) BOKPYT TONAPHOH oc; 6) BOKPYT OCH () =

NI

B) BOKPYT OCH () = TZt .

2499. Teno ofpasoBaHo BpaljeHMeM BOKpyr ocu Ox ¢urypsl,
orpaHMYeHHoM napabonoit ay = a? — x? u oceio Ox. Haiitu orHoue-
HHe MOBEPXHOCTH Tejia BpallleHHsA K NOBEPXHOCTH PaBHOBEIHKOIO
mapa.

2500. ®urypa, orpannuennad napabomnoit y? = 2px u npamMoit

x = 123, BpalllaeTcAd BOKPYr npaMoi y = p. Haiitn 06beM U m0oBepX-

HOCTb TeJjia BpallleHuA.

§ 9. Boiuuciaenue MOMEHTOB. KoopaMHATHI HEHTPA MAacCe

1. MomenTsl. Eciiu Ha mnockocru Oxy Macca M niorHoctu p = p(y) 3a-
IOJIHAET HEKOTOPHIA OorpaHUYeHHbIH KOHTHHYYM Q (MUHUIO, IAO0CKYIO 06-
Jacthk) ¥ 0 = w(Yy) — COOTBeTCTBYMOIIas Mepa (AnMHA AYIH, IIOILIAAL) TOH
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yacTH KOHTHHYYMa £, OPAUHATEI KOTOPO# HE IPEBLIIIAIOT Y, TO kK-M MOMEH-
moxm Macchl M orHocuTeNnbHO ocu Ox HA3BIBAETCA UMCIO

maxAy, —

M= lim S p @y dew) = [ ot dotw) (=0, 1.2, ),
i=1

Q

roe Ay, = Y~y -y 1 Aw(y) = oly) — oy, - 1)-

Kax yacTable cnyuau, nonyyaem upu k = 0 maccy M, npu k=1 — cma-
muueckuilt Momenm, NpU k = 2 — MoMeHm uHepyuu.

AHaJIOrMYHO ONPEJENAIOTCA MOMEHTHI MACChl OTHOCUTEIbHO KOOPAUHAT-
HBIX IJIOCKOCTEIl.

Ecnup =1, To COOTBETCTBYIOI M MOMEHT Ha3bIBAEGTCSH 2€0MEeMPULECKUM
(MOMEHT JUHUH, MJIOCKOH (QUTYpHI, TeJa U T. I.).

2. Henrp mace. Koopauxats! nieHTpa Mace (x4, Yy) OGHOPOAHOMH LI0CKON
¢urypsl momagu S onpegensorca no GopMyaam

3 M(ly) M(‘x)
Xo = S’ Yo = S’
x
rae M(ly) , M(1 - reoMeTpUuecKre CTATUYECKHE MOMEHTHI (hUrypHl OTHO-

cureapHo oceil Oy u Ox.

2501, 1. Haiiti cratndecKrii MOMEHT 1 MOMEHT UHEPHUU AYTH
NONYOKPYIKHOCTH pafguyca a oTHOCUTENbHO AUaMerpa, NpoXoasiie-
Io yepes KOHIILI 9TOR AyrH.

2. Hatitu craruueckuil MOMEHT Jyru napaGoJibl

y2=2px(0<x<g)

OTHOCHTENbHO IPAMOiL X = g .

2502. 1. HajiTu craTudecKuif MOMEHT 1 MOMEHT HHEPIHUHU OJHO-
PoAHoi#l TPEYroJabHOM NAaCTUHKY C OCHOBaHUEeM b 1 BBICOTOM A oTHO-
CUTENLHO ocHoBauudA (p = 1).

- x
2. Haiir MoMeHTHI nuepuu [, = My u I , =M ¥ orHOCHTEND-

HO oceit Ox u Oy napabonndecKoro cerMeHTa, OrpaHNYEHHOrO KpHU-
BBEIMH

ay=2ax-x* (@a>0) u y=0.

Yemy paBHBI paduycbl uHepyuu ry U ry, T. €. BeIUYNHBI, ONpesesse-
MBbI€ COOTHOIICHUAMHU

I,=8r.,I,=8r

rpe S — nuoujagb cermeHra?



218 PA3JEJ 1V. ONIPENEJIEHHBI MHTEI'PAJI

——

2503. HaitfTi MOMEHTHL HHEPIIUM OJHOPOAHON BIUIMIITHYECKORH
NJIACTHHKH € IOJYyOCAMH @ U b OTHOCUTEeNILHO ee INTAaBHbLIX oceit (p = 1),

2504. 1. Haiiry cTaTHYecKHil MOMEHT M MOMEHT UHEPITUH OLHO-
POAHOT0 KPYrOBOr0 KOHYCA € PagUyCcoM OCHOBAHUS I U BLICOTOH A
OTHOCHUTENbLHO ILJIOCKOCTH OCHOBAaHMA 3TOro Komyca (p = 1).

2. Ha¥itn MOMeHT HHePIIUM OQHOPOAHOTO U1apa paguyca R u mac-
cbl M oTHOCHUTEJbHO €ro JHaMeTpa. ,

2505. Noxkasars nepeyio meopemy I'yavdena: niolans HOBer-‘
HocTH, o6pasopaHHOM BpallleHMeM II0ocKoi ayru C BOKPyT He nepe-
cekamoIeil ee ocu, Mexallei B NJOCKOCTH AYrd, PaBHA JJINHe 5TOM
AYTH, YMHOXXEeHHOHN Ha JINHY OKPYKHOCTH, ONIUCHIBAeMOIl 1IeHTPOM
macc gyru C.

2506. Hoxasars emopyio meopemy I'yavdena: obbem rena, obpa-
30BAHHOT'O BpallleHNeM IJIOCKOH (urypsl S BOKPYr He IepeceKaio-
el ee OCHU, PACIOJIOXKEHHOH B IJIOCKOCTH (PUTryphHI, PABEH MIPOU3Be-
JeHUIO IJolafu S Ha AJIMHY OKPYXKHOCTH, ONUCHIBAEMON 1IEHTPOM
Macc aToi (hUrypsi.

2507. OnpefenliTh KOOPAMHATHI I[EHTPA MacC KpPYropoil Zyru:
x=acos ¢, y=asin¢ (¢ <a < n).

2508. OnpenenuTs KOOPAUHATHI LEHTpPa Mace 00xacTu, orpaHu-
ueHHOU mapabonamu ax = y2, ay = x% (a > 0).

2509. OnpegenuTs KOOPAMHATH HEeHTpa Mace obnacru

Z_: +bL:’ <1 (0<x<a, 0<y<b).

2510. OnpegenuTs HEHTP MAacC ORHOPOAHOTO TIOAYIIApa Pafuyca a.

2511. Onpegenuts KoopAnHATH 1eHTpa Mace C (@, ry) Ayru OP
smorapuMudeckoii cnupanu r = ae™ (m > 0) or Touxku 0 (-0, 0) go
touxku P (¢, r). Kakyio kpuByio onucsiBaer Touxka C IpH ABUMKEHUN
Touxkn P?

2512. OnpexenuTs KOOPAWHATHI HEHTPA Macc 00JacTH, oTpaHK-
YeHHON KpuBo#l r= a (1 + cos ¢).

2513. OnpepmennTh KOOPAUHATH IeHTPa Mace o6JacTH, orpaHu-
YeHHOI nepBoil apKOM MUKJIouABL X = a (t ~sin t), y=a (1 — cos t)
(0 €t < 2m) u ocsio Ox.

2514. OnpenennuTh KOOPAMHATHL IIEHTPa Mace Tenaa, o6padoBaH-
Horo BpalieHuem nnomanu 0 < x < a; y? < 2px Boxpyr ocu Ox.

2515. OnpefenuTh KOOPAMHATHL IeHTpPa MacC MHoaychepsl
2+ y*+ 22 =a? (2 > 0).
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§ 10. 3agaun u3 MeXaHUKU U (PU3HKH

CocraBasa COOTBETCTBYIOIHE HMHTerpajibHble CYMMbI U HaXons
yux IPefenbl, PellnTh CAeAyIoulie 3afadmn:

2516. OnpenenuTb Macey CTepKHaA AauHbI [ = 10 M, ecau nuHeil-
pad IJIOTHOCTh CTEP)KHA MeHsAeTcs mo 3akony & = 6 + 0,3x (kr/m),
rie X — PaccTogHNeE OT OJAHOTO U3 KOHIIOB CTEPIXKHA.

2517. Kaxymo paboTy Hazfo 3aTpaTHTL, YTOObI TeJI0 MAaCChl 1 MOJ-
HATH C IOBEPXHOCTH 3eMJd, paanyc Kotopoit R, Ha Beicory h? Yemy
paBHa ara pabora, ecau Teno yAaxsgercsa B 6eCKOHeUHOCTH?

2518. Kakyio pabory Hajgo 3aTpaTHTb, 4TOGLL PACTAHYTH yIpy-
rywo npyxxuny ua 10 cm, ecnu cuna B 1 H pacrarusaer sty npyxuny
ga 1 cm?

Y xasaunue. Hcnoab3osars 3axkod I'yka.

2519. Hunnupap guamerpa 20 cM 1 gauHbI 80 ¢M 3a110/IHEeH IapoM
nox aasnenueMm 10 ITa. Yemy paBua pabora mapa npu yMeHbIIIeHUN
ero ob’bema B ABA Dasa, €CJH TEeMIePATypa Iapa ocTaeTcs HOCTOAH-
HO?

2520. Oupenenurs CUIY JaBJI€HHU S BOJAbl HA BEDTUKAJbLHYIO CTEH-
Ky, uMelollyio ¢opMy HOJNyKpyra paguyca a, ZuaMeTp KOTOPOro Ha-
XONUTCS HA TIOBEPXHOCTH BOALI.

2521. OnpegenuTs CUIy 4aBJACHUS BOJABI HA BEPTHKAJIBHYIO CTEH-
Ky, HMelollyl0 (opMy TpanellMd, HH)XHee OCHOBaHHE KOTOPOH
a =10 M, BepxHee b = 6 M U BricoTa h = 5 M, €C/I yPOBeHb IIOrpPy-
JKeHUSA HHUXKHero ocHoBaHnsa ¢ = 20 M.

CoctraBnaa aguddepeHnualbHble YpaBHEHNsA, PEUIUTH CIAeAVIO-
IMe 3ajadi.
2522, CKopoCcTb TOUKH MEHSIeTCS 0 3aKOHY

v = v, + at.

Kaxkoit nyTs npoitfer aTa Touka 3a npoMeXyTok Bpemenu [0, T]?

2523. OpHoponublil ap pagnyca R M INJIOTHOCTH O Bpanjaercs
BOKPYT CBOEro ZUaMerpa ¢ yriaoBoil cKopocThio . Onpemenurs Ku-
HETHYEeCKYIO DHePruio 11apa.

2524. C kakoiil cunoil marepuaibHas GecKkoHeUHad npAMas I0-
CTOAHHON JIMHeHHON IJIOTHOCTH |, IPUTArMBaeT MaTepHaJIbHYIO
TOYKY MAaCChI 111, HAXOAALIYIOCA HA PACCTOAHUHA @ OT 3TOH MpAMOHA?

2525. Onpegenits, € Kaxkod cwioil Kpyrjad HJacTHHKa pa-
AUyCa @ U MOCTOSAHHOR NOBEPXHOCTHOH IJIOTHOCTH 8 NPUTArHBAET
MaTepHANIbHYI0 TOUKY P Macchl m, HaXOAAUIYIOCS Ha HePHeHJHKY-
Jsipe K MJIOCKOCTH IJIACTUHKU, IPOXORAIIEM Yeped ee HeHTP @, Ha
KparuailitneM paccroaunu PQ, pasHom b.
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2526. Cornacuo 3akony ToppHuessin CKOPOCThb MCTEYECHUA KUy~
KOCTH u3 COCyZa paBHa
v=-c.2gh,

raoe g — yckopeHue cBo60HOT0 HafeHusi, I — BBICOTA YPOBHA XKUJ-
KoCTH Haj orBepcrieM u ¢ = 0,6 — ONbITHBII Ko3dduIlueHT.

3a Kakoe BpeMdA ONOPOXKHUTCA HANOJHEHHAs ROBEPXY BepTH-
KanpHafd IMANHApHUYeckas Oouka guamerpa D= 1M ¥ BbICOTOH
H = 2 M uepes Kpyrjoe oTBepcrue B lHe O0OUKU, €CIHM AUaMeTp OT-
Bepctua d = 1 em?

2527. Kakyio GopMy HOJMKeH UMeTh COCY [, IpeICTaBId0IHI co-
Goii Teso BpalieHuA, YTobb MOHMIKEHNE YPOBHA KULKOCTHU IIPU UC-
TeYeHHNN OLIJI0O PABHOMEPHEBIM?

2528. CxopocTs pacnaia paiia B Ka)(bIll MOMEHT BpeMeH! IIpo-
IOpIMOHANbHA ero HaJuUHOMY KojuuecTBy. HaiiTi 3axoH pacmaga
pazus, ecau B HauadbHbII MoMeHT ¢ = 0 UMeIoch KOJMINYeCTBO Pafgns
@, a uepes BpeMa I = 1600 seT ero KOIMIEeCTBO YMEHBIIUTCA B ABA
pasa.

2529. Jlna mpoliecca BTOPOro MOPANKA CKOPOCTh XUMHUECKOH
peaKIlny, iepeBoasaliell BeimecTBO A B BelllecTBO B, IponopioHaNtnb-
Ha I POM3BeAeH IO KOHIIeHTPAI[NH 3THX BenjecTB. KaKkoil mpolieHT Belre-
crBa B Oynmer comep)Kkarhca B cocye depesd t = 1w, ecau upu t =0
umenoch 20% BemsectBa B, a ipu ¢t = 15 muu ero crago 80% ?

2530. Cornacuo 3axony [I'yka oTHocuTenbHOe YAJUHEeHUe €
CTEPKHA TPOIOPIMIOHANBHO HATIPAMKEHUIO CUJIBI O B COOTBETCTBYIO-
o
E

Onpefenurs yIAJHNHEHHE TAMKEIOTO CTEPKHA KOHUYEeCKOoH ¢op-
MBI, YKPEIJIeHHOro OCHOBaHHEM B 06pallieH HOro BepIINnHON BHU3, ec-
M pajguAyc ocHoBaHuA paseH R, Beicora KoHyca H u nioTHOCTS p.

11eM NOIIepPeYHOM CeueHUH, T. €. € = —, rae £ — mopyas IOura.

§ 11. IIpunéan:kenHoe BHIMUCIECHHUE ONPENeICHHBIX UHTErPAJIOB
1. dopmyna npamMoyroibHUKoB. Ecau dysRuua y = y(x) HenpepriBHA
u guddepeHupyeMa 4OCTaTOYHOE YHCJI0 Pa3 Ha KOHeYHOM cermente [a, b}
uh= Q)_Ta2,x,-=a+ ih({i=0,1,..,n)y=y(x) o
b
[v@ax=rw i+ v+ B,

a

rae

R,= L=y @<e<b).
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2. ®opmyaa tpanenmit. IIpu rex sxe 0603HAUEHUAX UMeeM
b

J‘y(x)dx=h(5i‘%ﬂ +y1+yz+---+y,.-1) + R,,
a
rge
R

b“ ,Z 144 ’ ’
==y @<,
3. [lapaGomuueckas popmyna (popmyaa Cumncona). Ilonaraa n = 2k,
oJy4uM
b
j y) de = B[ (Uo + Yo+ 41 + Y+ o+ yo) +

a

+ 20y, +y, + ... +y2,€_2} + R,

rage

— _!b“‘a)’l“fl\/(&/r) (a< &rr < b)-

R
" 180

2531. IIpumensaa bopMyJly IpaAMOYronbHUKOB (n = 12), npubau-

JKeHHO BBIYUCIUTD
2n

Ixsinxdx

0
" pe3yabTaT ¢cPAaBHUTH C TOYHBLIM OTBETOM.

C noMopio (pOpMyJIbl TPanenui BEIYMCINTD MHTErPaJibl U Olle-
HUTb UX MOTPEUIHOCTH, eCJIU:
1

1

3
2534.I ,I—isinzxdx (n = 6).
0

C nomMompio popMyiisl CHMIICOHA BBIYUCINTL MHTEIDAJIBL:

1
2532. J‘ dx_ (= 8). 2533. J‘ dX_ (p=12).
+x 1+ x"
0 0

n

9
2535. I Jx dx  (n=4). 2536. I J3 1 cosxd (n=6).
1

0

1

5
sinx - xdx -
2537.J‘ S0F Gy (n=10). 2538.J‘ et (n=6).
0 0
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2539. Ilpunumasa n = 10, suruncnuts koHcmanmy Kamananag

1
G= I MC;? X dx.

2540. ITonnayacs GopMmysnon

BHIUMCINTD YUCI0 T ¢ TOYHOCTHIO Ko 1073,
1

2541, BaruucauTs f e** dx ¢ Tounocrsio 10 0,001.

0
1

2542. BEIYUCIUTD j (e*-1) lnj—lc dx ¢ TouHOCTBIO KO 1074,

0
2543. BRIYMCINTS ¢ TOUHOCTBIO 10 0,001 uHTErpasN BepoaTHOCTEH

+ 00

J. e~ dx.

0

2544. pn6aunKeHHO HAUTH NJINHY 3JUIKIICA, TIOJYOCH KOTOPOIo
a=10ub=6.
2545. IlocTpouTs o ToukaM rpaduk GyHKIINY

jTt x<21t),
[i]

npuHas Ax = /3.



PABIEJ V

PSIBI

§ 1. Yucanossie pansl. IIpu3HaKH CXOMUMOCTH
3HAKOIMNMOCTOAHHBIX pSIJIOB

1. O6mne noHaTUHs, YucaoBoil paj

o0
al+az+...+a,,+...=Z:a,l 1)

n=1
HaablBaeTcAa cxo@;zu;umc;z, €CJI cyliecTByer KOHEeYHBIH nupepen

lim S, =S (cymma pada),

rge S, = a; + a, + ... + a,. B npoTuBHOM ciayuae paz (1) HagpiBaeTcA pacxo-
oaujumea.

2. Kpurepnii Komn. [Ina cxogumoctu paga (1) HeoOxoguMo u jocTaroy-
HO, uTo6BI 411 Jioboro € > ( cywecrBoBasio yuciao N = N(g) Trakoe, 4To Ipu
n>Nup>0(nup— HarypaJbHble Yncia) ObLIO BBINOJHEHO HEPABEHCTBO
n+p

S e

i=n+1

|Sn+p_snl= < E.

B uactHoCTH, eCNU paAj CXOAUTCA, TO

lim a,=0.

- 00
3. IIpU3HaKH CXOXUMOCTH
ITpusnax cpasuenus I. Ilycrs kpoMe paga (1), umeem pajg
by+by+ .. +b, + ... 2)
Ecnu npu n 2 ny BbIIONIHEHO HEPABEHCTBO
0<a,<b,
To: 1) 13 cxogUMOCTH psaja (2) caenyer cxoauMocTb pazga (1); 2) ua pacxo-
auMocTH psazaa (1) ciegyer pacxoauMocTs paaa (2).
B uacruocTH, ecnu a, ~ b, Ipu n — 00, TO PAABI C 3HAKOIOJIOMXKHTEb-
HeIMH wienamy (1) u (2) cxogATca WK pacXogATCA OAHOBPEMEHHO.
ITpusnax cpasnenus II. Ecnu
1)\
o= 04(3)

To a) npu p > 1 pax (1) exoaurcsa u 6) npu p < 1 pacxoaurca.

Y 3uauenune cumBona O cm: pasgen I, § 6, n.1.
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Ipusnax Jarambepa. Ecnna,>0(n=1,2,..)un

a
lim -2 =g,
n—oo Q. q
to a) npu ¢ < 1 paxa (1) cxoaurca u 6) npu ¢ > 1 pacxoaurca.
Ipusnax Kowu.Ecnna,>0(n=1,2,..)u

lim 2z, =q,

n— oo

to a) npu ¢ < 1 pax (1) cxopgurca u 6) npu ¢ > 1 pacxoaurcs.
Ipusnakx Paa6e. Ecnua,>0(n=1,2,...)n

. a
lim n( L —1)=
n-—> o a’n+1

o a) npu p > 1 pax (1) cxogutea u 6) npu p < 1 pacxogurca.
Hpusnax I'aycca.Ecnuna,>0(n=1,2,...)u

a

o=+ By
Apyt n

rae]0,l <Cue>0, 10: a)mpuA> 1 pax (1) cxogurea; 6) npu A < 1 pag pacxo-
gutca; B) npu A = 1 pax (1) cxopures, ecnu P > 1, u pacxoguTtes, ecau < 1.

Humezpanvnuiii npusnakx Kowu. Ecau f(x) (x > 0) — neorpunareabHad
HeBo3pacTauas QyHKUUsA, TO PAj

)
n=1

CXOAUTCA UJIH pAcCXOoauTCA OAHOBPEMEHHO C HHTErpaJoM

J. f(x) dx.
1

JTokasaTh HeNOCPeJCTBEHHO CXOAMMOCTH CIEHYIOUIUX PAJOB H
HAHTH UX CYMMBIL:

2546.1 - §+}1_%+ +£__2_1n¥1:+
2547-(% +§) +(§1§ +§15) +'“+(§1‘; +%)+_“.
2548% 53—+%+...+2;;‘+”

o550 L+ 1 4+ 4 ]

+ it —
1. 4 4.7 3n-2)(3n+1) +
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2551. a) q sin o. + ¢? sin 2 + ... + ¢" sin na + ...;
6) q cos o + g% cos 20 + ... + " cos no. + ... (|g| < 1).

2552. i (Jn+2-2Jn+1 + Jn).

n=1

o
2553. UccnemoBaTh CXOAUMOCTE pAna Z sin nx.
n=1
Yrkaszauue. Ilokasars, uto npu x # kN (k — neJioe) HEBO3MOXKHO,
yrobbl 8in nx — 0 npu n — ool

o
2554. [ToxkasaTh, 4TO ecJu PAX z a, CXOmUTCA, TO DAL
n=1
Ppoy~ 1

i An’ rae Au= Z a; (pl= 1’ p1<p2< "')’

n=1 i=p,

DOJIY4YeHHBIH B pe3dyJibTaTe IPYNIUPOBKM YJIeHOB JaHHOTO pApna 6es
HapyluIeHus MOpAZKA UX CIefloBaHUA, TaKXKe CXOAUTCA U UMeeT Ty
e cymmy. O6paTHOe HEBepHO; NPUBECTH MpUMeD.
o
2555, JlokasaTs, YTO €CJU YAeHBI PAJA z a, TOJIOXUTENBHBI U

n=1
o

pan Z A,, IONYy4YeHHBIH B pe3yjbTaTe TPYNIUPOBKH YJIEHOB 3TOTO

n=1 o
pAaga, cxoguTcd, TO JaHHBLIN PAJ TaKXXe CXOONTCA.

HcenepoBaTsh CXOAUMOCTD PALOB:
2556.1-1+1-1+1—-1+....
2557. 0,001 + /0,001 + 3/0,001 + ....

o58. L + L L 1,

1 5 5 n!
2559.1+%+é+%+...+2n1_1 + o
2560. 10101 * 20101 * 30101 +‘“+T6"0'()ITIT *
2561.1+§ +§ Pt o
2562.1+§15+513+...+(—§n—1_1—)2

1 1 1 1
2563'7—5+57§+§:/_1+"'+nm + ...
2564, —1— + 1

Lo+ 1 +.
Jisa J35 Jen-1)(2n+ 1)
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——

2565. okasaTrs, 4TOo pAX uucesa, oOpaTHHIX YjJeHaM apudmeTn-
YeCKOM IIPOrpeccuy, PacXOAUTCH.

2566. Joka3aThb, 4TO €CJIH DAL Z a,(A)u Z b, (B) cxonsaTca

n=1 n=1

o
na,<c,<b,(n=1,2,..), T0Dpax z ¢, (C) rakoxe cxogurcsa. Uro
n=1
MOJKHO CKasaTb 0 cxogumocTy paza (C), eciu panst (A) u (B) pacxo-
narca?
2567. IlycTp JaHB! ABa pacxofdaluxcsa paxa
o o0
z a, u z b,
n=1 n=1
¢ HeOTpUIlATeJbHBIMH UJIeHAMH.
YT0 MOKHO CKa3aTh O CXOAUMOCTH pAJIOB:

a) i min(a,, b,) u 0) i mazx(a,, b,)?

n=1 n=1

2568. JTokasaTh, YTO eCJIU PAX Z a, (a 2 0) cxopurcsa, TO pan

n=1

o0
2
Z a, TaKXe CXOauTcd. O6paTHoe YTBEepXXKAeHHne HeBepHO; IpuBec-
n=1
TH IIpAMEPHL.

o0 o0
2569. [IokaaaTh, YTO €CIU PAJALI Z a,zl u z bi cxonarcs, To
n=1 n=1
CXOmATCH, TAKXKe PAIBI
o0 o o
S b Y (@b Y L
n=1 n=1 n=1

2570. TokasaTs, 4TO eClIu

lim na,=a # 0,

n— oo
o0
TO paf z a, pacXomuTcA.

n=1
0

2571. JlokazaTn, 4TO €CJIH pAL z a, C TOJOKUTEJILHBIMHU U MO-
n=1
HOTOHHO YOBIBAIOUIMMU YIeHAMH CXOAUTCA, TO

lim na,=0.
» n— oo
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oC
2572. SIBnsierca U CXOoAIIUMCSA PAX z a,, eciau
n=1

lim (@, +a,,p+... +a,,,)=0

n— oo
npup=1, 2,3, ...?

Ilonnsysace Kpurepuem Komim, noxasaTs CXOZUMOCTL CleLylo-
MUX PAAOB:

4 An
2573. a, + TECRET TR (a,| < 10).

sinx , sin2x sinnx
L 2 4+
2574 5 5 ar
2575. 1. Cosx_1C052x + COSZ"ECOS&C oL

o+ cosnx—cos(n+1)x + ..

n
COSX cosx2 cosx”®
2- ? + _2‘2—“ + e + _'_'2"— + e
YkasaHnue. Ucnonv3oBars HEpaBEHCTBO
1 1 1 1
—_ < ——— = -=(n=2,3,..).
nt n(n-1) n-1 n ( ve)

Ilonbaysacs kpurepuem Koiu, A0Ka3aTh pacXoauMMOCTh CJeLyI0-
IIUX PAJOB:

2576.1+%+ SR R

[Ve R
+
t+ 3=

[0 Feald

+

2577.a)1+%— o

1
6

Q=
N

6) —— + L o —L .
AN1-2 J2-3 Jn(n+1)

Ilonnsysdck, npu3HakaMu cpaBHeHuA, Hanambepa niau Komru, uc-
CNe/l0BaTh CXOQUMOCTEL PAJNOB:

2578. 1‘;(!’0 + 1020!02 + 1039!03 4ot 10’?!0" +o
2579.&2!!12 +%ﬁ+...+%§ +

2580.1?’-+§2-é +§-§+...+:——i+....

2581. a) 2'11’ + 222'22’ + 233'33! +o 2":'“ + o

3.1 32.2! 33 . 3! 3nn!
+ + Foaot+ = +...
%) 1 22 33 n"
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o5g2, (107 4 (2% @Y, o, (e,
2 24 29 on?

1000 , 1000-1001 1000 - 1001 - 1602 ,

1 1-3 1-3:5
+4-7_‘_4-7-10
2- 2.-6-10

2585.2) 3" (42 ~ WE)(JZ - ¥2) ... (JE - B,

n=1

2583.

+ ...

2584.

DO

l, ecm n = m?,

oo n
6) > a,rme a, =4 4

no1 ,ecrmn;tm

{(m — HaTYypaJbHOE YUCJIIO);
2
B) Z H __ sin?ka
1+ x2+ cos?ka
n+ l

2586. 3" —_.  2587T. Z( In)" 2588. Z
i n

n=1 (2nz+n+1)T
o __ln(n-l).
B)"ZZ (Z+1) ’
) J2+N2- 2+ 22+ 2+A/2—«/2+~/2+ 2 +....

Vikasaunue. 2 =2cos§.

"A/ Inn

2590. [TokasaTh, YTO €CIaH

lim = Znet

=q(a,>0),

T0 @, = 0(q}), TAe q; > q.
(s ]
2591.1. IIycTs AJia 9ieHOB 3HAKOMOJJIOMUTEJIBHOTO paja Z a,
n=1
(a, > 0) BBINTOJTHEHO HEePaBEHCTBO
et <5< >
p \‘ p opu n Z ng.

n
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JoxasaTs, 4TO AJIA OoCcTaTKa paja
Rn= A, 4 +an+2 + ...
UMeeT MeCTO OIIeHKa

n-ng+l

R, < a , eCIM n 2 n,.

"o 1-p

2. HaiiTu, CKOJBbKO 4JIE€HOB psaja

i ((2n)!112
’
L (4n)!
rae (2n)ll =2+ 4...2n, 1oCcTATOYHO B3ATh, UTOGHI COOTBETCTBYIOIAA YaC-
THYHAA CYMMa S, OTJIMYaIach OT CYMMBI pAa S MeHblIe, yeM Ha € = 1075,
2592. lokasaThb, 4TO €CIU
m 222l =g<1 (g,>0),
n-—co a"
o0
TO PALX z a, CXonuTCA.
n=1
OOpaTHoe yTBep>XJieHUe HeBepHO. PaccMoTpeTs npumep

Ll b1, 1

N T
2 3 "2z 3z 28 33

2593. lloxkazarh, 4TO €CJH IJIA PAAA Z a, (a, > 0) cymecrByer

n=1

lim 22t =g (A)
n-— oo a,,

TO CYIeCTBYeT TaK)Ke
lim 4a, =gq. (B)

n—

Ob6paTHOe yTBepKJeHNe HeBepHO: eCJIU CylecTByeT npexae (B),
TO mpenera (A) MoXkeTr ¥ He CylleCTBOBATH. PaccMoTpeTs npuMep

> e

n=1
2594. fokasars, 4TO €CJH

lim %/, =q (a,>0),

n— oo

TO: a) npu ¢ < 1 pax Z a, cxopurcd; 0) npu g > 1 aToT paj pacxo-

n=1

aurcsa (0606uiennolii npusnax Kouwu).
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HccnenoBars CXOAUMOCTD PANOB:
21T

- o ACOoSs
2595. 5 2+ 2596.
nzl 2 nz:ll
o M. 1 2n-Inn
. §: HLESCIN, o S (Lo

ITonnsysachk npusHakamu Paabe u I'aycca, uccienoBath cxomu-
MOCTD CJIEAYIOIIUX DANOB:

298, (3] + (53 + () +

a , a(a+d) , a(a+d)(a+2d) > N
2599. 5 + b(b+ d) + b(b+d)(b+ 2d) +... (a>0,6>0,d>0).

2600, 3 e 2601. S J/nl .
,; nere 2 (24 J1)(2+ 42)...(2+ Jn)
- n'n?

2602. Z TG (g > 0).

2603. Z pp+1).. Q+n 1) .

n=1

n'l

— [(1:3-5..(2n-1))F . 1
2604'2[ 2.4.6...(';n) 1 nt’

n=

00

pp+1).. (p+n—-1)1°"
2605. Z [q(q+1)...(q+n-1)] (>0, q>0).

2606. JokazaTrh, 4YTO e€CJM [AJA 3HAKOMOJOXHUTEILHOTO psia

o0
Z a, (a,> 0) 1pu n — ©O BLIMOJHEHO YCJIOBUE

n=1

& =142 +o(1)
an+l

a, =0( 1 ),
ne-

rae € > 0 nIpou3BONBLHO Majo; npudem, ecau p >0, To a, | 0 npu
n — 0o, T.e.a,Npu n > Ny, MOHOTOHHO YOLIBasA, CTPEMUTCA K HY-

TO

JI10, KOrgia n — oo,
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Onpefenus NOPAAOK yORIBaHMSA 00Iero WieHa a,, UCCAELOBATH

o0

CXOAUMOCTD 33JaHHOr0 PAAa Z a,, eciu:
n=1

nP+a,nP-l+ ... +a

= £ q q-1
2607. a, TP rae n? + byn +...+45,>0.
2608.a, = ~sin’®.
ne n

i

2609.a, = (J(n+ 1) - J?z)ﬂln%;—} (n>1).
2610. a, = In*? (sec EJ .
n

2611. o, ~log,q( 1 + %) @> 0, b> 0).

. 1"
2612.a, = [e (1 + ,-1) ] :
2613.3) a, = 1k ; 6)a,=

1

n +lnn
2614. [loxkasaTs npusnax Mlam3: 3HAKONOJOKUTEJIbHBIN DAJ

S

o0
Z a, (a, > 0) cxoguTca, eCIu

n=1
(1~ 1/a,) L > p>1mnpun>n,,
Inn
¥ pacXoauTcHd, ecau

(1—%7")%1 < 1 npu n> n,.

2615. [TokasaTs, YTO PAA Z a,(a, > 0) cxoaurcd, eCJIU cyliecT-

n=1

ln-l-

a
Byer o, > 0 Takoe, 4TO I 2 > 1+ onpun 2 ny, 1 pacxoJUuTcd, ecnu
nn

lni

a,

< 1 npu n > ny (1ozapugmuneckuii npusnar).

Inn

HccenoBaTh CXOAUMOCTD PALOB C OBI{AM WIEHOM:
2616.a, = n'"* (x > 0).

_ 1
26170, = e (1> 1),
2618.a,= — (n> 1).

(lnn)lnlnn
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ITonb3ysAck MHTErpadbHLIM IIpu3HakoM Komu, ucciefoBaTth Cxo-
JAHEMOCTh PAAOB C OGIIUM UJEHOM:

1 1

2619.a) a, = TTnen (n>1); 6)a, = Wn_)q (n>2).
2620. UccrnenoBaTh CXOAUMOCTb DA#A:
— In2-1n3..In(n+1) > 0)-
a) ’;1 mETp) . m(ip) nmiisp £

o0
0) Z ﬁn%) , 'ie v(n) — uncno mudp Yucia n;

n=1

— 1
B) ’;2 In(n))

2621. IIycts A, (n= 1, 2, ...) — MoclefoBaTeJbHLIE TOJOMKH-
TeJIbHBIE KOPHHN YDPABHEHMA
tgx=x.

HcecnenoBaTh CXOAUMOCTDL pAfa

o0

-2
An

o0
2622. [JoxkasaTs, 4TO PAS Z @, C OO UTEIbHEIMA MOHOTOHHO
n=1
y6LIBAIOIM MY UIEHAMH CXOAMTCA MM PACXOAUTCA OLHOBDPEMEHHO

o0
¢ pAfoOM Z 2"a,,.
n=10
2623. ITycts f(x) — HOJOKUTEIbHAA MOHOTOHHO HEBO3PACTAIO-

oo

masa yHrnua. [JokasaTs, YTO €CAH PAX Z f(n) cxonutes, To pas
n=1
OCTaTKa ero

B,= S k)

k=n+1
CIipaBenJinBa OLIE€HKa

+00

J flx)ydx <R, < f(n+1)+ J' f(x) dx.

n+1l n+1l

oo
Ilonbaysdch 3TUM, HaliTH cyMMY pPALa Z ls ¢ TounocTbo o 0,01.
n

n=1
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2624. [Toxasats npusnax Epmarosa: ecin f(x) — TOM0KUTENb-
Had MOHOTOHHO yOhIBaIOIIAA QYHKIUA K

lim exfer) — ,
x—oo  f(x)

TO PAL Z f(n) cxogurea npu A < 1 u pacxoaurca npu A > 1.

n=1
o0

2625. Torkasatsb npusnak Jlobaueackozo: pan Z a, C TOJIOXKH-
n=1
TEJLHBIMM MOHOTOHHO CTPEMAIMMNCA K HYJIO WIEHAMH CXOLHUTCA
HJIN PACXOAUTCA OKHOBPEMEHHO C PALOM

3 Pm 277,

rae p,, — HauOOJbIINH HOMED YJIEHOB d,, YAOBJETBOPAOMIUX HEpa-
BEHCTBY
a,>2™"™ (n=1,2,..,p,):

HcenenosaTs CXOAUMOCTD CJAENYIOHIMX PANOB:

2626. " ———————szr; Jn-2 2627. 3" (Jn+a —4n*+n+b).
n=2 n=1
- i _ s nmn - 1 n+1
2628. zl (ctg4n_2 sin 2Ml).zezg. 21 (ﬁ In: )
2630. Y 2. 2631. 3 e,
n=1 n=1
o0 o 1
2632. Z nie-n. 2633. Z (n"*+1 — 1),
n=1 n=1
00 alnn+b oo
2634. 3 econrd, 2635. S .
n=1 n=1 1n2(sin—)
e a n3 [} Ch%
2636. cos =| . 2637. In
Ilzl ( n) nz=:3 COSE
n
- n! o ninn
2638. 3, 2. 2639. Y, gt

1 1
1 2

2640. [aﬁ ~ b";””] (@>0,b>0,c>0).




234 PA3AEJ V. PAMB]

2641. i (nn" - 1).

n=1

2642. f [1n ;1- ~1In (sin ;1-)]

n=1
2643. Z q-(bInn+cin?n) (a> 0)

n-'l

nan
2644. 2 I (a>0,b>0).

+b(n+ b)n+a

8

n-l
[(n+1)!]?
2645.’; —i—(z%),

HccnenoBaTh CXOQUMOCTDL PALOB Z U, CO CAeRAYIONUMH O0IIH-

MU 4JIeHAMH: n=1
1
2646' u,= J‘ i/it.lxi . 2647. u,= —_— 1 .
° J“A/l + xtdx
(n+1)n n+1
2648. u, = j S": d 2649. u, = J' e~ dx.
2650. un:J'de_ 2651, u, = L4214 .enl
l+x (271)!
0

2652. u, = E=—.

3aMeHHB IIOCJAeNOBATENBHOCTH X, (n = 1, 2, ...) COOTBETCTBYIO-
LUMH PAJAMH, MCCIELOBATb CXOAHNMOCTL HX B pAje:

1 1

2653.x, =1+ = + ...+ — - 2./n.
J2 Jn

2654. x, = ‘“—k-k—ﬂ%f.

k=
2655. CKOIbKO IPUMEPHO HAZLO B3ATH YJIEHOB PAAA, YTOOLI HAHTH
€ro CyMMy ¢ TOUHOCTBIO Ko 1073, econ:

- 1. - 2" . - 1
a) 3 nz’ ©) ,IZI (n+ 1)’ B) n; (2n—1)!?

n=1
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§ 2. Ilpusnaxu CXODUMOCTH 3HAKOIIEPEMEHHBLIX PAIOB

1. AGCONIOTHAA CXOAUMOCTL pana. Pax

> e, ¢Y;

n=1

HAa3BIBAETCA A6CONIOMHO CXO0AUUMUCA, €CAN CXOAUTCA DAL

D . 2

n=1
B stom cayuae psaz (1) raxsxe cxopurcs. Cymma aGCONIOTHO CXOAAIErOCH
pAAa He 3ABUCHT OT IIOPAAKA CJlaraeMbiX.

Jus onpegesenus aGcoutoTHo# cxogumoctu paxa (1) gocratouHo mpH-
MEHUTH K DARY (2) H3BeCTHBIE IPU3HAKHN CXOANMOCTH JJ1d 3HAKOIIOCTOAHHBIX
pAROB.

Ecau pag (1) cxoaures, a pax (2) pacxozgurces, To pax (1) HassiBaerca
ycao6Ho (He abconomuo) cxodaujumca. CyMMy yClI0BHO CXORAINErocsa pAja
IIyTeM IEPECTAHOBKHU CJIATAeMBIX MOXKHO cjiejaTh paBHoii no6omy uucay
(meopema Pumana).

2. IIpuanak Jeit6uuna. 3HakouepeayOUINicA DAK

by—by+by—by+...+(-1y"1p, + ...
(b, > 0) cxoputca (Boo6le rosopd, He abconoTHO), ecau: a) b, 2 b, ,
(n=1,2,..)u 6) lim b, = 0. B aToM cayuae gnda ocraTka pAia
n— oo

Ry= (=10, .y + (1" * b, + ..
YIMeeM OLEHKY
R,=(-1)"0,b,,,(0<6<1).
3. llpusnak AGens. Pax

ab, (3)

cxoauTcs, ecau: 1) panx Z a, cxoaurcd; 2) uucna b, (n =1, 2, ...) o6pasyor
n=1
MOHOTOHHYIO ¥ OFPAHNUYEHHYIO NOCAE€XOBATENBHOCTE.

[eo]

4. llpnsnax Oupuxae. Paa (3) cxomurca, ecau: 1) cymmar A, = Zal
i=1

OrpaHHYeHBl B COBOKYITHOCTH; 2) b, MOHOTOHHO CTPEMUTCA X HYJIIO Ipu 12 — 00,

2656. loxkasaTb, UTO 4JeHBl He abCOJIIOTHO cCXOoAAleroca psaja
MOX{HO 06€e3 IepeCTaHOBKH CrpyNIIHPOBATh TaK, YTO [OJYyUeHHbIH HO-
BBIH paAx 6yaeT abCOMOTHO CXONALIUMCH.
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feu)
2657. Jlokasatb, UTO paj Z a, ABAACTCA CXOAAIIMNMCHA, €CTH Bhi-
n=1
IIOJIHEHBI YCJIOBHUA: a) OBIIMH 4JIeH 9TOTOo pANa a, CTPEMHUTCA K HYII0
o0
npu n — 0°; 0) pan ZA,,, TIOJIYYEHHBIH B pe3yJabTaTe MPYINUPOBKHA
n=1
YJIGHOB JAHHOTO pAfa 6e3 HAPYIIEHUS UX [TOPARKA, CXOAUTCS; B) YHCIO
Lo~ 1
cJlaraeMbIX @;, BXOJAINX B UJieH A, = Z a;(1=p, <py;<..),
i=p,
OrpaHHUEHo.
2658. [loka3aTh, YTO CYMMa CXOAAIErocsa pdja He U3MeHHUTCH,
€CJIM YJIEHbI BTOr'0 PAAA MEPECTaBUThL TAK, UTO HU OOWH M3 HHUX He
VAaJIAeTCA OT CBOETO IPeXXHETo NoM0XKeHNA OobIe ueM Ha 171 MEeCT,

rge m — HEKOTOpO€ 3apaHee 3a4aHHOE UNCJO.

JloKkas3aTh CXOAUMOCTD CJAEAYION[MX DAKOB M HAUTH MX CYMMBI:

3.5 _71
2659. 1 - 2 -0y
659.1- > + 2 - 2
1_1.,1,1_1
A+ -2+l Loy
2660 2 4 8 16 32
1,1 _1_,.1_1
R T T S
2661.1- 5 + 2 -2+ -2+

Yrxasauue. I[Ipumenurs Qopmyay 1 + % +..+==C+Inn+eg,

e

rae C — nocrogHHasa Jitnepa 1 lim ¢, = 0.
n-s o

[ee)
— n+l -
2662. 3uasa, uro z (D ASa FY 2, HaliTH CYMMbI PALOB, IOJY-
n
n=1
YEHHBIX W3 JAHHOrO B PE3Y/IbTATe [€PECTAHOBKU €r0 UJEHOB:

1,1.,1_1
S -2+ +2-2 4,
3 2 5 1

4
1,.1_1_1
8

~1_1.1_1_
6) 1 5 373 % + ...
2663. Unensl cxopdieroca paga
Z £_12n+1

n=1

nepecTaBuTh Tak, yTOOBI OH CTAJ pacxoaAamnuMcs.
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HccnenoBaTh CXOQMMOCTDb 3HAKOIIEPEMEHHLIX PAJOB:

n{n-1)
2664z£:1)__
n=1
— 1y (20 +100)",
2665. 2) ;( 1) (_____3“1 ) :
ot _ 1 _ 1.1 .1 ,.1_
6)1+§+§ 4 5 § 7778 %
2666. Ilycts
> 1)y, 1)

n=1
rae b,> 0 u b, — 0 npu n — oo. Cnenyer nn orcona, 4ro pag (1)
cxonutca? PaccMoTpeTs mpuMep
Z (-1 2ELAN,
n=1

HcenenoBaTh CXOAUMOCTDL PAROB:

— In%p . nn o 1\ sin®n
2667. ,,Z::l ——"sin’E. 2668. ,,21 (-1) ——-
2669. )" . 2670. 3° 1"
,;Zx( n+100 nz=:2 Jn+(-1)
o0 o iJnl
2671. 3" sin (n J/n? + k?). 2672. ¥ t%_
n=1 n=1

26783. 2) Z __L, 6) Z

n=1

an n+ 1

2674. loxasaTrh, 4TO 3HAKOUEPEAYIOIHUNACA DAL
by — by + by~ by + .. +(=1)" b, + ... (b, >0)

CXOonuTCH, €CaN

rae p > 0 (cm. 2606).
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Hccnenopars Ha abcoaoTHyIo (KpoMe 2690) 1 ycaoBHYIO cXonu-
MOCTH CAeAYIOLU(e DAXLI:

2675. 3 L, 2676. 5" L'
n=1 n n=1 np+'-'
o -1)" S _qyn-1 2nginZay
26717. ”; ln[l + Lan ] 2678. ,;( 1)t EEE
SRS & (1)
2679. zl — 2680. ,,Z‘Z e O
oo 1 n-1 oo sin-’l—n
2681. 5 D 2682. 5 —— 4 .
,;1 [Wr+ (1)1 nol nf+ sin-';—ft
— _qvin-1 1 — 1y B0 100
2683.n=]( 1y 2= v 2684. ”;( 1) -
] n o0 sinﬂ
2685. 9 2686. 3 —1—1—2
n=1 ni/,‘l n=2 nn
b Jn) hd {Inn}
2687. 3 Llan— 2688. 3 tl—nL—
n=1 n=1
— (_1y"-171:3:5..(2n-1)7
2689. ,;( 1) [ 2-4-6...(2n) J ’

2690. i sinn - sinn? )

2691. Z sin nZ.

VYxasaunwue. Jfokasars, yto lim sin n? =0,
n— oo

2692. Ilycts
QoxP+ a,xP-1+ ... +a,
box9+byxt-t+ .. +b,

R(x) =

— paiyoHanbHas QyHKUuA, Tae dg % 0, by # 0 u |bx? + bx7 1 + ...
.+ b)> 0 mpu x > n,.
HccnepoBaTh Ha a6COTIOTHYIO M YCIOBHYIO CXOAMMOCTH DAL

i —1)Y'R(n).

n=ng,
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HcenenoBaTh CXOAUMOCTE PAKOB:

2608. 5 ot o -t T
26941+31—§1;+51;+%’—$+.,,
2695. a) 1 +.31. .11;+51;+?1;-§+;7+%’_515+ :

2696. oxkasaTs, YTO PAALI

a)sin x + sinZZx + sm%x +.

cos 2x + cos3x + ..

6) cos x +
3

He abCoJIIOTHO cXoaaTces B nHTepsaJe (0, 1).
2697. [Ina panos

oo o0 .
z cosnx Z sinnx (0 < x < n)
ne ’ ne

n=1 n=1
OIIpENeNNuTS JIA COBOKYITHOCTH IapaMeTpos (p, x): a) obyacTts abco-
JIIOTHOM cXOAuUMOCTH; §) 001acTh HeaGCOMIOTHOR CXONMMOCTH.

2698. HccaenosaTh CXOQUMOCTE PANOB:

I . o sin(n+n)
g__ !nn n .
2) z Inn ® gz In(lnn) °’

__sinn__
B
) Z n+10sinn”

2699. I[JIH pﬂzxa

i (-1t (L+p)N2+p)...(n+p)

nlnd
n=1

onpefeSuThb: a) 00,1aCTh a6COMIOTHON CXOAUMOCTH; 6) 06/18CTH YCJI0B-
HOH CXOOUMOCTH.
2700. UccrenosaTh CXOQMMOCTE PAAA

> (1)

n=1

rae (’,'l‘) =mm-1..(m-n+1)

n!
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2701. Ecan pang Z a, CXORNTCA U

n=1

TO MOXKHO JIM YTBEPIKAATh, UTO DAL Z b, Takxe cxoguTca?

n=1
[a'e] 1 n
PaccMoTpeTh IpUMepHL: z Q—L Z [ ] )
n=1 n=1

2702, 1. llyers Z a, — He abCOMIOTHO CXOAAINIICA PAL K

n=1

- Iai|+a'i N. = ]ai[—a,-
2 "_Z 2

HokasaTb, 4TO

lim Mx =1,

n— oo n

2. loxas3aTk, YTO CyMMa PAAA

o (_1zn+1
Z nt

n=1

O KaXxJoro p > 0 JexuT Mexny 3 nl.

2703. CKOJILKO YJIEHOB PAfa CJIeJyeT B3ATh, YUTOOH! II0OJYYUTD €10

CyMMy € To4HOCTHIO 70 € = 10°° B page:
— n+ l > H
a) Z ( 1 ) 6) sinn ?
n=1 n=1 "/FL
2704. I[omaaa'rb, YTO €CJIM 4JEHBI PAAA
1-Lt4y1 1,1

2 3 4 5

MePEeCTaBUTh TAK, YTOOB I'PYNNY P MOCHELOBATEILHLIX IIOJIOKUTENb-
HBIX YJIEHOB CMEHSJIa FPYNIA ¢ MOCHEOBATEAbHBIX OTPUIATEIbHBIX

YJeHOB, TO CYyMMa HOBOI'O pAna 6y11e'r

In2+im2.
2 q
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2705. [lokaszaTsh, UTO TADMOHNYECKHIA PAL

1+ 44y
2 3 4
OCTaHEeTCHA PACXOAALIUMCA, €CJIH, He IIePeCcTaBIAA ero YIeHOB, H3Me-
HUTh UX 3HAKH TaK, 4TOOHI 3a p INOJOXKUTETbHBIMM YJEHAMHU CIeH0-
BaJio 6bI ¢ oTpuLaTeNbHBIX (p # ¢). CxonmmocTs GyaeT UMETh MeCTo

JIMIUb IPH p = q.

§ 3. JeiictBug HaA pARAMHI

Cymma u npoussenenme pagos. ITo onpeaeseHHIO 110J1ara0T:

o0 o o [oe] o o
Dt Db X (kb 0 ) an 3 b= 3w
n= = n=1 n=1 n=1
rme
c,=ab,+ah,_|+..+apb.
o
PaBencTBO a) uMeeT He()ODMANBHBIN CMBIC, ecau oba psaga Z a, u
n=1
00
z b, cxoaarcsa, a paBeHCTBO §) — ecsM, cBepX TOTO, 110 MEHbIIEH Mepe
n=1
OfVH U3 BTUX PAMOB CXOAUTCA abCcOJIOTHO.

2706. Yto MOKHO CKas3arTh O CyMMe [BYX DAZOB, U3 KOTOPLIX:
a) OmMH PAA CXORUTCA, a4 APYro pacxoxpurcsa; 6) oba pama pacxo-
parca?

2707. HaiiTu cymMy ABYX DALOB:

> _ > _1yn+1
Y sG] e S
n= n=1

HaiiTi cymMMBI creyIOIUX PATOB:

2ny
o« COS—

2708. Z [ + S 2709. %

n=1

n+1

2710. i x g]y[T] (|xy|< 1).

2711. IlokasaTh, uTO Z -1—' Z t'%l'f =1.
= n=0 ’



242 PA3IOEJ V. PAAbL

(e

2712. IloxasaTsb, 4TO (Z q")z Z (n+ g" (Iq] < 1) .

n=0 n=
2713. Ilokas3aThb, UTO KBAipPaT CXONAIIErocsa pazxa

_1 n+1

€CThb PAL pacxomamuics.

2714. [loxazaTs, uTO IPOMU3BeAEeHUE ABYX CXOAAIMMUXCA PALOB

i n-1 had _fyn-1
D ED™ (0> 0)n D CD B> 0)
ne nb

n=1 T n=1
eCTh PAJL CXOmAmMuUiAca, ecau o + B > 1, u pacxogamuncs, eciu
a+p<1.

2715. IIpoBepuTh, UTO IIPOM3BEAEHMNE [OBYX pacXomAalluxca

pPARoB

o0

_ 3\ e 3 n-1 n 1
1-y (2) nl+ Y (2) (2 +2M)

n=1 n=1
€CTb a6CONIOTHO CXOAAIINICA PAX.

§ 4. ODyHKOUOHAIBHBIE PHIBI

1. O6aacte cxopumoctu. CoBokynHocTs Xy TeX 3HAYEHHUH X, AJA KOTO-
DBIX CXOLUTCHA QYHKUUOHAbHYLIL pad

U(x) + ug(x) + ... Fu(x) + .., 1)

Ha3bIBAETCA 001aACMbI0 cxodumocmu dToro psaja, a GyHKIus

S(x) = lim Z w(x) (x€X,)

i=1

~— ero cymmoil.
2. PapHomepuas cxonumocts. IlociieoBaTebHOCTh (PYHK LU I

F1(x)s Fo(2), <oey Ful2),... (*)

HA3BIBAETCH PAGHOMEPHO cxodaujeiics HA MHOXKecTBe X, ecu:
1) cyuiecTByer npefensHas GyHKIUA

fx)= lim f(x) (x€X);

2) ana nwboro yuciaa € > 0 moxkHO yxasaTts uucio N = N(g) Takoe, 4to
‘f(x) - fn(x)| <E
npun>NuxeX.
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B caydae paBHOMEpDHOI CXOAMMOCTH IIOcJezoBaTtenbHOCTH (*) K f(x)
HUCIIOJB3YIOT 0603HAUEHME:

Fu(x) = f(x).

PDyHKuMoHaAbHEBIN pax (1) Ha3bIBaeTCH PAGHOMEPHO cX0dAawjumcsa Ha
MHOMXKecTBe X, eCITM PAaBHOMEDHO CXOAMTCA HA 9TOM MHOXKECTBe I10C/1e0Ba-
TeJbHOCTH €r0 YaCTUYHBIX CYyMM:

n

S, (x) = Z ulx) (n=1,2,..).
i=1
3. Kpurepuit Koumn. s pasHoMepHo# cxogumocTu pazga (1) Ha muo-
sxecTBe X HEODX0AMMO M JOCTATOYHO, YTOGH A Kaxaoro € > 0 cyurectso-
paso yucjo N = N(g) Takoe, uto nupu n > N u p > 0 661710 BbIIIOJIHEHO Hepa-
BEHCTBO

n+p
1Sy + (%) = Sp(x)] = Z u{x) <& pnascex x € X.
i=n+1
4. Ilpnsnax Beitepmrpacca. Pspx (1) cxogurca abcoa0THO U paBHOMED-
HO Ha MHOXKecTBe X, ec/iM CYIIeCTBYeT CXOAAUiCA YMCI0BOH pa

citet o te, 4 (2)
TaKoH, 4TO
fu ) <c,mpuxeX (n=1,2,..).

5. Ilpnsnax Abens. Pan

oo

D an(x)b,(x) ®)

=1

o0
CXOMUTCH PABHOMEDPHO Ha MHoxKectse X, ecau: 1) paf z a,(x) cxoaurcsa
n=1

pasHOMepHO Ha mHOkecTne X; 2) dyHrkuuu b,(x) (n =1, 2, ...) orpaHUYEeHHI
B COBOKYIIHOCTH M IIPDH KaXKIOM X 0GpasyiOT MOHOTOHHYIO ITOCJIE0BATelNb-
HOCTb.

6. [Ipusnax OAupnxae. Pag (3) cxoquTcsa paBHOMEPHO Ha MHOXKecCTBe X,

N
ecau: 1) yacTHUHBIE CYMMBI z a,(X) B COBOKYITHOCTHM OI'DAHHMYEHBI;
n=1

2) nocaepoBaTensHOCTh b,(x) (n= 1, 2, ...) MOHOTOHHA AJA KaXKIOT0O X MU
pasHoMepHo Ha X CTPEMHUTCA K HYJIO IPU n —> 0O,

7. CnoitcTBa QyHKuMoHANBUBIX paAnoB. a) CyMMa paBHOMepHO CXOAA-
LIeroca paia HelpepbIBHBIX MYHKIUIA ecTh (PYHKIUA HenpepbIBHAA.

6) Ecan dyHKuuoHaNbHBIHA pajg (1) cxopuTca paBHOMEPHO HA KAXKAOM

[a, B] C (a, b) ¥ cylLuecTBYIOT KOHEeUHbIE NMpeIebl

limu (x)=A4, (n=1,2,..),
x—a
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o0
To: 1) pan Z A, cxoauTcsa; 2) UMeeT MeCTO PABEHCTBO

n=1

’ltiir}l {Zu (x)} Z {’Itﬂ u,,(x)}.

n=1 =

B) Ecau uneHn! cxopsugerocs paja (1) HenpepsisHOo auddepeHnupyeMsl

o0
npu a < x < b ¥ pAjy IPOUIBOTHEIX z u'(x) cXoaMTCA DABHOMEDHO HA
n=1
uHTepsane (a, b), To

dii; [glun(x)] = i w(x) mTpH x € (a,b).

n=1

r) Ecnu uneHst psiga (1) HenpepbIBHBL ¥ 9TOT PAA CXOJUTCSA PABHOMEPHO
HA KOHEYHOM cermMeHrTe |[a, b], TO

j [z u,,(x):! dx = z f ua(x) dx. (4)

n=1 n=17%

b
Boo6uie dopmysna (4) sepHa, ecnu J.R,,(x) dx — oo npu n— 0, rae
@
[oe]
R (x)= Z ux). 9To nocaeaHee yCAOBUE TOAUTCH TAKIMKE U IJA CIaydas
i=n+1
fecKOHEeUYHBIX IIPeAesIOB MHTerpauuu.

OnpepeInTh 06/1aCTH CXOTUMOCTH (26COMIOTHON U YCIOBHOI) CJIe-
OVIOUINX GYHKIIMOHAIbHLIX PATOB:

2716. 3" L. 2717. Z é:ll_(i;fc)

n=1

- n x \ = 3..2n-1) 2x )"
2718. Zl n+ 1(2x+ 1) - 2719, n; 4..(2n) \1+x2) °
2720. (1 -z 2721 % ﬁ}g‘_—x

= n=1

it —1 n & n’sinnx
A2722 Z e 2723. Z PERLE (@ 0;0<x<m).

n=1

o

2724.
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2725. i [ﬂi‘ni-'l?] 2726. i St
2727. ;: (1+x)(1 +§:)...(1 +xn)
2728. i ne . 2729. i Jl,? : i_+alz—xz
2730. i (2 x)(2 - x8)2 - x3)2 - x7) (x > O).
n=1
2731.i %f_’il- 2732. Z ——L(x>o y > 0).

1 n=1

2733. 3 - (y > 0). 2734. Z Ml + 1yl

n+y"

3

g n

—

n=1

=

oo

2735. ‘—“iln—j’f_l (x>0). 2736. i tg”(x + %)

n=1 n=1
+ o0
2737. dokasars, uTo ecau pad Jopahna z a,x" CXOmUTCA MPH
n=-o0

X = x; M IPH X = X, (|x1| < |x2|) , TO BTOT PAJ CXOXUTCA TAKIKe IIPH
ey < ] < ey
2738. OnupenenuTh 06,1aCTh cXoguMocTy paxa Jlopana

+oa

2 g

n=-00

M HafiTH ero CyMMy.

2739. Onpepenuts o6amactTu cxoagumoct (abcosrorHON M yCIOB-
Hoil) pados Heiomouna:

nP n' ‘ nt

rae xI" = x(x - 1)...[x — (n — 1)].
fee]
a
2740. foxasaTh, YTO ecau pad Jupux.ie z ;[E CXOMUTCA DPH
n=1
X = x,, TO 3TOT PAL CXOTUTCA TaK’Ke IIPH X > X.
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2741. JokasaTh, 4TO AJid PaBHOMEPHON CXOZMMOCTH Ha MHOMKe-
ctBe X nocyaenoBaTeabHOCTH £, (x) (n =1, 2, ...) K npenenbHOil pyHK-
nun f(x) Heo6XOOUMO U JOCTATOYHO, YTOOLI

lim {supr,(x)} =0,
n—o xeX

rze ry(x) = [f(x) = fu(x).

2742. Yto 3HAUNUT, UTO HOCIEAOBATENBHOCTS [ (x) (n =1, 2, ...):
a) CXOZUTCA Ha HHTepBaje (x,, +9°); 6) CXOTUTCA PaBHOMEDHO Ha
KaM /oM KOHeUYHOM HMHTepBane (a, b) C (x,, +°); B) cxogurca
PaBHOMePHO Ha HMHTepBane (x,, +°0)?

2743. JIns nociefoBaTeIbHOCTH

flx)=x" (n=1,2,..) (0<x<1)

oInpefeJinTh HaumMeHbmNii HoMep unedHa N = N(g, x), HauMHAaA ¢ KO-
TOPOTO OTKJIOHEHHNE UWIEHOB IIOC/JEN0BATEILHOCTH B JAHHON TOUKE X

OT npegeibHOH GyHKINN He npesbimaet 0,001, ecmun x = L R L s een
10 JI()
1
b b
/10
CxomuTca JU 3Ta II0CJeL0BATEbHOCTL PABHOMEDHO HA MHTEPBa-
ae (0, 1)?

2744. CKOMBbKO UJIeHOB pAfa
i sinnx
— nin+1)

cjenyeT B3ATH, YTOoOBI yacTHYHadA cymMma S,(X) OTINYANACE OPH
—00 < x < +00 OT CYMMELI PAJa MeHbIlie ueM Ha €? IlpouasecTn
YHCJIeHHBIH pacyeT IIpH:
a)e=0,1; 6)e=0,01; B) £ = 0,001,
2745. IIpn kaxkux n 6yfeT oGecreveHo BhIIOJHEHNe HEPABEHCTBA

i!

i=0

< 0,001 (0<x<10)?

HccnepoBaTh IOCIenoBaTeILHOCTH Ha PaBHOMEPHVIO CXOIHU-
MOCTh B YKA3aHHBIX IIPOMEKYTKAaX:

2746. f,(x) = x"; a)0<x<%; 6)0< x<1.

2747. f(x)=x" - x"*1; 0<
2748. f (x) = x" — 2%, 0< x
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2749. f(x) = ——; 0 < x < +0.
x+n
2750. f(x) = —X —; 0<x< 1.
l+n+x
2751 [(x) = =5  @)0<x<l-g& ©)l-e<x<l+tg

B)1 +¢< x <400, rae £ > 0.

2752. f,(x) = 224 9)0<x<1; 6)1<x < +o0.

2753. f.(x) = |x?+ '%; —00 < x < 400,

2754.f,,(x)=n( x+,l1—JJ_c); 1 < x < +oo,

2755. a) f,(x) = %’lﬁ —00 < x < +00;

6) f,(x) = sin'?f; —-00 < x < +00,

2756. a) f,(x) = arctg nx; 0 < x < +oo;
6) f.(x) = x arctg nx; 0 < x < +oo,
2757. f(x)=e"*"D; 0 <x < 1.

2758.f(x)=¢ -x-m? .8y~ < x <1, rme | — m1060€ TOIOMKUTETb-
HOe UHCJ0; 6) —00 < x < +00,

2759. f(x)=ZIn; 0 < x < 1.
n n

2760. f (x) = (1 + j—i)n; a) Ha KOHeYHOM HHTepBajie (a, b);

6) Ha mHTepBajye (—o0; +00),
1
2761. f(x)=n(x" —1); 1 < x < a.
2762. f(x)= Y1l+x"; 0 < x < 2.

n’x, ecam 0 < x < l;
n

2763. f(x) = nz(g—x), ecnn'll<x<—;

Ha cermeHTe 0 < x < 1.
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2764. Ilycts f(x) — npomsBoabHaa GyHKINA, ONIpPeeieHHAA Ha

cermenre [a, b], n
fuo) = LA (p =1, 2, ),

JlokasaTb, 4TO
flx)=fx) (@as<x<b)
npu n — o0,
2765. Ilycth dyuruua f(x) uMeeT HeIpPepLIBHYIO IPON3BOAHYIO
f'(x) B uaTepBane (a, b) n

fuy=n[ flx+ 1) - f(x)]
Iokaszats, uto f,(x) =3 f/(x) Ha cermenTe L < x < B, rrea <o < < b.

n-1 .
2766. IlycTsb f,(x) = Z %f(x + i) , The f(x) — HempephIBHAA
i=0
Ha (—o0, +o°) pyHruua. Jlokasarb, UTO IIOCJIELOBATENBLHOCTD [,(x)
CXOAUTCS PABHOMEPHO Ha JI060M KOHEeUYHOM cermeHnte [a, b].

I/ICCJIGIIOBaTb XapaxkTep CXOANMOCTH CJEOYIOHINX PALOB:

2767. Z x" Ha wHTepBaJe: a)lx| < g, rme ¢ < 1;6) || < 1.

n=0

n
55 Ha cermenTe -1 < x < 1;
n

2768. a)

n
5-7 Ha uHTepBaje (0, +o0).
n!

=)

2.
n=1
) 2

(=1

2769. Z (1 — x)x" Ha cermenTe 0 < x < 1.

xn xn+1

2770. i( _n+1) ~1<x<1.

2771. z [(n- l)x+l](nx+1) 30 < x < oo,
1
2772. Z TG 10 < x < 400,
2773. nx ; a)0 < x < g, e €> 0;

ngl {(1+2)(1+2x)...(1+nx)’
6)E < x < 400,
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2774. Ilonp3yscsy npusHaxkom Beiiepiitpacca, JoKa3aTh PaBHO-
MEpPHYIO CXOAMMOCTb B YKa3aHHBIX IIPOMEMKYTKAX CHEAYIOIIUX
q)ymcunonanbnblx pAmOB:

_ -1 _ .
? Zx—n 00 < x < oo, 6)2 C 2 <a <o
n=

o0 oo
x nx
- < o0 _ o0
B) Zl l+n“x2’0\x<+ o0 Zl 1+nbx2’ el < o3
n= n=

_'1 n lg £ 92:
n)z = (k) g <h<z

n=1
[oe]
n
e) z ZX_, |x| < a, rze @ — mMpou3BOILHOE MOJIOIKUTEITD-

n=1 | <!

2

HOe YUCJIO;

o) . oo
w0 Y SIE < oo ) 0 LOSIE ) oo,

n=1 34n4+x4 n=1

1«1)co sinnx < too; K) ln(1+ ) x| < a;
5, sy ) "

) Z x%e ™, 0 < x < +00; M) Zarctg = s x| < oo,

n=1 n=1

HcenenoBaTh Ha PaBHOMEPHYIO CXOTXHMMOCTh B YKa3aHHBIX ITPO-
MeXKYTKaX ciaenyiomne GyHKIMOHAIbHBIE PABL:

d .
2775. Z SINAX pa cermente: a)e < x < 21 — €, Tge € > O
n
n=1

6)0< x < 27
2776. Z 2"sin§%;;0<x{+00. 2771. Z g—;l—);n;o<x<+00.

n=1 n=1
Yxaszanue. OHeHHTh OCTATOK psaAxa.
nin-~-1

2778. Z D" so<x<2n 2779 Z Ch 2 <
=, n+sinx’ “ ntier
oo COSM

— 2 ;-0 < x <400,

2780. Z m

n=1
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2781. i smxsmnx 0< x < 400,

n=1 An+x
2782. Z D < < 400,
gunt n(n+x)

2783. MoXxeT JM IIOCNIEeROBATENbHOCTh DPAa3PbIBHBIX (GOYHKIIMIE
CXOOUTbCA PABHOMEPHO K HelpPephBHONH QYHKIHN?
Paccmorpers npumep

fulx) = i‘“(x) (n=1,2,..),

roe

0, ec/IM X UPPALUOHATBHO;
(%) =9 1, ecn x paruoHATBHO.

2784. HoxaszaTh, YTO €CJIH DAL Z If .(x)| cxomuTca paBHOMepHO
n=1

Ha [a, b], TO pan Z f.(x) TakXe cxomuTcA paBHOMEpHO Ha [a, b).

n=1

2785. Ecau pan Z f.(x) cxognrca abcon0THO 1 PABHOMEPHO Ha

n=1

[a, b], To o6s3aTEeIBHO MU DAL Z |f ,(x)] cxonuTca paBHOMEpHO Ha

n=1

[a, b]?

[oe]
PaccMoTpeTh TpHMED Z -D"1 - x)x", rae 0 < x < 1.
n=90
2786. HoxasaTh, UTO aGCONIOTHO 1 pABHOMEDHO CXOAAIIMICA P

i fx) (0<x<1),

n=1

rae

-

ecmm 0 < x <20+,

sin?(2"*nx), ecm 27tV <x < 2™y

fn(x) =

O NI= O

, ecmm 27"< x< 1,

HeJIb3A MAaYKOPHUPOBATH CXOAAIUMCHA YHUCIOBLIM PAAOM C HEOTPHIA-
TeNbHBIMH WieHaMH.
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2787. JokazaThb, UTO €CIHN DAL

i @, (x),

n=1
yJIeHbl KOTOPOTO CYTh MOHOTOHHEIE O YHKI UMY Ha cerMeHTe [a, b], cxo-
guTcA abCONMIOTHO B KOHLEBBIX TOUKAX 3TOI'0 CErMEHTa, TO NAHHBIH
pAn cXoxuTca abCoMIOTHO U paBHOMEPHO Ha cerMeHre [a, b].
2788. [lokasaTh, UTO CTENEHHOI pAx

o

n
. o
n=0

cxonuTca abcoJIIOTHO ¥ paBHOMEpPHO Ha JI000M cerMeHTe, HeJHKOM
JIe)KalleM BHYTPU ero HHTepBaJa CXOJHUMOCTH.

o0
2789. Ilycts @, — ©© Tak, 4TO paAx Z 1| cxopurca. IloxasaTs,
n=1 a,
[o0]
4TO pAn Z cxoxuTcsa abCOJIIOTHO M paBHOMEpHO Ha Jio6om
x-a
n=1 "

OrpaHHuYE€HHOM 3aMKHYTOM MHOJXKECTBE, He COJEepIXKallleM TOUeK a,
(n=1,2,..).

2790. ToxasaThb, YTO ECIU PAS, a, cxXopurca, 7o pad Jupuxae
n p p

n=1
[o0]
an >
Z — cxonuTcs paBHOMepHO npu x > 0.
n=1 n
[o0] o0
2791. IlycTs pag Z a, cxogutcA. JIokazaTs, 4TO pAL, Z a,e ™
n=1 n=1

CXOAUTCA pAaBHOMEDHO B obnactu x 2 0.

2792. ITokasaTs, uTo QYHKIUA

o

fo="y Sinx
n=1

HelpepblBHA U HMeeT HEIpPephBHYI0 IIPOU3BOAHYI0 B obsacTi
—~00 < x <400,
2793. Ilokasars, uTo GYHKUUA

+o0 1

flx) = Zco rx);

n=-
a) olpeneseHa U HellpepblBHA BO BCEX TOYKAX, 3a HCKJIOYEHHEM Lie-

nouMciaeHubx: x =0, 1, 12, ...; 6) neproxguyeckasd ¢ IepuoJOM, pas-
HpIM 1.
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2794. IlokazaTh, 4TO pAx
[se]
Z [nxe™™ — (n — 1)xe = V5]
n=1
cXoauTCA HepaBHOMepHO Ha cerMenTte 0 < x < 1, oJHaKO ero cymMma
ecTh QYHKIIUA, HellpepbIBHAA HA 3TOM CEI'MeHTe.
2795. OnpesenuTh 061aCTH CYLlecTBOBaHUA PYHKIIMHA f(X) 1 ne-
cjlefoBaTh €e Ha HellpephIBHOCTD, €CIHU

wi@=Y (=+1)5 o=y LpCly
n=1 n=1

-y _*
B) f(x) nzl (1+x2)n'
2796. Ilycts 1, (k= 1, 2, ...) — panuoHanbHBIE YHCIa CEI'MEHTa
[0, 1]. ITokasaThb, uTO QYHKIUA

hd X—r
E=1
obnazaer clenyIOIIME cBocTBaMu: 1) HenpeprlBHA; 2) nuddepen-
HUpyeMa B UppPalUOHANLHBLIX TOYKax U HenudbdepeHUpyeMa B pa-
I[AOHAJBHBIX.
2797. Hokasars, 4to d3ema-Qynrkyus Pumana

o

=3 &
nx
n=1
HellpepbIBHA B 0611aCTH X > 1 ¥ HMeeT B 3TOI 0051aCTU HenpepbIBHLIE
MpousBogHble BCeX TMTOPALKOB.

2798. [lokasarb, 4YTO Mmama-QyHrKyus

40
0(x) = e-nix
.,
omnpeneneHa u 6eckoHeuHo auddepennupyema upu x > 0.
2799. OnpegenuTs 06/1acTH CyIlecTBOBaHuA QYHKIuM f(x) 1 uc-
clenoBaTh ee Ha Au(pdepeHIIUPYyeMOCTD, €CIIH:

a) )=y L 6=y —l.
n=1 =

2800. TITokasaTs, uTo HmocienOBATEIBLHOCTD

fo(x) = 1

;arctg x"(n=1,2,..)

CXOJUTCS PaBHOMEpPHO Ha MHTepBale (—00, +00), Ho

[lim 7)), % lim fi(1).
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2801. Ilokasars, 4To IOCJHEN0BATEILHOCTD

fx)=x%+ 1gin n(x + 7-5)
n 2

CXORUTCA PABHOMEDHO Ha MHTepBaJe (—00, +00), Ho
[lim f(x)] # lim f.(x).
n-— oo n-—oxo
2802, OnpefiesiuTh, MPH KAKHX 3HAUYEHUAX I[apaMeTpa O:
a) IOCJIeOBATEILHOCTD
fo(x) = n%xe™"* (1)

(n=1, 2, ...) cxonurca ua cermenre [0, 1]; 6) nocnegosaTenbHOCTH
(1) cxogurca paBHoMmepHo Ha [0, 1]; B) BosaMo)KeH NpenesnbHLIN Ie-
pexoj o 3HAKOM HHTErpayia

lim | f,(x) dx.

n— oo

0

2803. IToxasaTs, UTO MMOCAENOBATENLHOCTD
fx) =nxen* (n=1,2,..)

cxonutca Ha cermenre [0, 1], Ho

1 1

[ i fuorde = lim [ 7,00 d.

0 0
2804. TTokasaTs, UTO MMOCJIENOBATEJIBHOCTD
flx)=nx(1-x) (n=1,2,..)

cXonuTCd HepaBHOMepHo Ha cermente [0, 1], oqHako
1 1
lim J' f(x) dx = J' lim f,(x) dx.
n— oo n— o
0 [

2805. 3akoHeH nU MepeXof K Ipefeny Ioj 3HAKOM HHTerpasa
B BBIPAYKEHUU

lim | —2% _ dx?
n—o ) 14+ n2x4
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Haiitu npegenn:

. b g_lzrn*l . xn
2806. x1~111n—0 Z n x+ 1]

n=1

5 — n_ s.ntl
2807. xkﬁn-o ,,Zl (x"—x"*hH.

x— +0 X — o0

- W S
2808. a) lim ,,Z; 53 6) lim ,,Z::, i

2809. 3axkonHo J¥ noujeHHoe guddepeHINpOBAHNE PANA

Z arctg = ?
n

n=1

2810, 3akoHHO JU TOYJeHHOE WHTEerpUpOBaHNUe pAna

o 1 1
z (x2n+l _xZn—l)
n=1

Ha cermesnre [0, 1]?
2811. 1. Ilycrs f(x) (—0 < x < +00) — OeckoHeuHOo guddepeH-

HmupyeMas QYHKIMA U IOCIEN0BATEIbHOCTD ee IPOU3BORHBIX (M) (x)
(n=1, 2, ...) cXoQUTCA paBHOMEPHO Ha Ka’XkJjoM KOHEUHOM HMHTEp-

Bazne (a, b) k byuxiuu ¢(x). okaszats, uro G(x) = Ce*, rae C — mo-
CTOsHHas BelWduHa. PaccMoTpeTs mpumep f (x) = e-*-m? n=1,
2, ...

2. IIyers dyurnuu f (x) (n=1, 2, ...) onpeneneHsl ¥ orpaHuye-
HbI Ha (—9°, +0) u f,(x) = @(x) Ha m060M cermeHTe [a, b]. Ciaenyer
JIY OTCIOAA, UTO

lim supf(x) = sup@(x)?

§ 5. Crenenusie psaabL

1. UarepBan cxoaumoctu. 15 KaXKa0r0 CTENEHHOr0 pAAa
a,ta(x-a)y+...+a,(x-a)'+ ...
CYLIECTBYeT 3aAMKHYTBIN uRmepaar cxodumocmu: jx — a| < R, BHyTpH KOTO-

poro AaHHbI¥ pAX CXOAUTCA, a BHe pacxoautca. Paduyc cxofumocmu R on-
penensercda no ¢opmuyre Kouwu—Adamapa

1 _ 5= .,
E—hm,/(a—,J.

n-—+
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Paauyc cXoauMocTH R MoXKeT GbITh BHIUMCJEH TaKMe 110 hopMyie

R= lim | 82|,
e Ap .y
eCJIM ATOT Mpesel CYLIeCTBYeT,
[o0]
2. Teopema Ab6eas. Ecnu crenennoit pan S(x) = Z ax" (Ix] < R) cX0-
n==0

JUTCA B KOHIIEBOM TOUKe X = R uHTEpBaJa CXOAMMOCTH, TO
S(R)= lim S(x).
x—+R-0

3. Pan Teitnopa. Ananutudeckas B Touke ¢ pyHKIUA f(X) B HEKOTOPOH
OKPECTHOCTM 3TOM TOUKHM Dasjiaraercsa B CTEIIEHHOHN psj

_ = [ (a .

f(x) Z ——g—)k! (x — a)t.
k=0

Ocmamounblil yaeH 3TOro paga

R ) — Y L) - g
k=0 ’

MOXKeT OBITh npeacraBJieH B BUAe

Rn(x)= f(n*l)(a*'o(xna))(x_a)nJrl (0 <8 <1
(n+1)!

(gpopma Jlazparnica) uiau B BUge

[ D(a+8,(x - a))
!

R, (x)= (1-0)'x-a)"" ' (0<0,<1)

(¢popma Kowu).

Heo6x0a1M0 IOMHUTD CAEAYIOLINE IISITh OCHOBHBIX PA3JIOMKEeHUMN:

I e"=1+x+;—7+...+x—':+... (-0 < x < +00),
! n!
II. sinx=x—§—?+...+(—1)"“(2—x:;il-ﬁ+ (00 < x < +00),
II. cosx=1- g—? + ...+ (—1)"(;::)' (—90 < x < 400),

Iv. (1+x)”‘=1+mx+mnzl'—_12x2+...

4 mim = 1)"'$m“n+ Dyng (-1 <x<1).
n!

V. ml4x)=x-2 +2 411 4. c1<x<1).
2 3 n
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4. TeiticTBUA €O CTeNeHHBIMH psagamMu. BHyTpH o61iero uurepsania cxo.
aumocru |x — a|] < R umeem:

a) Z a(x-ay's Y blx-a)'= Y (a,tb)x - ay;
= n=0 n=0
6) Z a,(x ~ a)* Z bz —ay' = cyx-a),
n=0 n=0
rae ¢, = agb, + alb,,_ 1+ ... Fagby

[ee]

B) (_i(i'x |:nz=:0 a,,(x - a)"] = ni.::o (n + 1)an + l(x _ a)n;
r) J.[IIZO::O a,(x - a)"] dx=0C + nio ('_l%'_l_)(x - a) t1

5. CreneHnble pAabl B KOMILIEKCHOH obGnacTn. PaccmorpuMm pan

(o o]
> clx-ay,
n==0
rae
c,=a,+ib,, a=oa+if, z=x+iy, i¥=-1.

JI15 KaskA0r0 TAKOrO PAAA MMeeTCa BAMKHYThIN Kpyz cxodumocmu |x — a| < R
BHYTDU KOTOPOr'C JAHHBIN pAL cX0oauTcesA (U IIpuToM aGCoJIIOTHO), A BHE Pacxo-
aurcsa. Paduyc cxofumocmu R paBeH pamguycy CXOAMMOCTHU CTENEHHOro psxa

z e "

n=
B A€MCTBUTENbHON 00JIACTU.

OnpefendTh paguyc 4 UHTEPBAJ CXOAMMOCTH U UCCIEN0BATH I10-
BejleHHE B 'PAHMYHBIX TOYKAX MHTEpBala CXOAUMOCTH CJAEAYIONIUX
CTEIeHHBIX pﬂnos'

2812. Z 2813. 3 ?’"—“L-}lﬂ(anl)".

- =
2814, i (_l)- . 2815. i ardx® (0<a<l).
2816. i ( ) : 2817. nzl B gn (@ > 1),
2818. i {1 23 456 (2(';'1)1)} ( 2 )

2819. i (-1)" [(%.lﬁf_‘lﬁ)'}p %"
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mim-1)..(m-n+ 1)xn
n!

2820.

M

=
n
—

Mz

2821.

n

(a” +n)x” (a>0,b>0).

I
—

2822,

X' _ (a>0,b>0). 2823. 3

ar+ b

M5

1]
—
=
1
[

& g-Jagn & @em
2824. ”Zl = 2825. ,Z:l @nt 1)”x .
hd -1 "(il_ "o a ( _1_ l) n
2826. Zl L_Lm e) x 2827.n=1 1+ 2+ l)x
00 (1 + 20057_‘_)
2828, §° B+ 1" yn, 2829. n
n Inn
n=1 n=2
o nz
2830. % ’;—
n=1
2831. a) Z g"—lnlLﬁlx” (pad Ipunczeiima);
n=1
6) Z — (1 x)", rpe V(n) — umcao mudp YUCna n;

n=1

o) n
B Y ( x ) :
sinn
n=1
2832. OnpegennTs 06MACTH CXOLUMOCTH 2UNEPZEOMEMPULECKOZO
pada

1+ @By afar HBB+1) 2
1.y 1-2-y(y+1)
s oo+ 1) (a+n- DEB+D)..B+n- ) n 4
1-2 . n-y(y+1)...(y+n-1)

Haiitu 06J1acTh CX0OZUMOCTH 0000IIeHHBIX CTelleHHBIX PAJOB:

2833. Z 1 (1"‘)". 2834. Z Lsinl.

= 2n+1\1+x 27

2835. Z 2836. z (1+ ;l-l)e

n= -0 n=1

> 33n ﬂ! 3t "
2837. ,,21 ——£—2—(3n)! g x
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2838. OyHKIUIO
f(x) = x*

Pa3N0XKUTH 110 LeJbIM HeOTPHUIIATEbHBIM CTEIIEHAM 6unoMma x + 1,
2839. DyHKIIUIO

1
f(x)= —— (a# 0)
a-x
pa3JloXKUTh B CTEIIeHHOH psAj: a) 1o cTeneHAM x; 6) o cTenenam 6u-

1
HOMa x — b, rme b Z a; B) o cTeneHsaM - . YKa3aTh COOTBETCTBYIOMIME
X

obacTy CXOAUMOCTH.

2840. ®yuxkouw f(x) = In x pasyoXUTH 110 IIEJHIM HEOTPHIA-
TeJLHBEIM CTENeHAM pasHOCTH X — 1 M BBIACHUTH HUHTEpBAJ CXOXU-
MOCTH pasznoxxkeHus. HaiiTi cymMmMy pazna

> (-1 n+1
> S
n=1
HamucaTh pasioxeHna caefyiomux GyHKIUI [0 IelbIM HeoT-

pUI[aTEeNbHBIM CTEIIeHAM NepeMeHHON X M HaliTH COOTBETCTBYIOLINE
HHTEepBaJIbl CXOJUMOCTH:

2841. f(x) = sh x.

2842. f(x) = ch x.

2843. f(x) = sin? x.

2844. f(x) = a* (x > 0).

2845. f(x) = sin(u arcsin x).

28486. f(x) = cos(u arcsin x).

2847. Hanucats TpH 4jeHa pasnoskeHus dyHxuuu f(x) = x* mo

LIeIBIM HeoTpUIaTeNbHBIM CTeneHsaM pasHocTu X — 1.
2848. HanucaTs TPH 4jeHA PasJoKeHHS QYHKINHA

1
flx) = (1 + x)=

(x # 0) u f(0) = e IO 1LENbIM HEOTPHILATENLHBIM CTeIIeHAM IIepeMeH-
HOH x.

2849. dyukuuu sin (x + /) 1 cos (x + h) pasnaoXuUTh IO UENLIM
HEOTPHUIATENBHBIM CTEIeHsIM IIepeMeHHOH .

2850. 1. OnpepenuTs HHTEPBAT CXOJUMOCTH DA3JIOXKEHHUA B CTe-
MMeHHOH paAx GYHKIUH

f(x) = X

x2-5x+6

a) 1o cTelleHAM X; 0) II0 cTeleHAM OMHOMAa X — 5, He IPOU3BOJAA ca-
MOT'O Pas3JIoKeHus.
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2. MoxHo 1 yTBepmna'rL uTo

Z - 1)"_l xzn = sin x
n=1 )

Ha (—9©, +o0) mpu N — 00?

Ilonp3ysace ocHOBHEIMHU pasnokeHmamu I—V, Hanucath pasino-
>KeHHUSA B CTEIIEHHOH DA OTHOCUTENBHO X CAeAVIOMUX QYHKIIH:

2
2851. ¢ . 2852. cos’x.
10
2853. sin’x. 2854, X .
1-x
2855, —— . 2856. —~ .
(1-x) A1-2x
2857.1n [LEX
1-x
2858. -
Y kaszanue. Paznoxurs fannyio Apobb Ha npocTediue.
12-5x x
2859- m - 2860. (1__.-;-)—(_1_.7)- .
2861.
1-x—x2’
- 1 {1000)/ )y
2862. a) Tre s ; 6) f(x) Tt Yemy paBHO f (0)?
xcosoz—x2 xsino
2863. 1-2xcoso+ x2° 2864. 1-2xcoso+x2°
xsha 1
S — . 2866, — M — .
2865 1-2xcha+ x? 86 (1-x2)J1 - x2

2867.1n (1 + x + x2 + x%).

2868, ¢* % cos (x sin o).
Yxaszanue. Ilpumenurs Gpopmyns ditnepa.

Paano)xXuB IpeJBapUTENbHO NPOU3BOAHEIE, IMYTEM IOYJIeHHOrO
HHTEeTPUPOBAHUA MOJYUYUTH PABIOKEHUA B CTEeHHON pAJ CIeAyIO-

mux QYHKIIWIL:

2869. f(x) = arctg x. Haiitu cymmy paga Z ggrll)mll .
n=1

2870. f(x) = arcsin x.

2871. f(x) =1In (x + J1 + x2).
2872, f(x) =In (1 — 2x cos a + x2).
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2873. IlpumeHas pasJIudHble METOAbI, HAUTH PA3NOXKEHNUA B CTre-
MeHHOU paAf caeAyonX GYHKIAA:
a) f(x) = (1 + x)In(1 + x);
1 1+x 1 )
6) f(x) = 1 In 1os + 3 arctg x;
2-2x
1+4x

’

B) f(x) = arctg
r) f(x) = arctg 2_2_"?;

) f(x) = x arctg x — In /1 + x2;

e) f(x) = arccos (1 — 2x?%);

) f(x) = x arcsin x + 1 — x2;
3)f(x)=xIn(x+ J1+x°) - J1+x2.

2874. Hcnonp3ysa eINHCTBEHHOCTD Pa3yIOMKeHUs
’ hz 77
fx + h) = f(x) = hf'(x) + 57‘ (=) + ...,
HalTH NPOU3BOAHBIE N-T'0 TOPAAKA OT CAEAYIOMUX PYHKITHIHA:

a) f(x) =e**; 6)f(x)=e~; B)f(x)= arctg x.
2875. DyHKLIHIO
1
=1ln ——
ftx) n 24+ 2x+ x?
Pa3MOXXUTh IO IEJIBIM IIOJIOMHUTENbHBIM CTelleHsaM 6uHoMa x + 1.
2876. dyarknuio
1
x T e———
[0 = =
pPa3NOoKUTh B CTEEeHHOW PAX MO I[ebIM OTPULATENLHBIM CTElIeHAM

IepeMeHHOH x.
2877. DYHKIUIO

f(x)=1In x
pasJIoXKUTh B CTEIIeHHON P 10 1eJIbIM MOJIOKUTENbHBIM CTelleHaM
x-1
o =——=.
AP x+1
2878. DyHKIHIO
fx)= ==
Jl+x

PasyoxuUTh B CcTeleHHOH’ pAg 10 eNbIM IMOJOXXUTENbHBIM CTEIIEeHAM

apobn —X— .
1+x
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2879. Ilycrs
- = x"
f(x) = nzo o
Mokasarb HEIIOCPEACTBEHHO, UTO
f(xX)f(y) = f(x + y).

2880. IlycTpy o onpeaeseHU0

o]

. 2n+1
sin x = Z A

aorrshk
=)
[oe)
2n
cos x = Z
2n)'
n=
Hokasars, 4ro:
a) sin x cos x = % sin 2x; 6) sin? x + cos? x = 1.

2881. Hanncars HeCKOJbKO YJEHOB PA3JIOYKEHMA B CTEIIEHHOU

pax GyHKIUA:
0 -1
f(x)=':2(nﬁl):i '

n=

TIpousBOAs COOTBETCTBYIOUINE AEUCTBUA O CTEIEHHBIMH pAja-
MU, MOJYYUATH PA3JIOXKEHUS B CTEINEHHBIE PAABI CleAyIOUNX GHyHK-
U

2882. f(x) = (1 + x)e™ . 2883. f(x) = (1 — x)? chJ/x .
2884. f(x) = In? (1 — x). 2885. f(x) = (1 + x?) arctg x.
2886. f(x) = e* cos x. 2887. f(x) = e* sin x.

2888. f(x) = lﬂl%%‘l . 2889. f(x) = (arctg x)2.

2890. f(x) = (&i‘l‘i‘)z .

Hanucars Tpy 4ieHa PA3JIOKeHUs (OTJIIMYHBIE OT HYJA) B CTENEH-
HOM pAJ IO HOJOYKUTENbHBIM CTEIIEHAM HEPEMEHHON X CIeAYIOMINX
byuKIUnA:

2891. f(x) = tg x. 2892. f(x) = th x.

2893. f(x) = ctg x — 312
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2894. TlycTp passiosKeHHeE SEC X 3alKMCAHO B BUJE

- En 2n
sec x = —_— X",
ngo (2n)!

BriBecTH peKypPeHTHOE COOTHOIIEHUE A KodbdUnuenTos K,
(wucaa Jitnepa).
2895. PasnoxuTs B creneHHo paf GyHKINO

1
f(x) = ——  [lx|< 1].
N1-2tx+ x2 (I l )
2896. Ilycrp f(x) = Z a,x". Hanucarb pasioskeHne QyHKINHT
n=290
F(x) = [2)
1-x

o0
2897. Ecau psan Z a,x" uMeer paguyc cxogumoctu Ry, a pax
n=0
o0
Z b,x" — paguyc cxogumocru R,, T0 Kako#l paguyc cXOqUMOCTH
n=0
R umeroT pagsl

a) Z (a, £ b)x"; 6) Z ab,x"?
n=0 n=0
2898. IIycts

a a

L3 n

u L= lim

n— oo

= lim

n — oo

a a

n+1 n+l

o0
Ioxasars, 4To pagRyc cXoguMocTu R cremeHHOTO paAja Z a,x"
n=90
VIOBJETBODAET HEPABEHCTBY
I<R<L.
o0
2899. 1. TokasaTs, 4ro ecnu f(x) = Z a,x", npadem
n=0

lnlaj<M (n=1,2,..),

rae M — mocroAaHHasn, To: 1) f(x) Geckoneuno auddepennupyema B
moboit Touke a; 2) CIpaBeAIUBO PA3IOKEHHe

fay=% L8 -ay (< +o0),
n=0 :
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2. Iyers f(x) € C™(a, &) n [fP(x)|< c"(n=0,1, 2, ...) upu

x €(a, b). Jokasars, yro HGyHKUIMA f(x) passaraeTcs B CTeIEHHOM PAx
f(x) = Z an(x - xo)n (xO € (a’ b))’
n=0

cxopAaumuiica B uHTepsasne (a, b).

3.Iycrs f(x) € C -1, 1]1u fUx) 20 (n=0,1, 2...) upn
x €[-1, 1]. Jokasars, 4ro B nHTepBane (—1, 1) byuxnusa f(x) pas-
J1aTaeTca B CTEIMEHHON pAf

f(x) = i a,x".

n=0

Vkaszauune. Hcnonasays MOGHOTOHHOCTH HPOM3BOAHBLIX f(x) mi1s oc-
ratouHoro unena R,(x) paaa Teinopa dyuxuun f(x), MoayuuTs oUEeHKY

IR0} < ™ "1 A1)

2900. oxasars, uro ecnu: 1) a, = 0; 2) cymecrnyer

o0
lim a,x" =8,
xr—R-0
n=0
o

TO Z a,R"=8S.

n=0

Pasnokurh B creneHHOU pAX HYHKI[AA:
x

2901. J' et dt. 2902. [ -2t _.
A , N1 -4
2903. I .SiT“Edt. 2904. I ﬂ%dx.

x

tdi
2905. J. Y (HanucaTh YeTHIPE YJIEHA).
0

IIpumensasa nouneHHnoe uddepeHIIUPOBAHKAE, BBIYUCIUTH CYMMEI
cJIenyoOmX pAgoB:

2906.x+2‘; TRE T

2907.x—%3+£f —_—
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x2 . xt
2908.1+-2—! gt

2 3
2909. X + X+ X 4
99. 75 * 335 T34

. 4+ = 4 — 4 +

Vkazanue. I[Ipoussoanyio pajga yMHOXKHUTS Ha 1 — x.

IlpuMeHAsA MOYIEHHOE HHTEIPUPOBAHHE, BBIYHCIUTH CYMMBI
pALOB:
2911. x + 2x% + 3x% + ...

2912. x — 4x% + 9x% - 16x* + ... .

2913.1:2x +2-3x2+3-4x° + ...
2914. Iloxasars, 4o paAf

YIOBJIETBOPAET YPaBHEHUIO
y =y
2915. IlokasaTp, 4TO pAL

y B nzo (:!)2

YAOBJIETBOPAET YPaBHEHUIO

xy”+y —y=0.

OnpegenuTs pafuyc M KPyr CXOAUMOCTH CTEIMEHHBIX DPALOB B
KOMILIEKCHOM o6uacTu (2 = x + iy):

2916. Y (z-1-9)7 2017. 3 _(L+ipmzr
= n-2" “~ (n+1)n+2)

n=1

> nlz" ok 2"
2918. ;1 (1+D(1+28)...(1+ni)’ 2919. Z novip’

2920. 3 (="
= n(1 - etoyn

2921. Ilonbsyace dopmynoit 6unoma HboToHa, NpUGIMsKEHHO

BBHIYHCIUTD 3/9 U OIEHHTH OUOKY, KOTOPAA MOJYYHUTCS, €CIU B3ATh
TPH 4JIeHA PasJIOXKeHHusd.
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2922. ITpubIUIKEHHO BEIYUCIUTD:
a) arctg 1,2;  6) 19/1000; B)

r)In 1,25 ¥ o1eHUTH COOTBETCTBYIONIME MOrPEIITHOCTH.

Ilons3ysich COOTBETCTBYIOLIMMH Dpa3JIOKEHUAMY, BBIYHCINTH
¢ YKa3aHHOM! CTENEeHbIO TOUHOCTH CIeAyIOnMe 3HaYeHna GQyHKIui:

2923, sin 18° ¢ rounocTsio Ko 107°.
2924. cos 1° ¢ TouHOCcTBIO 7O 1075,
2925. tg 9° ¢ TouHOCTHIO KO 1073,
2926. ¢ ¢ TounocThio 1o 1078,
2927.1n 1,2 ¢ rounocrbio 1o 1074,
2928, Ucxoma u3 paBeHcTBa

T = arcsinl,
6 2

HaWTH YHUCIO0 T ¢ TOYHOCTBIO Ko 1074,
2929, [Toab3yAch TOMEECTBOM

b1 1 1
= = arctg= + arctg=,
1 acg2 acg3

BBIYMCJIHUTD YHUCJIO T ¢ TOUHOCTBHIO g0 (0,001,
2930. I[Tonb3yAach TOMKAECTBOM
1

T 1
= =4 = -
i arctg5 arctg239 ,

OIIpefieSINTh YHCJIO0 T ¢ TOUHOCThIO Ao 1077,
2931. ITonnaysack, dopmynoit

_ 1 1
ln(n+1)—lnn+2[2n+1 +3(2n+1)3 +}

Haitty In 2 u In 3 ¢ TouHOCTBIO KO 107°.

2932. C moMomip0 pasjioKeHU#l MOABIHTErpaJbHBIX (QYHKIMN
B PAAB] BEIYUCIUTD ¢ TOuHOCTHIO 10 0,001 cienyrouiie uHTETpaNbl:

1 4
1
a)J‘e‘xzdx; 6)J‘e;dx;
0 2

2 1
B) J‘ SIX s r) I cos x% dx;
X
0 0
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1 o0
shx dx
—=dx; e —_—

A) _[ x x ) J. 1+ a3

0 2
1
3 1
dx dx
3K) ; 3) J. ;
.(‘: 3/1 - x2 ! N1+ xt
1
100 3
1) J‘ In(1 +x!dx; K)J‘ arcﬁgx dx;
x
1o 0
1
2 1
) ____arcimx dx; M) J. x* dx.
0 0

2933. Haiitu ¢ TounocTbo £0 0,01 qivHy Ayru 0 JHOH ITOJTYBOJIHBI
CHUHYCOHU/bI .
y=sinx (0<x<n).
2934. HaiiT ¢ TouHOCTB0 0 0,01 ANMHY AYTH 9JIUICA C HOJY-
ocaMua=1nb= %

2935. IlpoBoja, MOABELIEHHBIR HA IBYX CTON0AX, PACCTOSAHIE MEXK-
Iy KoropeiMu pasHo 21 = 20 M, umeer Gopmy napabonsl. Beramennrs
€ TOYHOCTHIO 0 1 CM AJIMHY IPOBOAA, ecyiu crpeJika nporuda i = 40 cu.

§ 6. Pager Oypne

1. Teopema pasnoxxennsa. Eciu dyaruua f(x) KycouHo-HenpepsIiBHA U
MMEeT KYCOMHO-HeNpephLIBHYI0 NPouaBoiHyo f'(x) B uurepsane (-1, 1), npu-

yeM BCe TOUKM paspbiBa & perynsapus (7. e. f(€) = %[i(é -0)+ &+ 0)], o

dbysknus f(x) na aToM UHTEpBaJe MoXKeT BbITE npejcTaBaena padom Pypve

[e'e]

f(x) = (12_0 + nzl (a,, cos%ﬁ +b, Smn_rlw_c) , (1)
rae
1
a,= % I f(x) cosﬂ;—x dx(n=0,1,2,..) 2
]
u

1
b, = % I f(x) sin'—l%cdx (n=1,2,...). 29
21
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B uwacraocTH:
a) ecau QyHKNMA f(x) 4yeTHass, TO UMeeM

a

fx) = E" + Z a, cos%, 3)
n=1
rae
1

a, = %I f(x) cosf-l%dx (n=0,1, 2, ..);
0

6) ecniu GyHKUUA f(x) HeueTHAH, TO NogydaeM

f)= 3 b, sin==, 4)

n=1
rae
1

b, = %J' flo) sin2E dx (n=1,2, ...
0

Dyuruo f(x), onpesesedHyo B uHTepBase (0, [) u o61ajaw01y0 B HeM
IIPUBEJEHHLIMY BbIIIE CBOMCTBAMU HEIPEPBIBHOCTH, MOMKKEO B 3TOM HHTEp-
BaJIC NPEJICTABUTEL Kak (opmydioit (3), Tak u dopmynoit (4).

2. Yeaosne nomsorsl. J{na Beakod uHrerpupyemoii Ha wiHrepsane (—I, 1)
BMecTe Co CBOMM KBaapatoM GyHKnun f(x) GopMansbHO MOCTPOCHHBIN Py,
(1) ¢ xosdpdunuenramu (2), (2°) ynosaersopser pagencmay Janyrosa

{
2 oo
[0} 2 2 _1 )
So 4 +bl)="= .
EDNC RS FOLE
]

n=1

3. HuterpupoBanne paxos ®ypoe. Pag Pypse (1), nasxe pacxogamuin-
cdA, uHTerpupyemoit no Pumany B mHTepBase (—{, ) dyuruuu f(x) MoXHO
MHTErPUPOBATH IIOWIEHHO B 3TOM MHTepBaJe.

2936. yuxnumo
f(x) = sin* x

PasyIouTs B pag Pypee.
2937. Kaxos 6yaer pang ®@ypse ANA TPUTOHOMETPUYECKOTO0 MHO-
rouneHa

n
P (x)= Z (0, cos ix + P, sin ix)?
i=0
2938. Pasnoxurs B pag Pypse QyHKIINIO

f(x)=sgnx (n<x<m).
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HapucoBars rpaduk PyHKIUHA ¥ rpa@UKH HECKOIbKUX JACTHRIX

cyMM paga Pypne sTod QYHKIHHU.

Ilonb3yAch passioxeHUeM, HalTu cyMmy pada Jleubnuya

Z g__lzrz 1

Paznosxxurs B pan @ypwe caepyomue GyHKIINUHN:

A,ecmn 0 < x <1
0,ecnunl < x < 21,

2939. f(x) = {

rae A — mocroaHHasA, B unrepsaie (0, 21).

2940. f(x) = x B uHTEpBaJe (-7, T).
2941. f(x) = 7’5_2 B unrepnae (0, 2m).
2942, f(x) = Ix] B UHTEpBaJe (—T, 7).

ax,ecnum < x < 0;
bx,ecmun 0 <x <m,

2943. f(x) = {

rige a u b — nocrosHHLIE, B MHTepBaie (~T, T).

2944. f(x) = n® — x? B unrepsaie (—7, 1).

2945. f(x) = cos ax B unrepBaine (~7, ) (@ — He 1esoe).
29486. f(x) = sin ax B uHTepBaiue (—7, 1) (@ — He 1eJs0e).
2947. f(x) = sh ax B unreprane (-7, m).

2948. f(x) = e** B uHTepBaJse (—f, h).

2949. f(x) = x B uHTepBase (a, a + 2I).

2950. f(x) = x sin x B uHTepBase (—7, 7).

2951. f(x) = x cos x B MHTEpPBAJIE (—g, -725) .

Pasznoxuts B pag Pypbe clefyloniue nepuoguieckre QyHKIIUN:
2952. f(x) = sgn (cos x).
2953. f(x) = arcsin (sin x).
2954. f(x) = arcsin (cos x).
2955. f(x) = x — [x].
2956. f(x) = (x) — paccrosHUE X [0 6IMIKANIIIEro I[€JI0r0 YUCIA.
2957. f(x) = |sin x|.
2958. f(x) = |cos x|.
nSINNX
2959. f(x) = 3" a"TaX ((a|< 1).

n=1
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2960. Pasznoxuts B pag Pypse QyHKIMIO
= T oex< E).
f(x) = sec x ( 1 X 1

YxasaHue. BolBecTH COOTHOIIEHME MeXAy KOd(p(PUIIMEHTAMU Q, U
Ay -2

2961. ®ynxnumwo f(x) = x? pasnoxuTs B pag dypbe: a) B UHTED-
pasie (—7, M) IIo KOCUHYCaM KpaTHbIX Ayr; 0) B uHTepBate (0, 1) 0o
cuHycaM KpaTHBIX AVyT; B) B uHTepsaiue (0, 2m).

HapucoraTs rpadhuKky GyHKIUE U CyMM pagoB Oypbe A4 CIY-
yaes a), 6) u B).

Ilonpaysack sTUMU Pa3IOKEHUSIMH, HAMTH CYMMBbI DAKOB:

2962. Vicxona U3 pasyiosKeHusa

x=2Y (1) (p<x<m),

n=1

MOYJIEHHBIM UHTEIPHPOBAHUEM [TOJIYUUTh Pa3JioyKeHne B pag Oypbe
Ha uHTepBane (-1, 1) hyHxumi x2, x% u x1.
2963. Hanucars paencTBO JlanynoBa Ana GyHKIUA

1 opu [x] < a;
0 mpu o < Jx} < 7.

0 = {

Ucxona ua paBeHcrTna JIAnyHoBa, HAUTH CYMMBI PANOB:

bl in2 bl 2
sin“ng u cos“no
2 T WY A

n=1 n=1

2964. Pazioxurs 8 pag Pypbe GQyHKIUIO

x, ecn0<x<1;
f(x) = 1, ecan 1l <x < 2;
3 - x, ecnu 2 < x < 3.

IMonbayace ¢popmynamu

Cos x = l(t+ f), sin x = l,(t* LT),
2 2i

rHet =e*ut =e¢ ¥, IONyYUTD PAsIOMKeHHeE B pag Pypbe CIeAYVIOMUX
GYHKIIUR:
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2965. cos?™x (m — 11eJI0€ I0JI0KHTEeIbHOE YNCTO0).

gsinx
2966. 1-2gcosx + g2 (gl < ).
2967. — 1L ___ (g < 1).

1-2gcosx + q*

1-gcosx
2968. T 2gcosx+ gt (gl < 1).

2969. In(1 ~ 2q cos x + g% (lg| < 1).

Pagnoxkurs B pax Pypbe HeorpaHUUYEHHBIE IIePUOAMUYECKHE
GOYyHKIUHK:

2970. f(x) = In

sin —35‘
3

2971. f(x) = In

cosgl .
2972. f(x) = ln‘tgg-‘ :

2973. PasnoxuTts B pajg @ypbe DYHKIHIO

x

ﬂ@=fm

ctgé! dt (-n<x<m.

2974. Pasnoxuts B pang Pypee byuxiuu
x=1x(s), y=y(s) (0<s< 4a),

Jamonjye IapaMeTrpudecKoe IIpeJcTaBJIeHHe KOHTypa KBajgpara:
0<x<a,0< y <a,ries— OJUHA AyTu, OTCYATAHHAA OPOTHUB X0Ja
yacoBoil cTpeaku ot Touxku 00, 0).

2975. Kak crefyer NpOLOJDKUTE 3aJaHHYI0 B MHTEpBAaJe ( 0, g)

HHTErpupyemMyn GyHKIHO f(x) B uaTEpBat (—7, M), 9TOOHI €e pasJio-
sKeHne B pag Pypbe uMeso Buj

f(x) = i a,cos (2n— 1x (—n<x<m)?
n=1

2976. Kak ciefyeT IpoJoJIKUTh 3aJaHHYI0 B UHTEpBAJIe (0, g)

MHTerpupyemyo ¢gyukuuio f(x) B uHTepBaJ (—7, T), 4T06LI ee pasJio-
»KeHUe B pajg Pypbe UMeJIO BU[

f(x) = i b,sin(@n-1)x (—n<x<m)?

n=1
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2977. PYHKIIHIO
= T o_
f(x)=x (2 x)

pasJoKUTh B MHTEPBAJIE ( 0, gj :

a) 110 KOCHHYCaM HEUEeTHBIX AYT;

6) 1o cuHycaM HeUeTHBIX AVT.
Hapucosars rpaduki cyMMbl pagos Pypse 415 ciayuaeB a) u 6).
2978. dynknud f(x) anmunepuoduina ¢ NepuoOLOM T, T. €.

flx + 1) = —f(x).

Kakoii ocobeHHoCcThIO 0bataer psag Pypbe aT0i QYHKIIMK B MH-
tepBaje (-1, m)?

2979. Kakoit ocobennoctTbio obanagaer psas Pypbe dyHKmun f(x)
B uHTepBasie (—m, n), ecan f(x + n) = f(x)?

2980. Kakumu ocobeHnOCTAME 0b1asaoT koadhdunuenTsl Dypne
a,,b,(n=1,2,..)dyuknuu y = f(x) nepuona 27, ecau rpadpuK PyHK-

IUH: a) MMeeT IeHTPhl cuMMeTpuH B Toukax (0, 0), (ig , O) ; 6) numeer

2

LeHTp CMMMETPHMH B Havaje KOOPAMHAT M OCH CUMMETPHUM X = +

N3

2981. Kak cBAzaHbI Mexxy coboit koahpnnuentsl Pypre a,, b,

nd, B, (n=0,1, 2, ..) byarouit @(x) u y(x), ecau
o(—x) = y(x)?

2982. Kak cBasaHbl MeX Ay coboil Koahduuuenrsr Pypbe a,, b,
ua,, B, (m=0,1,2,..) dysxguit ¢(x) 1 y(x), ecau

o(=x) = ~y(x)?

2983. 3nasa koadpunuents Gypoea,, b, (n =0, 1, 2, ...) unrer-
pupyemoit GyHKIUM f(Xx), UMeIOIel nepruos 27, BHIYHCIUTL KO3d-
dunuenrsr Pypbe an, bn (n=0,1, 2, ...) «cMelleHHOMN» DYHKIUN
f(x + h) (h = const).

2984. 3nan kosddpunuents Pypre a,, b, (n =0, 1, 2, ...) unrer-

pupyemoit dyuxiuu f(x) nepuosa 21, BBIYUCIUTL KO3 GHHIIHMEHTDI
dypre 4,, B, (n=0, 1, 2, ...) pynkyuu Cmexrosa

x+h

= g5 [ 1©dt
x-h
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2985. IIyers f(x) — HempepbIBHAA (PYHKIHUA ¢ IepHogoM 27
ua,b,(n=0,1,2,..)— ee kosbhdbnnnenrsl Pypre. Onpenenurs

koabdunuents: Pypoe 4, B, (n =0, 1, 2, ...) céeprymoii pynryuu

F(x) = %J F)f(x + t) dt.

ITonb3ysick NMOJy4eHHBIM DPe3yJIbTATOM, BBIBECTH DABEHCMEO
Janynosa.

§ 7. CymmMupoBaHHue pANOB

1. HenocpencrBennoe cymmupoBaHue. Ecian

Upy=0,,1 -0, (n=1,2,..)u lim v, = 0,

n
n— o0

TO

fee]
Z U, = Vg — U;.
n=1

B uyacTtHOCTH, ecau

_ 1
u[[ = —_—— b
ana’n+1---an+ m
rae uucaa a; (i = 1, 2, ...) o6pasyioT apu()MeTHUECK Y10 IIPOTPECCUI0 CO 3HA-

menarenem d, TO
1 1

v, —_————,
md L P BERY

B HexoTOpBIX cayuasx MCKOMBIN pAf yaaeTcd NpeJCcTaBUThL B BUAE JU-
HeliHO¥ KoMOMHAIIMKY U3BECTHBIX PAJOB:

i Q—L_lnn”=ln2; i—z=% i “1"”=n—2n1‘.n.

12
n=1 n=1 n=
o0
2. Metox A6ensa. Ecau pap Z a, cXoauTcH, TO
n="0
oo [ee]
Z a,= lim a,x".
x—1-0
n=20 n=0

o
CyMMa CTeneHHOro pAaa Z @,x" B IPOCTEHILIX IPUMEPAX HAXOLUTCA
n=0
€ HOMOMIBI0 MOUNEHHOTO AU PepesIMPOBAHUA U MHTETPUDOBAHMA.
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3. CyMmmupoBaHue TPUIOHOMETPMYECKMX pAXOB. 1A HaAX0KAeHUA

CYMM DAJOB
(o) (o)
Z a, cos nx u Z b, sin nx
n=0

n=1
px 0OBIYHO PACCMATPUBAIOT KaK NENUCTBUTENLHYIO YACTb ¥ COOTBETCTBEHHO
Kax K03(GGUIUEeHT MHUMOM aCTH CYMMbI CTETIEHHOI'O PAJA B KOMILJIEKCHOM
(S
obnacTu Z a,2", roe z = €.
n=20
3nech BO MHOI'UX CIAYYAAX MONE3EH pAJ

o zn 1
2 =1 < 1).
2, o=l <D

n=1

Haiity cymMMbI pALOB:

2986.1—.1—§+3%5-+5_1—;{+....
2987.1_;3 +2_;_4 +3‘i_5 .
2988.ﬁ—£§+§%——%€+.
2989.

% n
;::1 (n+1)(n+2)n+3)"

2990. Z —1 (m — HaTypaJbHOE YMCJIIOo).

: n(n+m)
2991 —— + Lt + Lo 4.
2992. iz nzl_ - 2993. i ;12_(22%1%)5
2994, i T 2995. ";1 o
2996. “0 Ziatl), 2997. i PTPRSILE
2998. i nz(n,+1)12(n+z)2' 2999. i (42—713_12)-,
3000. i L

3001. ITyers P(x) = a, + a;x + ... + a,x™. Haiitu cymmy paga
Z B(R) ym,
n!

n=1
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HaiiTi cyMMBI cIeIyIOUINX PATOB:

— n2+1 n o (=1)"n® n
3002.;2% . 3003.;%; %;333?x.

S (=1)(2n2+ 1) _2a = n2xn
3004. 3 L_léEBT“’)x : 3005.;%% CreauE

C noMollbio IoYJeHHOro AuddepeHIMPOBAHMA HAUTH CYMMEI
pAnoB:

3006. ) %f
n=1
s -1 nflen
3007. 3 .
3008 hai x4n¢1
) Z dn+1°

a
<

3

a(a+d)...[a+(n-1)d] .«
3009. ,; d-2d..nd ¥ (d>0).

Vrxasauwue. [Tpoussoauyio psafa yMHOMUTL Ha 1 — x.

2 3
3mal£+LﬁG)+Lii@]+
3 2 3-6\2 3-6-9\2

C 110MO111bI0 II0YJIEHHOTO MHTErpHUPOBAHNA HANTH CYMMBI PANOB:

3011. Z nix" -1,
n=1

3012. Z n(n + 2)x".

n=1

3013. i (@n+1)xin
— n!

Wcnonbaysa merox Abesnst, HallTH CyMMBbI CJe[VIONIMX PANOB:

1 1 1
a-ipl oLy
3014.1- 3 + 2~ &
1 1 1
a-Lalo1lg
3015.1— 2 + 2 -2+
1 1-3 1-3:56
-1 L3 :
3016.1- 2 + 283 - L 80 4
3017.1+ L .1 4,131,
2 3 2-4 b
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Haiity cyMMbI CJA€4YOIUNX TPUTOHOMETPUUYECKUX PSAJOB:

> sinnx - cosnx

3018. Z —- 3019. Z —.
n=1 n=1

sinnasinnx

—

3020.

3021. § sinfrasinnx (0<a<2).

“= n 2

< sin(2n-1)x - 1\ cosnx
3022. nZ::l 5n -1 . 3023. "Z::z (-1) Pyt

& cos(2n-ix n-1_sinnx
3024. Z @n_1)7 3025. Z -1 n(n+1)

n=1

3026. i cosnx

n!

3027. ITocTpouTh KPUBYIO Z 5_12&251‘_”.}[ = 0.
n=1 n

Haiity cyMMBI CleayiollMX pALOB:

3028. 5 l£(2—1)¥‘—(2 x)2".

n=1

> n! 2 n
3029. ,,Z::() L——L(zn)!x .

1 2! 3!
3030. x+1 * {(x+1)(x+2) + (x+ 1) (x+2)(x+3) *

a a a
3031, —— + —— . —2_ 4 ... ipu yeaoBuy, 410 x > 0,0, > 0
ay+x Ay +x az+x

=1, 2,...) upan Z 211— pacxoxAIuics.
n=1 n

3032 —£; + 1’_‘; + 1’_“‘x8 + ..., ecom: a) |x] < 1; 6) x| > 1.

xn#l

3033. 'Zl Toa e ecan: a) |x| < 1; 6) jx| > 1.




276 PA3AEJ V. PAABL

§ 8. HaxokaeHue onpeneleHHBIX HHTEIPAaJGB
¢ MOMOLIBLIO PAAOB

C 10MOIIBIO PABI0KEHUA MOAbIHTErPANTLHOM (DYHKIMH B PAJ BHI-

YHCJHUTh CAeAyIONIAe UHTErPasbl:
1 1

3034. J 1n1L dx. 3035. f lﬂ’-”—x_—l JL+X%) g,
-x
0 0

1

3036. J' In(1+x) g0,
X

0
1

3037. J' % ln(l - x% dx (p>0,q> 0)

0
+00

1
3038. J' Inx - In (1 - x) dx. 3039. f e
0 0
3040. J' xdx
e+ 1
0

3041. Paz1o:XHTh 10 LEIBIM HOJOKUTEAbHLIM CTelIeHAM MOAYIs &
(0 < k< 1) nonnbiit anrunmuyecrkuil unmeezpanr 1-zo0 poda

n

2
E(k) = J. __deo
) JT=ksintg

3042. PazoxKuTh N0 e IbIM IOJOKHTEILHLIM CTEIIeHAM MoAYA &
(0< k< 1) norustit’ annunmuueckuil unmezpan 2-20 poda

R

2
E(k) = J' JT=Fsintg do.
()]

3043. BripasuTh AJHHY AYTH BJJIRICA
x=acost, x=bsint (0<t<2n)

C IIOMOIIIBIO pALa, PACIIOJOKEHHOTO 110 I1EJIBIM I10JOXKUTEJBHBIM CTE-
IeHAM dKCHeHTpHucHurTera.

JloxasaTk paBeHCTBA:

1
3044.'[ dx _ ey
x* nn
° n=1
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+00

3045. f e**sin ax dx =
0

DO

2n

3046. J €° ¥ cos (sin x) cos nx dx = —:—l[-' (n=0,1, 2, ...).
) !

Hagirn:

a cos X

3047. | e cos (a sin x — nx) dx (n — HaTypajJbHOe YHCJIO).

I
::o'—-ﬁ:.

1-20cosx + a2

3048. J' xsina
i3

Yrxaszaunwue. Cm. npumep 2864.
3049. J In (1 - 20 cos x + a®) dx.
0

3050. Hoxasats Gopmyny

+00

-x ! !
J. e de=1_-L 42 _
a+x a

0

O At S O DB O0

n+l?

riea>0n0<0,<1.
C Kakoil TOYHOCTBIO BHIPASUTCA HUHTEIPAJ

+ oo

e*X
J 100 + x dx,

0
ecs B thopmyie (1) B3ATH ABa yneHa?

§ 9. BeckoneuHbre NpPoN3BeNEeHUA

1. CxomgumocTs npousBeaeHus. BecKoOHeUHOE NTPOU3BEJeHNe

PPy Par =[] Pa 1)

n=1
Ha3bIBaeTcA cxoaﬂwumc;z, €CJIY CYLIECTBYET KOHEUHbIN Y OTJINYHBINA OT HY.1A
npeapen

fim T pi= tim 2, =P.

i=1
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Ecnu P = 0 1 HM OOWH U3 COMHOXUTEJEH p, He DABEH HYJIO, TO IPOU3-
segenue (1) nHassiBaercs pacxo0auumMca K HYA0; B IPDOTUBHOM Clly4ae Ipo-
W3BeJeHNe HASLIBAETCA CXO0AWUMCA K HYAIO.

CxopumMocTs npou3eeneHud (1) paBHOCUJIbHA CXOLUMOCTH pAJA

i Inp,. (2)

n= 710
Heo6xoquMbIM YCA0OBHEM CXOJUMOCTU ABJAAETCH

lim p,=1.
n— 0o
Ecaup,=1+a,(n=1,2,...)u ®, He MeHseT 3HAKA, TO JJAI CXOLZUMOCTH
npousBesenns (1) Heo6X0AUMO B JOCTATOUHO, YTOGBI OB CXOAAIIMMCA D

S =3 0, . @
n=1 n=1

B ofuiem cayuae, Korga o, HE COXPAaHAET MOCTOSAHHOrO 3HaKa u pag (3)
cxoauTcd, npouaseacHue (1) OygeT CXoouTbCA WM PACXOAUTLCA K HYJIIO

BMECTE C PALOM
(o] 2 [5]
ICEDNEY

n=1 n=1

2. AbconroTHaa cxomuMocTs. Ilpoussenenne (1) HasbIBaeTca abcorom-
HO UJH YCa068H0 (He abCcoromHuo) CXOAAINMCS B 3aBUCUMOCTH OT TOro, ab-
COJIIOTHO WJAU yCA0BHO cxoautcsa pag (2). Heo6XoguMbiM M JOCTATOUHBIM
ycaoBueM abCcoOJIIOTHOH CXOZUMOCTH mpoudsenenus (1) asaserca abcomor-
HaA CXOOUMOCTh paga (3).

3. Pasnoxenne (yHruuit B OeCKOMeuHble NpousBeAeHusa. Ilpu
—00 < x < +00 YMEeT MEeCTO PAa3JIOMEeHUd

=3}

smx—xH( = 2), cosx=H[1—(—§n—‘i£12—)z?]

n=1 n=1

T
B wacrHOCTH, M3 nepsoro npu X = ¢ nosyvaem gopmyry Barauca
£

T . _2n
2 2n+1°
IlokasaTs clefylolle paBeHCTBA:
= 1 1 ni-1 _ 2
3051. (1—_)=_. 3052. =2,
H n2 2 H n3 +1 3
n=2

3053.{[2 [1—71—(%1_)] - L 3054.H [1+@.)2"] ~ 2.

n=0
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3055. H cos 2 = T_2t 3056. f[ cos X = Sii“‘.
= n=1
3057. H ch . 3058. H(l +x2")~ (Jxl<1)
n= n=20
3059%:%'@2 : 2
+ /2 «/2+ 2+.42
3060. H —1 3n+1 - ;/:

IMoxasarh CXOAMMOCTL M OIPefeUTh SHAUeHMA CelyioluX bec-
KOHEUHBIX NMPOM3BEJEeHMIHA:

[e:) oo

3061.HZ§:‘1*. 3062.H[1+n(71+.2_5].

n=1

n"
2n+1)2n+7) P
3063. I I (Zn+3)(2n+5)" 3064. I I a (a > 0).

n=1 n=1

3065. CnegyeT M M3 CXOAUMOCTH MPOM3BERECHUIT H p. U H qn

n=1 n=1

CXOIHMOCTh nponsBezernﬁ

a)H(p,ﬁrqn), 6)]—[1),,, B[] Patns r)]—[p"”
n=1

n=1

HccnegoBaTht CXOOAHMMOCTb CJHAEAVIONIMX OECKOHEYHBIX IPOM3-
BeJleHUH:

3066. ﬁ L 3067. ﬁl ﬁ%}%zﬁ)

3068. ﬁ ( ) 3069. Hz (1 - ,ll)

3070. ﬁ (”2 )

3071. ﬁ DGR rre it +an+b> 0 mpH 1> ny.
3072. ﬁ (n-a)(n-p)..(n=8) op b (i=1,2, ...,p).

(n=b)(n-by)...(n-b,)
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- n+1 ol n
3073. HO ot 3074. H sk
3075. ﬁ . 1+%. 3076. ﬁ “n.

n;l ) Py n;l ) ;
3077.1:[1(1-%;)(2". 3078.H(l—m)e”,rnec>0.
3079. ﬁ (1 - x™. 3080. ﬁ (1 + ’2‘—) .

n=0 n=1

- [ () - 2.2

_ X n «n
3081.}:11 1+ — . 3082.E (1 ﬁ)e .

- N - S‘“;p
3083. ] (1 + ;;) cos. 3084 [] | —

n=1 n=1 -

n

3085. H YIn(n+ x)-lnn.

3086. lokasaTs, uTO NPOU3BEJEHIE H COS X, CXOAHMTCH, eCJH

n=1

2
CXONUTCA DAL H x5

n=1

3087. llokasaTh, UTO NMPOM3BeEHIE H tg(l—t + o, ) ( lo,| < g)
n=1

(e 0]
cxompuTcs, eCiand abcomoTHO CXOANTCA pAL Z &,
n=1
I/ICCJIGJIOBaTb Ha a6COJIIOTHYIO H YCJIOBHYIO CXOAUMOCTH CJIEAYIO-
mue OecKoOHeUHbIe IIpoN3BEeCHHUA:

088, [T [1+ CU]. soso. T [1+ CL2].
n=1 n=1 n

3090.f1[1+§‘—1n¥] 3091.ﬁ[1+%}12].
n=1 n=2



§ 9. Becxkoneunrle npoussesieHus 281

3092. ) 3093. SV
H yE I
n(n-1)
3094. H nfpor 3095. H [1 + i_l___.]
n=1 n=1

3096.(1+%)(1—%)(1—ﬁ)(1+ﬁ)(l—ﬁ) X
X(1~%)(1+%)
3097.(1+T15)(1—§1&)2(1+33&)(1+£&)(1—513)2(1+é&)
3098. Ilokasars, UTO IPOU3BE/EHIE
(1+%+%)(1-%)(1+%+%)(1—%)
CXONUTCA, XO0TA pPAL
(:-IE +%) +(—ﬁ) +(% +%) +(—%) + ..

pacxonuTc.

3099. IToxasaTs, UTO NpOU3BEACHUE H (1 +a,), roe

n=1

i ecimn =2k -1,
JE

(x:

" L1 1 ectmn=2k,
Jeoo ko kR

00 o0
2
CXORMTCA, XOTA 06a pAfa Z o, 1 Z o, pacxoAATcA.
n=1 n=1

3100. Ilycts
-y 1
8(x) = ,.§=1 =

(0sema-pynryus Pumana) up, (n=1, 2, ...) — nocreJoBaTeJbHbIE
IpoOCThIE YHCHA.
JloxasaTs, 4TO

ﬁ (1 - é)" = {(x).
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3101. Joxasars, 4TO NPOU3BEJEeHHUE

b -1
()
Pn
n=1
" pAL

rae p, (n=1, 2, ...) — nociexoBaTe/ibHbIE IIPOCTHIE UHCIA, PACXO-
narcqa (dinep).

3102.Ilycts a,>0(n=1,2,..0)mn

all

=1+8 +o(—}—) (e > 0).
An.a n ntre

a,= 0% (L) .
nr

Y kxasanue. PaccmoTpeTs

) [se] a 1p
P = llL".‘ + 2
’2113n a,n?=a, ” (1 )

n n

Jloxasars, 4TO

n=1
3103. C nomombio hopmynasl Bannuca gokasaTs, 4To
1-3-5..(2n-1) _ 1
2-4-6...(2n) Jan

3104. JoxasaTb, 9YTO BbHIpAKEHHE

_ nlen
nal

n

HMeeT OTJUYHBIA OT HYJIA npeaei A npu n — 0,
Brisectu orcroga hopmyay Crtupnunra

n+l
nl=An 2e" (1 +¢g,),

rge lim ¢, =0und= .J2xn.
n— 0

Yxasanue. HcxkoMmblil nipesen npejcTaBUTh B BUJe OECKOHEUHOIO
poM3BeLeHU

00

. a
A= lim an=a1|| —nxl
n-— o a

n=1 "

IOdna ompeneneHMsA KOHCTAHTHI A BOCHONB30BAThHCA (GOpMYJIOi
Bannuca.
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3105. Cornacuo Jitnepy zamma-Qynrxyus I'(x) ompepensercsa
caenyoumeit popmynoii:
. ninx
) = nh—»nio x(x+1). (x+n)’
Wcxona us atoit hopMyabI:
a) npeacraButh GyHKIno I'(x) B Buge 6eCKOHEYHOro IIpo-
U3BEAEHNUA;
6) noxasars, uto I'(x) “MeeT CMBICH AJIA BCeX JeHCTBUTENb-
HBIX X, HE PABHBIX I[EJIOMY OTPHUIATEIBHOMY UHCIY;
B) BBIBECTH CBOHMCTBO
T'(x + 1) = 2I'(x);
T') NOJIYYUTH 3HaueHue I'(n) s n 1eoro 1 moJ0KUTEILHOI0.
3106. IIycts dyuxuusa f(x) coGCTBEHHO MHTErpupyeMa Ha Cer-
meHTe [a, b] u

6"= b%a’ in:f(a +i8n) (i=1,2,.., n).

Jlokasars, 4TO ,

lim H (1+8,f,)=e"

Jﬁ(a+ib)
i=0

f(x)dx

i=1
lim 2 =

3107. lokasaTs, UTO

oo 1
" > (a+ib)
i=0

’

o N

rnea>0ub>0.
3108. IIycts f(x) (n= 1, 2, ...) — HenpepsIBHble QYHKI NN HA

uurepsane (a, b) ulf,(x) <c,(n=1, 2, ...), rae pan Z ¢, CXOMUTCA.
n=1
Joxasars, uTo QyHKIUA

Fx)= [+ 7@ (f0] <1)

n=1
HempephIBHA Ha UHTepBaJte (a, b).
3109. Haiitu Bhipa)keHue AJA MPOU3BOAHON QYHKIIUH

F(x)= H 1+ 7,001
n=1

KaxoBsl gocTaTouHble YCJIOBUA CylecTBoBaHUA F'(x)?

3110. doxasars, uto ecau 0 < x <y, TO

x(x+1)..(x+n) _ 0

n—o Yyly+1)..(y+n)
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§ 10. ®opmyna Crupaunra

Insa Boluvciaenus n! Opu GONBLINMX 3HAYEHHAX N MOJNe3HA Qopmyna
Cmupnunza

9’1
nl= J2nn nte ""Tn (0 <o, <1).

Hons3ysace popmynoit Crupaunra, npubamKeHHO BHIYUCTUTD!

3111. lg 100! 3112.1-3-5 ... 1999.
1.3-5...99 40
3113, B899 3114. %, .
1
100! 2350
3115. ;100 . 3116.'[(1 x2)® dx.

2n

3117. J' sin2 x dx.

0
3118. BrIBecTr acCHMITOTHYECKYIO DOPMYIY AJA IPOU3BEACHIA
Cn-DHl=1-3-5...(2n - 1).

3119. IIpubamKeHHO BLIYNCINTD C;,, , €CJIH N BEJINKO.

3120. ITons3ysacs ¢Gopmynoit CrupauHra, HaUTH CJAELVIOUIHE
IIpesiessl:

a) lim "A/n!; n_.
B) lim —2 r) lim Inn!
n oo ”/(Zn Y n—oo Ilnnn

§ 11. IlpuGauikenue HENpPepbIBHBIX (MYHKIMU
MHOTOYJI€HaMU

1. Harepnoaanuonnan dopmyaa Jlarpausxka. Muozouren Jlazpanica

i

P (x)= Z ((x Xo). (x X  Nx—x;, ). (x~x,)

X;—xg). (X — %)%, ). (% - x,)

obnamaer csoiicrsoM P, (x,)=y, (i=0, 1, ..., n).
2. Muorouiens! Beprumreitna. Eciu f(x) — HelpepsIBHAs Ha CerMeHTe
{0, 1] dynxrnuus, 10 MHOZoUeHbL Bepriuumeiina

B, (x) = i f(i) Chxi(1 — x)n~i
i=0

IpU n — 00 CXOAATCA PABHOMEPHO Ha cermente [0, 1] ¥ dynxuun f(x).
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3121. ITocrpouts MuOTOuNeH P,(x) HaMMeHblLIEel CTENEHH N,
[IpUHHUMAIOIINN 3aaHHYIO CUCTEeMY SHauYeHMH:

x -2 0 4 5

y 5 1 -3 1

Yemy npubsuxenHo paBusl P (-1), P, (1), P,(6)?

3122. Hanucars ypaBHesue napabonst y = ax® + bx + ¢, Ipoxo-
pawmeil geped Tpu Touxn: A (xo — kA, Y_1), B (x4, Yo)s C (x¢ + R, yy).
3123. BriBecTu hopmMyay AaA NpuOINKEHHOTO U3BJICUSHUS KOP-

Hel y= Ja_c (1< x < 100), ucnonp3ya 3HaueHud x,= 1, yo= 1;
x, =25, y; = 5; x, = 100, y, = 10.
3124. BeiBecTn npubanikeHHyo GOpMyay Buaa
sin x° = ax + bx® (0 < x € 90; x = arc x°),
HCIOJIb3Y S SHAYCHUA

1

sin 0° = 0, sin 30° = 5 sin 90° = 1.

ITonbaysacs aroit hopmysnoil, NpubanKeHHo HANTH:
sin 20°, sin 40°, sin 80°.
3125. ITocTpouts ana dyaxuuu f(x) = |x| na cermenre [-1, 1] un-
TepHOJALNOHHBIN MHOTOUNEeH JlarpaH»ka, IIPHHAB 34 Y3Jbl TOYKH:

1
=0, =, +1.
* P

3126. 3amenus Qyskuuoo y(x) mHorouwneHom JlarpaH:xka, npu-

OMMMKEHHO BRIYUCJAUTDH
2

j y(x) dx,
0
roe
x 0 0,5 1 1,5 2
y(x) 5 4,5 3 2,5 5

3127. CocTaBuTh MHOTOUIIeHK! BepHinreina B, (x) ana dyHknnit
x, x%, x* Ha cermenre [0, 1].

3128. Hanucars opmyany mHorouwleHoB Bepuinreitna B, (x) pana
dbyuaxuuu f(x), 3aganHoil Ha cermenre [a, b].
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3129. IIpubansutsb GyHKUHIO f(x) = BITJ”—C Ha cermenre {—1, 1)
MHoroujieHoM Beprinreiina By(x).

_ |xl+x
¥y= =3

Hocrpouts rpaduxu GyEKIUAN u y = By(x).

3130. [Ipubausurs dyaxumo f(x)= |x| npn -1 < x < 1 mHOTO-
yjeHaMH BepHINTeHA YeTHOrO MOPALKA.
3131. Hanucarts muorousied Bepumreiina B, (x) gnia QyHKIUK

flx)=e* (a< x< b).
3132. Beruncants mHorousied B,(x) ana gyrkuum f(x) = cos x

HA CeTMeHTe —g < x< g

3133. 1. [lokasars, uro |x| = lim P, (x) na cermenre [—1, 1], rae
n— oo

n(x) =1-

521— )
Z meh) (1 - x?.
2. Ilycrs f(x) € Cla, bl n

M,,=J‘xkf(x) dx=0 (k=0,1,2,..).

IToxasaTs, uto f(x) = 0 mpu x € {a, b].

Y xasaunue. UcnmonssoBaTs Teopemy Beiiepinrpacca 06 annpoxkcuma-
LMH HeNpepsIBHONW (GYHKIIMK MHOTOYJIEHAMH.

3134. IIycrs f(x) — HenpepsiBHAA 2M-HepuognYecKad QYHKIUA
Ha orpeske [-n, njua,, b, (n=0, 1, 2, ...) — ee KoahPHUIHEHTH
®dypoe. Jlokasarb, UTO TPUTOHOMETpPHUECKIIe MHOTOUNeHbl Peiiepa

n-1 .
o,(x) = %’ + Z (1 - i) (a; cos ix + b; sin ix)
i=1

PABHOMEPHO CXOAATCA K GyHKuuH f(x) Ha oTpesxe [T, 7.
3135. Ilocrpours MHorouseH Peitepa G,, _(x) A1 QyHKINN

fx)=|x| mpu -n<x<m.
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PA3IEJ VI

TUOOEPEHIIUAJIBHOE HCUYUCJIEHHUE
OYHKIIUH HECKOJIBKUX ITEPEMEHHBIX

§ 1. lpenen ¢pyuriuu. HenpepriBHOCTE

1. IIpenen dyuxkuuu. [ycrs dyuknusa f(P) = f(xy, x3, ..., X,) onpejienesHa
Ha MHOkecTBe E, HMerlleM TOUKY cryuieHus P,. I'oBopar, uro

lim f(P)=A,
P— P,

ecau ans moboro € > 0 cymectsyer b = & (g, Py) > 0, Taroe uto

If(P) - Al< e
npu P Eun 0 < p (P, Py) <39, rae p (P, Py) — paccTosRye MeXy TOUKAMH
Pu P,

2. HenpepoisHocTh, PyurKuus f(P) Ha3bIBAETCA HeNnpepbigHOlL 8 mouke
Py, eciu

lim f(P) = f(P,).
PP,

Dyuxuua f(P) nenpepviena 6 danHoilt obaracmu, eClU OHA HelpepbIBHA B
KaXA0M TOUKe 3TOM o6y1acTu.

3. PasHomepunas HenpepbiBHOoCTh. DyHK1us f(P) Ha3bIBaeTCsA pagHOMeD-
HO Henpepbighoil B obnactu G, ecan Ans kamjaoro € > 0 cymectsyeT &> 0,
3aBUCALIee TOJbLKO OT €, TAKOEe, UTO AJs Jio0eix ToueK P’ u P’ us G umeer
MeCTO HepaBeHCTBO

If(P) - f(P")| < e

npu p (P’, Py < 8.
DyHKIMs, HeNIpepLHIBHAA B OrPaHMYeHHOU M 3aMKHyToU ofsacTu, pas-
HOMepHO HenpephslBHA B 3TO# obiacTtu.

OnpenenuTs ¥ U300pas3uTh 0BJACTH CYII[eCTBOBAHUA CJIEVIOMUX
GYyHKIMHA:
3136.u=x + Jy. 3137.u=J1-x2 + Jy- 1.

3138.u= JT-x2- y2. 3139y = — L
Syl
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3140. u= J(x2+y%2-1)(4 — x% - y?).

_ [ x*+yi-x _«/-—‘-.—
3141. u /—-—\——-Zx_xz_yz. 3142. u= J1—(x2+y?).

3143. u = In (-x — py). 3144. u = arcsin £,
- X

3145. u = arccos —>— .
x+g

3146. u = arcsin _x_2 + arcsin (1 — y).
y

3147. u = Jsin(x?+ y?). 3148. u = arccos —=

x2+y?

3149. u = In (xy2).
3150.u =1n (-1 — x* — y? + 2%).

ITocTpouTs THUK YPOBHA CAeAyomIuX GYHKITHI:

3i15l.2=x+ y. 3152. 2z = x* + Y2
3153. 2z = x% - - 3154. z = (x + y)2.
.y’ -1
3155. 2z - 3156. z g
3157. 2= Jyx. 3158. 2z = |x| + y.
3159. a)z=|x| + |y - |x + yl; 6) 2= min (x, y);
B) z = max (|x, |y)); r) z = min (x%, y).

2x

3160. z = ex*+v*,
3161.z= x¥ (x> 0).
3162.z = xY%e¢* (x> 0).

3163.z=In K4l +V" (g5 (),
(x+a)*+y?
3164. 2 = arctg 24— (a>0).

_+_y2__a2

3165. z = sgn (sin x sin y).

HaiiTu noBepxXHOCTH YPOBHA CIAeAVIOWNX HYHKI[MIL:
3166.u=x+y + 2.

3167. u = x* + y* + 2%

3168. u = x? + y? - 22,

3169. u = (x + y)* + 22

3170. u = sgn sin (x% + y? + 2%).
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WccnepmoBarh xapakTep IOBEPXHOCTEH IO AAHHBKIM HUX ypaBHe-

HHUN:

3171. z = f(y — ax). 3172. z = f(Jx% + y2).
3173. 2z = xf(g) , 3174. 2z = f(g) :
3175. IlocTpouTs rpadmK GYHKIIUA
F(t) = f(cos t, sin t),
rae

_JLy=x,
f(x, ) {0;y<x.

x2+y2’

3176. Haittu f( 1, 5) , ecau f(x, y) = 2xy
3177. Haiitu f(x), ecnn '

(9= £ e,

X

3178. Ilycrs
2=y + f(Jx - 1).

Onpenennts QPyHKIUA f U 2, ecIA 2 = x opu y = 1.
3179. IlycTs
z2=x+y+ f(x - y).

Haittu yuknuu f u 2, ecnu z = x* npu y = 0.
3180. Haittu f(x, y), ecin f( x+uy, .’l) = x% - 12
X
3181. ITokasarTb, uTo gaA GYHKIUA
f(x’ y) =22y
. X+y
nMeeMm

lim {lim f(x, y)} = 1; lim {lim f(x, y)} = -1,
x—=0 y—O0 y—0 x—0

B TO BPEMA KaK lin(1)f(x, Y) He CYILleCTBYeET.
ot
y—0
3182. ITokasaTs, 4To AaA QYHKUUK
242

=__ Xy
. v) x2y?+ (x ~y)?
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pMeeM

lim {lim f(x, y)} = lim {lim f(x, y)} =0
x—=0 y—0 y—0 x—0

TeM He MeHee lin(1 f(x, y) He cyuecTByerT.
x—0
y—0
3183. 1. ITokasars, UTO Aast PYHKIIUU

flx, y) = (x + 1) sinlsinl
x Yy
oGa moBropHnix npegesaa lim {lim f(x, y)} u lim {lim f(x, y)} ne cy-
x>0 y—0 y—0 x—0

HIECTBYIOT, TéM He MeHee CyllecTByeT lim f(x, y) =
x—~0
y—0
2. CymecTByeT Jin npezesn
llm __l_. 7

x—0 x2+y
y—0

3. Uemy paseH npenen QyHKIIUN
f(x, y) = xPe=*-)

BIOJIB JTI0GOTO Tyya x =t cos @, Yy = ¢ sin o (0 < t < +00) ipu t— +007?
MoskHO s 3Ty PYyHKIINIO HAa3BaTh HECKOHEYHO MAJION Hpu x — +00

uy — +oo?
3184. Haiitu
lim {lim f(x, y)} u lim {lim f(x, y)},
x—a y—b y—b x—a
ecJIu:

2 2
a)f(xry)=z2_:'§:va=oo’b=oo;

6) /(x, y) = 75—, a =0, b=+0;

- o X - - 0O-
B) f(x, y) = sin 2Hy,a 00, b = 00;
1) flx, y) = g—fi— a=0,b=oo;

o) f(x, y) = logx (x + y), a=1,b=0.

Haiitu cnenyoimue n1BoHHbIe IPemesbl:

3185. lim —*+4 . 3186. lim 18"
v:;-gx xXy+y ’j:zx +y

3187. 1m—”‘—xﬂ 3188. lim (x? + y2)e ¢+ v,
x—0 x— 400

y—a ¥ 4o
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2

3189. lim (JL)JC . 3190. lim (x? + y?) «** .

X = +00 xl+y2 =0

y— +x y—0

X2

8191 1im (1 + 1)777. 3192. lim IS,

R x v—o ~NX +y?
3193. ITo xaKUM HANIPABJIEHUAM () CYLIECTBYeT KOHEUHbI Ipee:

a) lim ex*+v*; 6) lim e**-v¥* - sin 2xy,

p— +0 p— +co

ecnu x = p cos ¢ u y = p sin ¢?

HaiiTu TOuKM paspslBa CIEYIOLUINX QYHKIIMHA:

1 x
3194 u= — . 3195. u= XL,
JxZ+y? x+y
3196.u= 218 3197.u = sin >,
x3+y xy
3198.u = — 1. 3199. u=1In (1 — ¥% - y?).
sinxsiny
3200. u = L.
xyz
3201.u = In 1

Jx=ay(y=b+ (z- o
3202. ITokasaTs, 4TO PYHKIMA:

-%‘.Lz, ecnu x2 + y2 # 0,
a) fx,y)=19 ¥+¥

y

ecnu x2 + y% =0,

HeNlpepbIBHA 110 KAXKAO0M IepeMeHHOM X U I B OTAeJbHOCTH (ITpU QUK-
CHPOBAaHHOM 3HAUEHUHU IPYTO NepeMeHHOM), HO He SABJseTCA Hellpe-
PBIBHOU IO COBOKYIIHOCTH 3TUX llepeMeHHBIX;

—fili;, ecnu x2 + y2 # 0,
= x*+y
6) fx, v) 0 ectnx? +y>=0

B Touke O (0, 0) HenmpephIBHA BIOJb KAXKAOI'0O Jyda
x=tcosd, y=tsina (0<i<+400),

NPOXOAALIETO Yepes 3Ty TOUKY, T. €. CYIIeCTBYeT

lim f(t cos a, tsin o) = f(0, 0);
t—0

OOHAKO 3Ta QYHKIUA He SABIAETCS HenpepuIBHOI B Touke (0, 0).
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3203. 1. UccnenosaTs HA PABHOMEPHYIO HEIIPEPLIBHOCTh JIMHEHH-
HyI0 QyHKRITIO

u=2x-3y+5
B 6eCKOHEeuHOH mIocKocTH E? = {lxl <400, Jy| < 400 i,
2. WcenenoBaTh Ha PABHOMEPHYIO HENIPEPBHIBHOCTD B IJIOCKOCTH

E? = {|x| < 400, Jy| < +co  dynrmumio

u= Jx?+y?.

3. Byzer 1u paBHOMepHO HenpepbIBHON PYHKIIUA

— o T
f(x, y) = Slnm
B obnactu x% + y? < 17

4. Tana pyHRIIUSA

u = arcsinZ,
Yy

Asnaercs nu ata GyHKIUA HelpepbIBHOIN B cBOe obJyiacTu onpexe-
senuda E?
Byger nu dyHKIUA U paBHOMEPHO HellpepbIBHOM B 06macTtu E7
3204. TloxasaTs, 4TO MHOMKECTBO TOYEK pa3pbiBa (QPYHKIUUN

f(x, y) = x sin 1 yecau y # 0 u f(x, 0) = 0, He ABAsIeTCA 3AMKHYTHIM.
Yy

3205. Torazars, uTo ecau QyHKRIUA f(x, Y) B HeKOTOPOii 06sacTi
G HelpepbIBHA 110 IePeMEeHHON X U PABHOMEPHO OTHOCUTEJLHO X He-
IIpepsIBHA 110 HepeMeHHO# y, To aTa GyHKIUA HenpepblBHA B pac-
cMaTpuBaeMoit o61acTu.

3206. [Tokasath, 4TO ecau B HEKOTOpOI obmactu G pyHKIUA
f(x, y) HempepblBHa IO IIePeMeHHOU X U YAOBJETBOPSAET YCJLOBUI0
Junwuya no nepeMeHHOH ¥, T. €.

|f(x, y) = f(x, ¥ < LIy — ¥,

rae (x, ¥) € G, (x, y’) € G u L — nocrosanHas, TO 3Ta PYHKIAA He-
nmpepblBHA B JaHHOU obsacTH.

3207. ToxkazaTs, 4TO eclAU PyHKIUS f(x, i) HEIIpephIBHA 110 KaK-
IO IepeMeHHOW X ¥ Y B OTAEJBHOCTH U MOHOTOHHA TO OZHOM M3
HUX, TO 3Ta PYHKIUSA HelIpepbIBHA II0 COBOKYITHOCTU IIepeMeHHBIX
(meopema FOmuza).
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3208. I1ycts pyuaruus f(x, ) HepepsIBHA B 06JacTH @ < X < A,
b < y < B, a nocneposaresnbHOCTh QYHKIUA ¢,(x) (n =1, 2, ...) cxo-
IUTCS paBHOMepHO Ha [a, A] ¥ ynosieTsopsAeT yeaoBuio b < ¢,(x) < B.
IoxasaTs, YTO IOCJIEL0BATEIBHOCTh (PYyHKIINH

F(x)=f(x, p,(x)) (n=1,2,..)

TaksKe CXOJUTCS paBHOMepHO Ha [a, A].

3209. IIycrs: 1) dyukuusa f(x, y) HenpepbiBHa B o00JacTu
R(a < x <A; b <y < B); 2) hyHruus @(x) HermpeprlBHA B UHTEPBaJe
(a, A) u uUMeeT 3HadYeHHUA, NPUHAIJIeKaMe nHTepBany (b, B). Ilo-
Ka3aTh, 4TO PYHKIIUA

F(x) = f(x, ¢(x))

HellpepslBHA B UHTepBajue (a, A).

3210. IIycrs: 1) dyuxuua f(x, y) HenpepslBHa B obJacTu
R(a<x < A; b<y< B); 2)dyaruusa x = ¢(u, v) 1 y = y(u, v) He-
npepsiBESI B 061acTtu R (@’ < u <A’; b’ <v < B’) ¥ UMelOT 3HAYEHUS,
MPUHALJIEKAIEe COOTBeTCTBeHHO uHTepsanam (a, A) u (b, B). Jo-
KasaTh, YTO PYHKIUA

F(u, v) = f(o(u, v), p(u, v))

HenpepblBHa B 06Jactu R'.

§ 2. Yacrusle nmpousBoausie. JTuddepennuan QyHKmun

1. YacrHele npoussoaHsie. Pesynbrar yactHOro audpepeHLIMPOBAHUA
(YHKLMHU HECKOJBKUX IIepeMEHHBIX He 3aBUCHUT OT Nopsaaka guddepeHIn-
pOBaHUdA, ecJU BCe IPOM3BOAHBIE, BXOJANINE B BBIUUCICHUE, HEIIPEPBIBHHEI.

2. Inddepenmnan dyakuun. Eciu nonHoe npupamexHue QpyHKnun
f(x, y, 2) OT HE3ABUCUMBIX NIEPEMEHHBIX X, Y, 2 MOXKET GBITH NPEACTABIEHO
B BUJE

Af(x, y, 2) = AAx + BAy + CAz + o(p),

rae A, B, C ue 3aBucar or Ax, Ay, Az u p = J(Ax)2 + (Ay)? + (Az)2, To DyHK-
uusa f(x, y, 2) HazsIBaeTcA JugPepenyupyemoll B rouke (x, y, z), a 1uHeiiHas
yacTh npupaileHus AAx + BAy + CAz, paBHas

df(x, ¥, 2) = fr (%, y, 2)dx + [y (x, y, 2) dy + [, (x, y, 2)dz, (1)

rae dx = Ax, dy = Ay, dz = Az, HasbiBaeTca dugpgepernyuanom aTo QyHK-
IIMH.

dopmyna (1) coxpaHsaeT CBoe 3HaYeHMeE U B TOM cJyudae, KOr/ia IepeMeH-
HBbIE X, Y, 2 ABNAKTCA HEKOTOPbIMU AU dhepeHIMPYyEeMbIMU PYHKIMAMU OT
HEe3aBUCUMBIX IIEPEMEHHBIX.
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§ 2. Yacrusle nponasoalsie. Nuddepeiyuan GyHKuuu

Ecau x, y, 2 — HesaBUCUMEIe ITepeMeHHEBIE, U QyHKOUA f(x, y, 2) nMeeT
HeIlpepbIBHBIE YACTHEIE ITPOU3BOLHEIE 0 A-T'O NMOPALKA BKAWYUTENLHO, TO
ansa Ougepenyuanog @eicuiux nopAdKos UMeeT MeCTO CUMBOJMYECKad

(popmysia

d*f(x, y, 2) = (dx—

3. IpousBoguas caoxHoi byHkumu. Ecnu w = f(x, y, 2) — nuddepen-
w(u, v), z= ¥ (u, v), rae GyHKIUU @, Y, X AUD-

uupyema 1 x = @(u, v), y =
(pepeHIUPYEMBI, TO

dw _ dwdx | Jwdy | dwdz
Ju Jdxdu dyou  Jzdu’
ow _ dwdx , dwdy , dwdz
Jdv  dJdxdv  Jdydv  dzdv

J
dx

+ dy

d
dy

— +dz=

2 fe, g, 2).

st BBIYMCJIEHU ST IPOUBBOAHBIX BTOPOro NOPAAKA (PDYHKIMU W TIOJe3HO
[10J1b30BATHCA CUMBOJIMYECKUMHU (hopMymamu:

Rw _ ( 0 J d )2 0P dw , 9Q,dw , IR Jw
-, L +@Q,L +RZ + g g, il
Ju? ox Ty TR vt i Yoy T oe oz
u
Rw  _ 9J d J ) ( d 0 J )
gw _(p 2 4 R r,L +9,< +RZ
Jado ( e Ty TR Pagp Ty YR jw
. JP, 9w + 9% 9Q, 9w aR18w
oo dx v Oy v 9z’
rie
O - % g -9
Py au’Ql au’Rl ou’
Jdx dy Jz
=% Q=% R,=2.
P, v Q@ ov 2 v
4. HpouseogHas B JaHHOM HanpaBiaeHun. Eciu HanpasieHue | B mpo-
cTpaHcTBe Oxyz XapakTepusyerca HallPaBJAAIOUIMMH  KOCHMHYyCaMUu:

{cos o.cos B cos ¥y} u dpyHKUMA u = f(x, y, 2) suddepeHuUPyeMa, TO NPOU3-
6o0nas no nHanpasneruio | Beluncnaerca no ¢popmyne

Ju Ou Ju Ju
= = —Cos0 + —cosp + —cos
o 00Ot gy Pt gy cos .
CropocTh HaubGoJbIIEro POCTa (PYHKUUHI B JaHHOM TOUKe II0O MOAYJIO M Ha-
NPaBJIEHUIO OIIpeJessieTCA BeKTOPOM — 2paduenmom QyHKyuu:
du.  du. Jdu
radu= —i + — k,
& xi Tt

MOAYJb KOTOPOT'0O paBeH

TR
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3211. 1. IloxasaTs, 4TO

, _d
i (e, 0) = L [fx, b))
2. Haittu £, (x, 1), ecin
fx,y)=x+y~-1) arcsinA/;i.
3212, 1. Haiitu f (0, 0) u f, (0, 0), ecaiu

flx, y) = Yxy.

Asnstercs v ata dyuknusa guddepernnupyemoii B rouxe O(0, 0)?
2. fsnsaerca mu guddepennupyemoit B touke O(0, 0) hyHruua

f(x, y) = Uxd+y3?

3. UccnenosaTs Ha quddepentiupyemocts B Touke 00, 0) dynx-
LHIO
N S
fx, y) = e x*+v*  mpux®+y*>0
u f(0, 0) = 0.

HafiTu yacTHbBIe IPOM3BOAHEBIE IePBOI0 U BTOPOTO HOPALKOB OT
crepywmux GyHKINI:

3213.u = x* + y* — 4x%)°%. 3214. u = xy + 5 .
3215.u= X, 3216.u= —X

y? JxZ4y?
3217. u = x sin (x + y). 3218, y = osx?

Yy
3219.u = tg%z . 3220. u = x¥.
3221.u = In (x + y?). 3222. u = arctg-li.
3223. u = arctg X4 3224. u = arcsin —=
1-xy xZ+ y?

3225.u~ — L . 3226. u = (5)

Nx24 y? 4 22 y

3227. u= x2. 3228. u = xv°.
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3229. ITposepurs paBeHCTBO

Jd%u _ J2%u
oxdy  Jdyox’

ecJun:

a)u=x%-2xy - 3y% 6)u= x¥*; B)u=arccosA/Z.
Y

3230. 1. Tyers f(x, y) = xyiz—;ﬂ; , ecau x2 + y2 # 0 u (0, 0) = 0.
Yy
TlokasaTh, 4TO

f<, (0, 0) = f7. (0, 0).

2. Ilyers
2
- | 55 i
0 npux =y =0.

Cymecrsyer au £, (0, 0)?

3231. Ilycrs u = f(x, y, 2) — ogHOPOAHAA DYHKIINA U3MEPEeHU /1.
IIposepuTs Teopemy Jitsrepa 06 OZHOPOLHHIX MYHKIUAX HA CIELYIO-
IUX IIpUMepax:

y

Au=(x—2y+32)% 6lu= —F B)u=(£)?.
Nx:+y?+ 22 y

3232, Hokazats, uto eciau guddepeHnupyemas QyHKIuA
u= f(x, y, 2) yROBJIeTBOPAET yPaBHEHUIO

xa-it + y(?—u du
Jx dy 0z
TO OHAa ABJAETCA OZHOPOAHON (PYHKIHMEH U3MepeHUd n.
Y kaszanue. PaccMoTpeTs BCIIOMOTATENBHYIO (DYHKIIMIO

F(t) = f_(tx_,ttn&_t__z_)

3233. OokasaTs, 4TO ecau f(x, y, 2) — nuddepeHupyemas on-
HOpoAHAasA (PYHKUUA UBMEpPEeHUSA N, TO ee YaCTHHIe MPOH3BOJLHbIE
folx, ys 2)s fy(x, 45 2), f;(xs Yy, 2) — onHOPORHBIE QYHKUKH H3Me-
perus n~ 1,
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3234. Ilycte u = f(x, Yy, 2) — asaxknsl guddepeHnupyeMas on-
HOpOgHaA QYHKUUA U3MepeHud n. [Jokasars, 4TO

d

(xi +y—a— +z——)2u= n(n— lu
dx oy 0z )

Hafitu pudypepeHIinasbsl 1epBOY0 X BTOPOTO HMOPAAKOB OT clle-
ayiomux GyHruui (x, y, 2 — He3aBUCUMble iepeMeHHbIe):

3235. u = x™"y". 3236.u=Z.
Y
3237.u= Jx2+y2. 3238.u = In/x%+ y2.
3239. u = e". 3240. u = xy + yz + 2x.
- _ 2z
3241.u reruTE

3242, Haiitu df(1, 1, 1) u d’f(1, 1, 1), ecau

fe, v, 2) = fE.

3243. IlokasaTh, 4TO ecaIn
u= Jx?2+y?+22,

to d?u > 0.
3244. Ilpeamnonaras, 4ro X, Y MaJbl 110 MOAYJIIO, BIBECTH IIPH-
OauseHHbIe POPMYJIBI IJIsl CIeIYIOMUX BhIPAXKEeHU:
a) (1 + x)™(1 +y)* 6) In (1 +x)-In (1 +y); B) arctg I’-%Ci .
)
3245, 3amensasa npupamenue Gyaknuu guddepednaiom, npu-
OJIMKEeHHO BLIYHCIAUTH

a) 1,002 - 2,0032 - 3,004%;  6) 1,03

3/(0, 98)4/1, 053
B) /1,025 +1,97%;  r)sin29° - tg 46°%; 1) 0,971:95

3246. Ha cKoOJIBKO H3MeHATCA AUATOHANL M IJIONIALL IIPAMO-
YTOJBHUKA CO CTOPOHAMH X = 6 M 1 y = 8 M, ecJiu Niepsas CTOPOHA
VBEJIUYUTCSA HA 2 MM, a BTOPas CTOPOHA YMeHbIIUTCA Ha 5 Mm?

3247. lleuTpaabHbIN yrod cekTopa o = 60° ypennunicsa Ha Aot = 1°.
Ha ckonbko ciiegyer yMeHbIIUTh paguyc cekropa R = 20 cm, 4TO6BI
ILJI0Imanhk ceKTopa ocranach 6e3 u3aMeHeHUA?

3248. JokasaTh, YTO OTHOCHUTEJIbHAS NOTPEIIHOCTH MPOU3Bele-
HUA NPHUOJHMIKEHHO paBHA CyMMe OTHOCUTEJbHBIX IIOTPeIlHOCTel
COMHOXKHUTEJIeH.

]
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3249. ITpu usmepeHHU pagmuyca ocHoBaHuA R u BbICOTHI H 1H-
JIMHAPA OLLIN MOJYUeHb! CJAeAyIOlue Pe3yabTAThL:

R=(2,5+£0,1)m; H=(4,0%0,2) m.

C Kakol abCONIOTHOM MOTPEILIHOCTHI0 A M OTHOCHUTEJbHOU norpell-
HOCTBIO & MOXeT GbITh BhIYHCIeH 06BeM [uInHApa?
3250. Cropons! TpeyronpHuka a = (200 £ 2) m, b= (300 + 5) m
u yrox Mexay aumu C = (60 £ 1)°. C kaxoit aGcontorHo#l norpern-
HOCTBHIO MOXKeT ObITh BbIYMCIIEHA TPEThA CTOPOHA ¢ TPeyTroJbHUKA?
3251. ITokasarp, YTO QPYHKIUA

f(x, y) = Jxy]

HenpepsiBHa B TouKe (0, 0) umeeT B 3TOH TOUKe 06e YyacTHBIE TIPOU3-
pogusre [, (0,0) u f, (0, 0), onnako He ABAAeTCA TUddhepeHIUpyeMOit
B Touke (0, 0).

BoLifgcHUTE NOBeReHHe NPOU3BOIHEIX f, (X, Y) U f; (x, y) B OK-

pectHocty Touku (0, 0).
3252. Tlokasars, 4To (byHKIUA

f(x’ y) = __xL ’
JxZ+y?
ecmu  x? + y* # 0 u f(0, 0) = 0, B okpecrnocru Touku (0, 0) Hempe-
DPBIBHA M MMeeT OrpaHWYEHHble YacTHble NPOU3BOAHbIe [, (X, y) U
f, (x, y), onnaxo sra pynxuus Heguddepennupyema s Trouxe (0, 0).
3253. ITokasaTh, 4TO PYHKIIUSA

— 2% ot 1
f(xﬁy)—(x2+y)51n m,

ectn x* + y? # 0u f(0, 0) = 0, umeeT B okpecTHocTu Touku (0, 0)
JacTHbIe TIPOU3BOAHbIe f, (X, y) U f, (X, y), KOTOpPbIe PA3PHIBHBI B
rouke (0, 0) 1 HeorpaHUUYeHBI B 11000 OKPECTHOCTH ee; TeM He MeHee
ara Qpyaruuda guddepennupyema B Touke (0, 0).

3254. Tokasars, yro GyHKUIUA f(x, i) UMeIas orpaHNYeHHble
yacTHbIe IPOU3BOAHEIE [, (X, y) U fy (X, y) B HeKOTOPOH BBHINYKJIOMH
obsnacty E, paBHOMEPHO HeNpepPHIBHA B 3TOH obyacTu.

3255. Jokasars, 4To ecnu pyHKuuA f(x, y) HenpepsIBHA 1O He-
PeMeHHOH x NpU KaKaoM (PUKCHPOBAHHOM 3HAYEHUU I U UMeeT Or-

PaHHUEHHYIO IPOM3BOIHYIO f, (X, y) 110 lepeMeHHOi1 Y, TO 3Ta QyHK-
U HelIPePbIBHA 110 COBOKYITHOCTH NePeMeHHbIX X U Y.
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HaiiTi ykasaHHbIe YacTHbIE IPOU3BOJHEIE B CIEYIOUINX 3aJauax:
diu  dtu Jd4u 2 2 3

3256. —, ——, ———,ecan u=x -y + x“+ 2xy +y° + x° -

dxt’ Jx3dy’ o0x2dy?’ y yry

- 3x%y — ¥ + x* - 4x%y? + Yt

3257. a%z%; , e u = x In (xy).

3258. ()ﬁs%ys , ecnu u = x* sin y + y° sin x.

3259, 904 , ecnu u = arctg 2rY T2 XYz
0xJyodz l-xy-xz-yz

3260. ~21 .  ecnm u = %7,
d0xdyoz’

3261. _O%u ,eciu u =In 1

9x9ydLIn -8+ (y-n?

3262. 2% ooy u = (x — x,)” (4 — Yo)'-

dxPdyt
3263. il ') ,ecan u = 2XY
dxm Iy x-y
3264. aa;'m*a"y”" ,ecm u = (6% + yBe* T,
Qrratry — Xty +z
3265. Sxragraz’ eCcyH u = xyze .
3266. Haittu fi':;,,")(O, 0), ecau f(x, y) = €* sin y.
3267. IlokasaTb, UTO ec/Iu
u = f(xyz),
TO
du  _
xagoe L@

Thoe t = xyz, u HaTH QYHKUUIO F.
3268. Haiitu d*u, ecnu u = x* — 2x%y — 2xy® + y* + »® - 3x%y -
' -38xyt+ P+ 2x —xy+ 22+ x+y + 1.
diu  Jdiu dtu Jdtu diug

Uemy paBHBI IPOU3BOAHBIE — , y = , ?
yP P MHPIE 031 9x3dy” 9xt0y?’ dxdyd | 9yt

Haitt nonusie puddepeHuanbl yKa3aHHOTO IOPALKA B Clie-
IYIOIINX IpUMepax:

3269. d®u, ecmu u=x*+ y® — 3xy (x - y).

3270. d®u, ecnu u = sin (x? + y?).

3271. du,ecim u = In (x + y).
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3272. d%u, ecnu u = cos x ch y.

3273. d®u, ecam u = xyz.

3274. d*u, ecnu u = In (x*y¥z%).

3275. d"u, eciu u = et W,

3276. d"u, ecnu u = X(x)Y(y).

3277. d"u, ecnu u = f(x +y + 2).
3278. d"u, ecin u = e®* t W T ez,

3279. Ilycry P,(x, y, 2) — OZHOPOJHBIM MHOTOUJIEH CTENEHU 71.

Joxkazarts, 4ro

d"P,(x, y, 2) = n! P,(dx, dy, dz2).

3280. Ilycts

Au=x

Haittu Au u A%u = A(Au), ecnu:

VT

3281. Ilycts

Au =

Hai#iru Au, ecnu:

a) u = sin x ch y;
3282, Ilycrb

Jd2u
. = ,——+
Ayu 722

Haiiru Aju n Ayu, econ:

Ju

— +y—--.

dy

6) u=1InJx2+y2.

'

6) u=1nJx?+y?.

ou\? o\ du
= (JU ouy o (cu
g (()x) + (ay) (é)z

0%
dy?

ayu=x+ y* + 23 - 3xyz;

J2u

)

922

6)u=

S
Nxty?s 22

HailiTu npousBOLHBIE IEPBOTO U BTOPOTO MOPAIAKOB OT CJIEAYIO-

IUX CJOMHBIX QYHKI[MIH:
3283. u = f(x% + y* + 2%).

284. u = f( x, X).
3284. u f(x y)
3285. u = f(x, xy, xyz).
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3286. Haiitu ﬁi‘- , ecln
Jdxdy

u=f(x+y, xy).

2%u 0%u J%u

. Hai =L 4+ 02 o2
3287. Haiitu Au oz e BPe ecan

u=fx +y+z x2+y*+2%.

Haiity nonnvie auddepeHunanbl IEPBOTO U BTOPOTO TOPSLKOB
OT CJEAVIOLINX CJAOMHBIX QYHKUUI (X, Y U 2 — He3aBUCHUMBbLE TIepe-
MEHHbIE):

3288.u=f(t), tne t=x +y.

3289.u = f(t), roe t = %

3290. u = f(Jx2+ y?).

3291. u = f(¢), rge t = xy=.

3292. u = f(x% + y* + 2%).

3293. u = f(€, M), rme £ = ax, n = by.
3294.u=f¢&, N, rael=x+y,n=x-y.

3295.u = f(§, M), rae &= xy, n = %.

Y
3296. u = f(x + y, 2).
3297.u=f(x +y+ 2, x>+ y? + 2%,
X
3298.u=f(; %)
3299.u=f(x,y,2), taex=t, y=1t3, z=t3.
3300.u=f¢&,n, O, rae { = ax, n = by, { = caz.
3301.u=fE&,n, O, rae £ =x? + y?, n=x% -y, {= 2xy.

Hairu d*u, ecau:

3302. u = f(ax + by + cz).

3303. u = f(ax, by, cz2).

3304.u=f(E, M, 0, rme E=ax + by + 12, N = a,x + by + ¢,2,
{=azx + byy + c32.

3305. Ilycrb u = f(r), toe r= Jx2+y?+ 2% u f — ABaXKABL Aud-
depennupyemas dyuaxnusi. Ilokasars, uro

Au = F(r),

( 2 2
9%u + d%u + 92 oneparop Jlamnaca, v Halitu pyHKLIUI® F.

eAu = 2u
A dx?  QJy?  dz?
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3306. ITycts u m v — ABaXKALI AuddepeHUpPYyeMble QYHKIIUY 1
A — oneparop Jlannaca (cMm. 3agauy 3305). [lokasars, uro
A(uv) = ulAv + vAu + 2A(u, v),
rae
Ju Jv dudv Judv
A N ===+ == + ==,
(u, v) dxdx  dydy  dz9z

3307. Ilokasarp, uTO PYHKIUSA

u=1InJ(x-a)2+(y-b)?
(a u b — nocroAHHbIE) YAOBIETBOPAET YypasHeruo Jlannaca

Q% | 9tu _

dx? yr
3308, [Toxazars, uTo ecau GYHKUUSA U = u(x, Y) yIOBJIETBODSET
ypaBHeHuio Jlannaca (cMm. 3agauy 3307), ro pyHKIUS
=)

V= U ———
(x2+y2’ x2+ y2

TaKIKe YIAOBJIETBOPSAET 3TOMY YPABHEHUIO.
3309. IToxaszars, 4T0o QYHKIUSA

_(x-b)2
e 4a?t

1
U= —
ZaJEE
{a u b — 1OCTOSIHHLIE) YIOBJIETBOPSAET YPAGHEHUIO MENA0NPOBOOHOCTU
du _ 2d%u
a 4o

3310. Joxasarh, uro ecau GyHKIUA u = u(x, t) yIOBIETBOPSET

YPaBHEHUIO TEIIONPOBoLHOCTH (cM. 3anauy 3309), 1o GyHKIUsA

x'z
S Wver u(i —_1_) (t > 0)

aJt att’ a‘t

TAKIKe YIOBJIETBOPSAET 3TOMY YPABHEHUIO,
3311. [dokasarhb, UT0 QYHKIUSA

~ =

u =

?

rner= J(x-a)?+(y-b)2+(z-c)?,ynoaersopser npur # 0 ypas-
Henuio Jlannaca
d*u  d*u , d*u _ ¢

= smtoe toe
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3312. [lokazarp, UT0 ecyiut PYHKIUSA U = u(x, Y, 2) YAOBJIETBOPseET
ypaBHeHuio Jlannaca (cM. 3azauy 3311), To pyHKIUA

2 2
o= Lu(lx By w2

1
r\rz’ rt’ rt

TAe B — MocTosIHHAA U I = J/x? + y? + 2%, TaKKe YAOBJIETBOPSAET 3TO-
MY YpaBHEHUIO.
3313. Ilokazarhk, 4T0 QYHKI U
_ Cien+ Cze"f

s
r

rae r= Jx2+y2+ 2% u C,, C; — nocrosinHble, yIOBIETBODAET Ypas-
Henuwo Ienvmzonvya

0%u J2u %u _ 2

x? |y 022

3314. Hycrs dyHKIUUY U, = u (X, Y, 2) U Uy = Uy(X, Y, 2) yAOB-
JeTBopsiior ypaBHeHuw Jlansaca Au = 0.
Jokaszarsb, 4ro pyHKLIUSA

= uy(%, Y, 2) + (2% + y* + 2Huy(x, y, 2)
YIOBIETBOpsieT 6UzAPMOHULECKOMY YPABHEHUID
A(AV) = 0.

3315. Ilycrs f(x, Y, 2) ectb m pas3 quddepedupyemMasi ogHOPO-
Hasl QyHKUUS U3MePeHusd n.
Hoxazars, 4To

d J a)"’ _
_— 4+ y— Pl s U, = - e - +1 s Y .
(xax yay +zaz fx,y,2)=n(n—-1..(n-m W(x, y, 2)
3316. YuopocTuTh BhIpaKeHue
Jz
sec x -

0z
— +secy =,
x y dy

ecau
z = sin y + f(sin x — sin y),

rae f — auddepeniupyemas QyHKIKA.
3317. Ilokasarb, uT0 HYHKIUA

- i(2)
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rae f — npousBosbHas xuddepenuupyemas GYHKUUA, YAOBJIETBO-
pA€eT YPaBHEHUIO

Jz dz __
X + 2ya—y nz
3318. IToxkasarb, 4TO
2= yfx* = v,

rge f — npousBoabHasa guddepeHnupyemas GyHKuud, YIAOBJIETBO-
pder YypaBHEHUIO

Jz _
Yoxr TRy T

3319. YupocTuTh BhIpasKeHue
Jdu Ju |, du
e + — + Pt
dx  Jdy 0z
ecau
1

u:
12

xt — éx:’(y+z) + %x2y2+ fly — x, z — x),

rae f — puddepeHuupyeMas QYHKIIUA.
3320. Ilycrs

x% =vw, y? = uw, 2 = uv
f(x, y, 2) = F(u, v, w).
Hoxazarp, 4TO
xf, +yf, +2f, =uF, +vF, +wF,.

IIpennosnaras, 4To NPOMU3BOJIBHBIE QYHKIIUM @, Y U T. II. qudde-
PEHIIUPYEMBI OCTATOUHOE HUCIO Pa3, IPOBEPUTH CIeYIOI[e DABEH-
cTBa:

3321.y dz _ pdz _ 0, ecnu z = O(x? + y?).
Jx Jdy

33292, 202 _ 32 +y:=0,ecnuz= *U— + o(xy).

- 22
3323. (x* - yz)% + x y(;—z = xyz, ecau z = e”q)[yezf).
C

3324. x‘a—)E +ocy% +Bz—~ = nu, eciu U = X (p(%, xiﬁ)
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du y du  ou xy —xy (2 z)
3325.xax ydy+z() u+2,ecnnu_ 21nx+x(px,x,

d2u 20%u - —
3326. — o =aq PR ecnu u = @(x — at) + y(x + at).

fu _ o J02u d%u

Ll = +
3327 By oy o =0, ecan u = x@(x + y) + yy(x + y).
202u d2u 20%u _ - (g) (g)
3328. x Eye + 2;vcy()xa +y % 0, ecim u=¢@ o + xy R
282u J02%u 20%u _ _
3329. x By 2xijd +y Ee n(n - Du,

ecnu u = x”(p(%) + x! *”\y(y) .

X

dud?u _ Jud’u
= ¢[x + .
xordy  dgoxt’ COMAU olx + w(y)]

3330.

IIyreMm mocyenoBaTelbHOTO aupdepeHIUPOBaHNUS HCKIKYUTDL
TIPOU3BOJIbHEIEe QGYHKIUU ¢ U !

3331.z = x + O(xy). 3332. 2 = x(p(é) :

3333. z = (/22 + y2). 3334.u=q@(x -y, y - 2).
3335. u = ‘P(:f , %) . 3336. z = o(x) + Y(Y).
3337. z = p(x)y(y). 3338. z =@(x+y)+wylx—y).
3339.z = x(p(i) + y\u(’y—cj . 3340. z = @(xy) + w(g) .

3341. Haiitu npousBOgHYIO QYHKIIUU
2= x% — yz

B Touke M (1, 1) B manpasnenuu [, cocrasiasioumem yroa o= 60°
¢ MOJIOKUTEJbHBIM HanpasienueM ocu Ox.
3342. Haiitu npousBogHyio GYHKIUYU

z=x—xy +y?

B Touxke M (1, 1) B HanpaBjeHNUU [, COCTABISIOLIEM YIOJI O ¢ IOJO-
JKUTEJILHBIM HallpaBieHueM oct Ox. B KaKoM HalpaBJIeHU U 3Ta IPo-
U3BOAHAA UMeEeT:
a) HauboJiblliee 3HAUEHUE; 6) HauMeHbllIee 3HaUYEHUE;
B) paBHa HYJ10?
3343. Haiityi NpousBogHy0 QYHKIIUN

z=1In(x? + y?)
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B Touke M (x,, Jo) B HaAlpaBJeHUHU, NEePIEHAUKYJIIPHOM K JIUHUHN
ypOBHA, NPOXOAAIIeH uepes 3Ty TOUKY.
3344. Haiitu Npou3BOAHYIO DYHKIUHN

—1- (248
a? b

a b . .
B TOUKE M(—J_— , —J_—) 10 HAIIPaBJeHUuI0 BHYTPEeHHel HOPpMaJau B 3TOMH
2 2

TOYKE K KPUBOM:
g + %2 - 1.
3345. HaliTu Npou3BOIHYIO QYyHKLIHUU
u= xyz

B Touke M (1, 1, 1) B nanpasyienuu l{cos o, cos 3, cos v}.
Yemy paBeH MOAYJb rpaguenra GyHKIAU B 9TOH Touke?
3346. Haiit MozyJib 1 HalpaBieHUue I'pafgreHTa QyHKIUMT

1
-
roner= Jx2+y?+ 22, B rouke M, (x4, Yo» 29)-

3347. OnpeaenuTh yroj MeXIy rpajueHraMu QyHKIINU

u=

’

u=x*+yt-2*

B TouKkax A (g, 0, 0) u B (0, &, 0).

3348. Ha cxoubko oranuaercs B Touxke M (1, 2, 2) monyss rpa-
nueHTa QyHKIMU

u=x+y+z
OT MOJYJsA I'pafireHra QyHKINN
v=x+y+z+ 0,001 sin (10°nJ/x% + y2 + 22)?

3349. Ilokasathk, 4To B TOuKe M (Xy, Yo, 29) YTOJ MeKAYy IFpain-
eHTaMu QyHKIMHI

u=ax?+ by® + c2*

v=ax®+ by + cz? + 2mx + 2ny + 2pz

(a, b, ¢, m, n, pnocroasusl u a’® + b® + ¢ #Z 0) crpeMuTCs K HyJIIO,
ecnu Touka M, yaansercsa B 66CKOHEYHOCTD.
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3350. Ilyerys u= f(x, y, 2) — pBaxaw guddeperuupyemMas

Jlz Jl
JIAIOMIE KOCUHYChl HanpaBieHus L.
3351. Ilyery u= f(x, y, 2) — nBasxasl guddepeHIUPYEMas
GYHKIUA 1
I, {cos o, cos By, cos y1}, I, {cos a,, cos Py, cos vy},
1, {cos 03, cos B, cos yg}

2
dbyuruus. Hatitu — = al(au) eciu cos o, ¢os 3, cos Y — Halpas-

— TPU B3aMMHO NEPIEHANKYJIAPHBIX HATIPABJeHMIA.
JdoxazaTh, 4To:
% (()u)z (()u)z (é)u)z (au)z
) (azl) ol, dl, dx Jy

6@12.1_92_“4_92“—02“ d*u . d%u

ou\? .
* (82) ’
aE ek i xr o 0y2 o 022
3352. Ilycre u = u(x, y) — nuddepeHniupyeman GyHKIUA U IPU
y = x? umeeMm
Ju

u(x,y)=1 u = = x.
Jdx

Haiitu ‘E npu y = x*
dy

3353. Ilycrs dyurnus u = u(x, y) yAOBIETBOPsIET YPABHEHUIO
2u _ 9t

dx?  Jy?
U, KPOMe TOro, CJeAYIOUINM YCJIOBUAM:
u(x, 2x)==x, u,(x, 2x) = x%
Haiftru v}, (x, 2x), uf, (x, 2x), u;, (x, 2x).

Ilonarasa z = z(x, y), pelIuTh CJAeAVIOIEe YPAaBHEHUS:

9% _ 0% _ anz _
3354. P 0. 3355. 3%y 0. 3356. 5 0.
3357. llonaras u = u(x, Yy, z), pelINTb YPaBHEHUE

%u  _
Jdxdydz

3358. Haiitu pemienne 2z = z(x, y) ypaBHeHUs!

=2 = 2+
3 x 2y,

YAOBJeTBOpsIollee YCAOBLIO 2(xX, x2) = 1.



§ 3. lnddepeunupopaiue NEABHBIX bYHK LU 309

3359. Haiitu pemenue z = 2(x, y) ypaBHeHUs

9’z _ g
Jdy? ’
yaosJIeTBopAnOLee yeiaoBuaM: 2(x, 0) =1, z (x, 0) = x.
3360. Hasitu pemieHue z = z(x, y) ypaBHeHUs
J2z
Jdxdy

=x+y,

yaoBIeTBODsIOMmee yeiaosuam: z(x, 0) = x, z(0, y) = y>.

§ 3. Muddepennupopanue HeABHBIX (PYHKIMH

1. Teopema cymecrsosauns. Ecnu: 1) pyaknua F(x, y, 2) obpainaercs
B HYJIb B HEKOTOPOM TOUKe Xo(xo, Yo» 20); 2) F(x, y, 2) u F/(x, y, 2) onpege-

JIeHbI U HeNpPepbIBHBI B OKPECTHOCTH TOUKU A,; 3) F (x4, Yo, 20) # 0, TO
B HEKOTOPOI AOCTATOUHO MAJIOH OKPECTHOCTH TOUYKHU Ay(Xy, Yo) CYIIECTBYET
eIMHCTBEHHAsN OJHO3HAUHAN HenpepbiBHAS DYHKIIUI

z= f(x, y) (1)
VAOBJETBOPSAIONIAS YPABHEHUIO
F(x,y,2)=0
¥ TaKafd, 4To 2, = f{Xy, Yy).

2. Inddepennupyemocts HeaBHolt ¢yuxkuuu. Ecnu, csepx Ttoro,
4) pynruua F(x, y, 2) auddepeHnupyemMa B OKDPECTHOCTH TOUKU

fio (%05 Yo» 20), TO Qyuxnua (1) auddepeHuupyemMa B OKPECTHOCTH TOYKH

Jdz 0z . .
Ay(xg, Yp) ¥ €€ TPOU3BOJHBIE =~ H e MOryT ObITH HAMAEHBI U3 yPABHEHNH
Y

ox

oF | JFoz JoF | dF oz

ox T azox %y Tazay @)
Ecau pyHknus F(x, y, 2) auddepernupyema A0CTaTOUHOE YUCJIO pa3, TO
rmocjenoBaTeNbHBIM Au(depeHIPOBaHUEM PABEHCTB ( 2) BBIYUCIAIOTCS TaK-
JKe MTPOU3BOAHBIE BBICUIUX MMOPAAKOB OT QYHKLUUU 2.

3. Hesapubie (QyHKLIUM, onpeaeasieMble cHUcremMoi ypaBHenmii. I[IycTb

dyuakuuu F,(xy, ..oy X5 Yy, -0 Yp) (i =1, 2, ..., 1) yHOBNETBOPSIOT CIeLYI0-
UM YCJOBUAM:

1) ob6pamyarTca B HyJb B TouKe Ay(Xy0, «+vs X0 Y1os -+ Yno)»

2) nuddeperUpyemMbl B OKPECTHOCTU TOUKU [io;
IHFy, ..., F,)

- # 0 B Touxe A,.
Y1 s Yn) 4o

3) GYHKIMOHANBbHBIN ONpene/uTe b
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B takom ciaydyae cucteMa ypaBHeHUH
Fi(xyy ooi, X3 Yts -0 Yn) =0 (=1,2,...,n) 3)

OJHO3HAYHO OmpeaeNAeT B HEKOTOPOH OKPECTHOCTH TOUKU Ag(X1g, ---s Xpyp0)
cuctemy gudypepeHINPYeMBIX QYHKIMT

yi=fxy oo xp) (i=1,2, ..., n),
VAOBJETBOPAIOIUX YPABHEHUAM (3) U HAYAJIBHBIM YCIOBUAM
X1y eooy Xmo) =Y (i=1,2, ..., 0).

MupdepeHIIUaNbl STUX HEABHBIX PYHKIMI MOTYT 6BITh HallIeHbI U3 CHC-
TEMBI

§ Prans § P

i=1

(i=1,2, .., )"
3361. ITokasars, 4ro pa3pbIBHAA B KAXKIOU TOUKe yrKxyusa JJupuxie

y = { 1, ecsim X panoHAJIbBHO,
0, ecau x uppalMOHAJbHO,

yZIOBJIETBOPSAET YPABHEHUIO
Z—y=0.

3362. Ilycrs pyHKuus f(x) onpenesesa B udreppaie (a, b). B xa-
KOM cJlyyae ypaBHeHUe

f(x)y =0

uMeeT npu a < X < b ezuHCTBEeHHOE HenpephiBHOe peuleHue y = 07
3363. Ilycrs pyukuuu f(x) u g(x) onpenesieHbl U HENPepbIBHLI
B UHTepBaJe (a, b). B kakoM ciyuae ypaBHeHUE

f(x)y = g(x)
uMeeT B MHTepBane (a, b) efUHCTBEHHOEe HellpepPLIBHOE pelienue?
3364. Ilycrbs maHO ypaBHEeHUE
2+yt=1 n
u MyCTh
y=ylx) (-1<x<1) (2)
— OAHO3HAYHAsA PYHKUUA, YIOBJIETBOPAOIAsA ypaBHeHuUIo (1).

1) Ckoabko ofgHO3HAUHBIX PYHKUUY (2) YAOBJIETBOPSieT ypaBHe-
uuo (1)?

U TIpu (hopmyiupoBKe 60JILINMHCTRA 3844 3TOr0 pasgena 6e3 oroBopok
MIPEIIIOJATAETCS, YTO BbINOJIHEHB! YCIOBUS CYLIECTBOBAHUS HESIBHBIX (DYHK-
Ui ¥ UX COOTBETCTBYIOIMX MTPOU3BOJHBIX .
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2) CKOJBbKO OIHO3HAYHBIX HempephIBHBIX MyHKUNU (2) ynosier-
BopsieT ypasuenuio (1)?

3) CkOJIBKO OfHOBHAUHBIX HENPEPHLIBHBIX GyHKUMI (2) yaosiaer-
popder ypasHeHuio (1), ecau: a) y(0) = 1; 6) y(1) = 0?

3365. Ilycre pano ypasuenue

x? =y (1)
¥ IOyCThb
y=y(x) (-0 <x < +00) (2)

— O HO3HAUHAA PYHKIUA, VIOBJIETBOpAIONIAs ypaBuenuio (1).

1) Cronbko ofHo3HAunbIX PyHKUMH (2) yaoBIeTBOpsieT ypaBHe-
nuio (1)?

2) CKOJIbKO OJHO3HAYHBIX HEIPEPHIBHBIX (PYHKIMIA (2) yxoBer-
BOpsieT ypasueHuio (1)?

3) CroMIbKO oOpHO3HAUHBLIX HUBDEPEHUIUPYEMBIX (PYHKIIMHE (2)
VIOBJIETBOPAET ypaBHernuwo (1)?

4) CKOJIBKO OHOBHAUHBIX HENPEPBLIBHBIX hyHKIMI (2) ynoBier-
popser ypasuenuio (1), ecau: a) y(1) = 1; 6) y(0) = 0?

5) CKOIbKO OJZHO3HAYHBIX HeNpPepHIBHBIX QYHKUME y = y(x)
(1 -8 <x <1+ d) ynosuerBopser ypaBuennto (1), ecan y(1) = 1 u 8
JOCTATOYHO MaJo?

3366. Ypasuenue

x4yt = xt 4yt
ompeiesifeT J KAK MHOTO3HAUHYI0 GyHKIIHIO OT X. B kakux obracrax
sra pyurnoua: 1) ognosnayHa, 2) ABysHauHa, 3) Tpexaunauna, 4) de-
ThIpeX3HAUHA?

O1npefesuTh TOUKH BETBJIEHHUS 3TOH QYyHKIMU U ee 0JHO3HAUHBIE
HeIpepLIBHbLIE BETBY.

3367. OnpenenuTh TOUKM BETBJIEHIA U HellpephIBHbIE OJHO3HAY-
Hble BeTBH y = y(x) (-1 < x < 1) mHorosnaunoil GyRKUuM y, onpe-
neysieMoil ypaBHeHUEM

(a2 + y?)? = x% - y2.

3368. Ilycrs f(x) nenpepsiBHa Ipu a < x < b 1 @(y) MOHOTOHHO
BO3pacTaeT 1 HENpepsIBHA IpH ¢ < § < d. B KakoM cny4ae ypaBHeHUe

o(y) = f(x)

ompeneNaeT OfHO3ZHAUHYI0 DPYHKIMIO
y = 0 {f(x))?

PaccmoTpers ipuMeps: a) sin y + sh y = x; 6) e ¥ = —sin? x.
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3369. Iiycrs
x=y+ oy, (1)

rae @(0) =0 u [¢’(y)| < k< 1 upu —a < y < a. [lokasaTs, 4TO Npn
—g < x <€ cyliecTByer efuncTBenHas quddepeHnupyemMan GyHKIU
y = y(x), yaosnerBoparomasa ypaBuenno (1), u rakasa, uro y(0) = 0.
3370. llycrb y = y(x) — HessBHAA QYHKIIUA, ONIpelenaeMas ypas-
HEeHUEeM
x=ky + oy),

rge nocroanuaa kB = 0, u @(y) — puddepenuupyemas mepuogmnde-
ckaa GyHKIMA Mepuona o rakas, uro |¢'(y)| < |k|. Noxasars, uro
y=7% +w),

rae Y(x) — nepuoauueckas QyHKIUA ¢ HepuoaoMm |klw.

Haittu ' u y” pns Gysrouit y, onpeiensieMblx CAefYOMINMEA
YpPaBHEHUAMMU:

3371. x® + 2xy — y? = a’.

3372. InJx% + y2 = arctg% .

3373.y —esiny=x (0 <e<1).

3374. x¥ = y* (x Z y).

3375.y = 2x arctg% .

3376. [lokaszars, UTO eciau
1+xy==~k(x-y),
rjge B — IOCTOSHHAA BEJIMUYMHA, TO UMEET MECTO DaBEHCTBO

dx_ _ _dy

1+x2 1+y?’

3377. Hoxkasars, 4TO eCJau
Py + 2+ y?-1=0,
ro mpu xy > 0 umMeer MecTo paBEHCTBO
dx + dy
1-xt 1=y
3378. Iokazarhb, uTo ypaBHEeHUE

(2* + Y = a*(x* - y*) (a#0)

= 0.

B OKPECTHOCTH TOUKH x = 0, y = 0 onpexenser ase xuddepennupye-
Mble GyHKImR: § = yy(x) 1 y = yy(x). Haiitn 4 (0) m v (0).
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3379. Haiitu y’ ipu x = 0 u y = 0, ecau
(x% + yH? = 3x%y - i~
3380. Haittu v/, y” u y’”’, ecnn x2 + xy + y® = 3.
3381. Haittu ¢, ¥y uy” npu x =0, y =1, ecnin
xX-xy+2y+x-y—-1=0.
3382, oxkasarp, 4TO AJS KPUBOK 2-ro MOPAJKA

ax® + 2bxy + cy? + 2dx + 2ey + f=0
CIIpaBeJJINBO PaBEHCTBO

£ [0 -o

Hns dbyaxnum 2 = z(x, y) HaWTH YaCTHBIE IIPOM3BOJHbBIE IIEPBOTO
¥ BTOPOT'O MOPAAKOB, €CJIN;

3383. x% + y? + 2% = a’.

3384. 2° — 3xyz = a’.

3385. x +y+z=2¢°

3386.2z = Jx2-y? - tg—=

3387.x +y+ez=etyvtI,
3388. Ilycrs
x®+yt+22-3xyz=0 1)

fx, y, 2) = xy?23.
Hairu: a) f, (1, 1, 1), ectn 2 = z(x, y) ecTs HeaBHaA PyHKLIUA,
onpegensemas ypasuenuem (1); 6) f; (1, 1, 1), ecotm y = y(x, 2) ecTnb
HeABHAA (PYHKIUA, onpenensemMan ypasaenueM (1). O6bacuurs, 1no-

yeMy 9THU IPOM3BOJHbIE PA3JIUYHBI.

v (’)22 822 022 — = =
3389. Haiitu P &Ea_y’ e npu x=1, y 2,z=1, ecan

x?+ 2y + 322+ xy—2-9=0.
Haittu dz u d%z, ecau:
x2 2 g2
3390. 5 + & + 2 -
3391L.xyz=x+y+z.
3392. £ =1n 2 + 1.
2 Y
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3393.z=x + arctgz—y—;.

3394. Haitru du, ecnn u® — 3(x + y)u® + 2° = 0.
3395. Haitrir 22, ecint Flx+y+2z x2+y*+ 2% =0.

0xdy
3396. Haittu 3——32; ¢ g—;, eciu F(x -y, y—2,2z—x)=0.
3397. Hattu g—i, g—!‘j u %, eciu F(x, x +y, x +y + 2)=0.
3398. Haiirn:
1) 3% , ecnu F(xz, yz) = 0;

2)d%z, ectu: a) F(x + 2,y + 2) = 0; ©) F(’;c , %) =0.

3399. Ilycrs 2 = 2(x, y) — Ta nuddepenuupyemas GyHKLINA, Ol-
pelendeMas ypaBHeHUEM

23—xz+y=0,

Koropad npu x = 3, y = —2 IpuUHuUMaeT 3Hauenue z = 2. Haiiru
dz(3, ~2) u d®z(3, —2).
3400. Ilycrs x = x(y, 2), Yy = y(x, 2), 2= z(x, y) — dyuroum,
onpexpensemble ypaBHenuem F(x, y, z) = 0.
JlokasaTts, 4ToO
0xdy 0z _
dy dz dx

3401. Haittu %’;‘ n%z,ecnnx+y+z=0, x> +y?+22=1.
V4
3402. HaiiTu:
dx dy d?z  d% = - _ -
a) T2’ ds' qas X gg WPH X 1,y 1, 2= 2, ecan

22+ y?= -;—zz,x+y+z=2;

gi;, ?)Lyt’ g—z ng—Z,ecnnxu~yv=0,yu+xv=l.
3403. Cucrema ypaBHeHUI

yet v - L = 2x

xe* U+ 2uu =1,
1+v

onpegenser auddeperuupyemble GYHKIUN U = U (X, Y) U U = v (X, ¥)
rakue, 4to u(l, 2) =0 n v (1, 2) = 0. Haittu du(l, 2) u dv(l, 2).
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3404. Haittu du, dv, d’u u d%v, ecan

utv=x-+y, _si.nu =X,
sinv y
3405. Haittu du, dv, d>u nd®vuopux=1,y=1,u=0,v = g,
ecJn
¢ v X £ v Y
e* cos - = —, e* sin = = =,
y o2 J2
3406. ITycrs

x=t+tLy=t2+t%z=1"+172

Ham‘n—ﬂ dz d—zﬂ 4’z
dx’ dx? dxt’

3407. B kaxoit o6nactu maockoctu Oxy cucreMa ypaBHeHUI
x=u+v,y=ul+0? z=1ud+ 0%

rje mapaMeTphbl U U v IPUHUMAT BCEBO3MOXKHbIE Bel[eCTBeHHbIe
3HAYEHUS, onpenenae'r z KaKk QYHKIMIO OT mepeMeHHBIX X u y? Hait-

™ IIpOI/ISBOlIHbIe —=n gf
Y
3408. Haiiru:
a) == dz I/I(Lx BTouke u=1,v =1, ecan
dx dy
x=u+Inv,
y=v-lnu,
z2=2u+tv;
)_Q_x B TOUKE U = 2, V=1, ecin
=u+ v
{y=u2—v3,
2= 2uv;
0%z

B) — Txt’ ecan

X = oS ¢ cos |, Yy = cos ¢ sin y, z = sin @.

" 0%z 9%z 02z
3409. Haiiru Taz %9 u a—y—z , ecln

X=ucosv,y=usinv, 2=0v.
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3410. IIycrs dyHKLMA 2 = 2(X, ) OUpeAeNAeTCA CUCTEMON ypaB-
HeHnH:
x=e"" v
{y =gl "V
z2=uv
(u 1 v — napamerpsl). Haittu dz u d?z mpu u = 0 n v = 0.
Jdz d%z

3411. Haittu B u 33 ecau

z2=x%+ 12,
rae y = y(x) onpenenaerca U3 ypaBHeHUA
2 -xy+y?=1.

3412. Hasitn du u ‘25, ecJu
Jx  Jdy

8]

+
u= ,
+

n

<
n

rfe z onpejensieTcd U3 ypaBHeHUs
ze® = xe* + ye.
3413. IlycTh ypaBHeHU:A
x = o@(u, v), y = y(u, v), 2= x(u, v)

ONpenesAIOT 2 Kak GyHKIMO oT x u y. Halttn dz n dz .

dx Y
3414. TIycrs
x = @u, v), ¥y = y(u, v).
HaiiTit vacTHble IPOUBBOAHLIE IIEPBOTO 1 BTOPOr0 IOPAMKOB OT 00-

paTHbIX QYHKIUI: u = u(x, y) u v = v(x, Y).

3415, Haititu du du dv Jv , €CJIN:

dx’ dy’ 9x’ dy
v - v
ayx=ucos =, y=usin =;
) u y u

6)x=e“+usinv, y=e"—ucosv.

3416. @yHkuMa u = u(X) oupegessieTca CUCTEMON ypaBHeHHUH

u=f(x, y, 2),

g(x’ y’ Z) = 09

h(x,y, x)=0.
Haiitu du u d2u
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3417. ®ynruuda u = u(x, y) oupeJenaeTcaA CUCTeMol ypaBHeHni
u=f(x, y, 2, t),

gy, 2,6 =0
hiz,t)=0
Haittn gﬂ 71 3—:
3418. Ilycrs
x = f(u, v, w), y = glu, v, w), z= h(u, v, w.
7u du
H ¢ —
afr u s ' g az
3419. dyurnua z = 2(x, y) yA0BIeTBOpAET CUCTEME ypaBHeHMT
f(x, Y, 2, t)=0
g(x,y,2,t)=0

rae t — IepeMeHHLl napamerp. Halitu dz.

3420. Ilycrs u = f(2), Tie 2 — HeABHAaA GYHKIUA OT IIEPEMeHHbIX
X 1 Yy, ollpejensaeMas ypaBHeHueM 2z = x + yo(z).

Jlorasare gopmynry Jazpania

dru _ ogn-1 ndl
R 1{[ (2)] }

Yrkasauue Jorxasars popmyny aaa n = 1 1 IpUMEHUTH METOJ Ma-
TeMATHYECKOH HHAYKIUHH.
3421. Tlokasars, uro pyHKUUMA 2 = 2(X, YJ), OllpeJeaaeMas ypas-
HeHUEM
O(x—az, y—b2)=0, 1)

rae ® (v, v) — npousBoabvHaa auddepennupyeMad GyRKIUA OT Iie-
pEMEHHBIX u U U {(a 1 b — TTOCTOAHHBIE), ABAAETCA pellleHleM ypaB-
HeHUdA
aa—"' + 02 =1,
dy
BrrsicHuTh reoMerpuueckme cBoiicrBa nosepxHoctu (1).
3422. Tlokasars, uro hyukrmus 2z = 2(x, y), olpegensaemad ypas-
HEeHUueM
(D(x_x() y‘y0)=0 (2)
z2-2y z-2, ’
rae ® (u, v) — npousBoabHad auddepeHnpyeMad QyHKIUA OT IIe-
pPEMEHHLIX U U U, YAOBJIETBOPSAET YpaBHEHUIO
(x = x0) 22 + (y—m%§=z—%.

BoIACHUTL TeoMeTpUUYECKHe CBOMCTBA MOBEePXHoOCTH (2).
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3423. Tlorkasarh, uTo GYHKIUA 2 = Z (X, ), onipenenseMas ypas-

HEHUEM
ax + by + cz =@ (% + y* + 29, 3)

rae ¢(u) — npousBoabHasa puddepennupyeMas QyHKIuA OT nepe-
MEHHOM U U a, b 1 ¢ — IIOCTOAHHBIE, YIOBJIETBOPAET YPABHEHUIO
Jz
dx
BrisicHuTh TeomMeTpuUeCcKMe CBOMCTBA MOBepXHOCTH (3).
3424. ®yuruua z = z(x, y) 3agaHa ypaBHeHHEM

(cy — bz)== + (az —~ cx)g—z =bx ~ ay.
Yy

x2+y2+22=yf(§).

ITokazats, urto
0z

0z
Iz 4 9z = .
P nyay 2xz

3425. ®yuxnua z = 2(x, y) sasaia ypaBHeHUEM

(- y* - 29

Fx+zyl,y+zx)=0.
Ilokasarsp, urto

xQE +~yaz

by % =2z - Xxy.

3426. ITokasars, yro GQyHKIHA Z = 2(X, V), olipefensaeMas CuUC-
TeMOH ypaBHEHN:

xcoso+ysino+1Inz=f(a),
{ —x sin o0 + y cos o = (),

rae o = ofx, y) — 1nepeMeHHLIN napaMerp u f(0) — IPOU3BOJLHAA
nugdepennypyeMas QYHKIUA, YIOBIETBOPAET YPABHEHUIO

(@ (2 -
dx Iy

3427. Tlokasarb, uTo pyHKUUA 2 = 2(X, ¥), 3aJaHHasd CUCTEMOH
ypaBHEHWMIL:

[z=0cx+ ,&L + f(o),
_—r_ ¥ ’
0=x-= +f(w),
o
VIOBJIETBOPAET yPABHEHUIO

920z _
dx dy
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3428. ITokasars, yTo QPyHKuud 2 = 2(x, i), 3aJJaHHas ypaBHEHUAMU

[z — ()] = x2(% ~ o),
% [z - f()]f'(0) = cux?,
y,ZIOBJIe’I‘BOpHe’I‘ YPaBHEHHNIO

dzdz _
9xy Y-

3429. Tlokazars, uto GyHKIKUA 2 = 2(X, ), 3alaHHAA YPABHEHUAMU
{z = ox + yo(o) + y(a),
0 =x+yo'(a) + y'(o),
VIOBJIETBOPSAET YPAaBHEHUIO

2205 (212} g
dx2 Jy? dxdy.
3430. IToxasars, uro HeaBHad GyHKIUA 2 = 2(x, y), oupejense-
Mas ypaBHEHHEM

y = x¢(2) + y(2),
YAOBJIETBODAET YPABHEHHIO

(az) 92z 295_63 d2z +(az) d2z
dy) ox? dx dy dxdy dx) oyt

§ 4. 3ameHa mepeMeHHbBIX

1. 3ameHa nepeMeHHBIX B BbIPaKeHHM, coJep:raueM oObIKHOBEHHbIE
npounsBoausbie. IlycTs B auddepeHIINATBHOM BHIPAYKEHUN
A=®(x, y, Yy » Yixs )

TpebyeTcsl nmepedTH K HOBBIM [epEeMEHHBIM: { — He3aBUCHMOI MepeMeHHOH
U u — (PYHKIUH, CBA3aHHBIM C [IDEXKHUMH IEPEMEHHBIMH X U i YPAaBHEHUSIMH

x = f(t, u), y = g(¢, w). (1)
Huddepenuupys ypaBeerud (1), ynem umers:
Jdg_ 28,
=4+ 2y
g, = Jt du '
¥ af of u,
Du
AHanoruyHo BHIpaXKaloTCsA BRICIUHE IPOU3BOAHBIE ¥y, , ... B peayjabTare Mbl

noay4aem
A=0(t, u, up , uy, .0
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2. 3aMeHA He3aBMCHMMbBIX IMEPEMEHHBLIX B BbIpa’KeHUH, coiepKauiem
yacTHbie TiponssoaHbie. Ecnu B fu(yPepeHUNanbHOM BhIDAXKEHUUT

0z az d?z d2z J?2z )
B=F X, Y, 2, ™, R
( Y22 5% 9y’ o9x2’ axdy’ ay?
TIOJIOKUTD
x = f(u, v}, y = g(u, v), (2)
rie U ¥ U — HOBBIE HE3AaBUCUMBbIE IIEDEMEHHBIE, TO [I0C/Ie/JOBATE/NbHEIE YACT-
Hble IPOU3BOAHBIE 2—2 , % , ... ONIPEJIEJIAIOTCS U3 CJIEAYIOLUUX YPABHEHUI:
ox  dy

0z _ 020f , 0208

du  dgdu  Jdydu ’

dz _ dzdf | dzdg

v dxdv dydv’
W T. I

3. 3amMeHa He3aBMCHMMBIX IIepeMEeHHbIX M (DYHKIMHU B BBIPAMKEHHM, CO-
JepaaumeM YacTHble Ipou3Bogubie. B Gonee obuieM ciyuae, eciu umeeMm
ypaBHEHUs

x = f(u, v, w), y = g(u, v, w), z= h(u, v, w), (3)
rjxe u, U — HOBBIE HE3ABUCUMBIE IlepeMeHHbIe U W = w(U, v) — HOBasA PyHK-
LUA, TO /1 YACTHBIX IIPOU3BOAHBIX 3——?( , 3—; , ... IONyYaeM Takue ypaBHe-
HUA:

23, Agu , d(dh , dgdu) Ok, Dhjw

ox\du  Jwdu of\du  Jwou du  OJwou’

6_2_(0}‘ r)faw) n az(ag n a_ga_w) _ ok I dhdw

dx\0 Jw v Jdy\dv  Jdwdv Jv  Jwdv
U T. 0.

B HekoTOpBIX cyuasx 3aMeHbI IEPEMEHHBIX yAOOHO I0JIb30BATHCH T101-
HBIMU Ju(hepeHIIMATaMU.

3431. IIpeobpasoBarh ypaBHeHue
y/y/// . 3y//2 — x’

NIPUHAB y 38 HOBYIO IIePEMEeHHYIO.
3432, Takum xe oO6pa3omM npeobpaszoBaTh ypaBHeHUe

y/ZyIV . loy/ 7 /// + 15J//'3 _ 0
3433. IIpeobpaszoBaTs ypasHenue

77 2 7
+ 2y +y=0,
y Yty 0

NpUHAB X 3a QYHKIMIO U = XY — 3a He3aBUCUMOE IepeMeHHoe.
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BBoja HOBBIE IIepeMeHHble, TPeofpPaz0oBaTh CJaeAYIONe OOBIKHO-
BeHHble nuddepeHIHaIbHbIe YDABHEHNA!

3434. x%y” + xy + y =0, ecin x = ¢,

3435.y"" = %’31 , ecam t = In |x].

3436. (1 — x?¥)y” — xy’ + n’y = 0, eciut x = cos t.
. ’ + ’ + m2 =0, — 1'

3437. y y th x eyl 0, ecaut x = In tgz

—1jxp &) g
3438. y” + p(x)y’ + g(x)y = 0, ecnu y = ue “n , rae p(x) € CD,
3439. x'y” + xyy’ — 2y* = 0, eciz x = &' ny—ue ', rae u = u(t).

3440. (1 + x?)%y" =y, ecmu x=tg tmy = —ng , rae u = u(t).
C

3441. (1 - x¥)%y” = —y,ecux=th tm y = % , THe u = u(t).
C

3442. " + (x + )1+ )P =0,ecmux =u+tuy =u—t, e u = u(t).
3443. " - X3y +xy —y=0,ecnmu x = —1— ny= % , Toe u = u(t).
3444, IIpeo6pasoBars ypagrnenue Cmoxca
”o_ A
V' o Goap(x-be’

ojnarasa

u——y— t—1n.£_g
x-b

U NpuHUMAA U 32 QYHKI[MIO TepeMeHHOH .

3445, IlokasaTp, YTO €cJIM ypaBHEHUE

5;% + p(x)—*‘Z + qlx)y =

npeo6pasoBaTh MOACTAHOBKOM x = @(§) B ypaBHeHHe

+ P(f;)—ﬂ +QE)y =

2

dgz
TO
[2PERE) + FEONQE] ? = [2p(x)g(x) + ¢(X))q(x)] 2.

3446. B ypaBHeHUH
Dy, ¥, y") =0
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rae & — oguopoaHas GYHKIMA NEePEMEHHBIX Y, ¥, ¥, TTOJ0MATL

3447. B ypaBHeHUN
F(x%y", xy’, y) =0

rne F — ogHopoxHas YHKIMA CBOMX apryMeHTOB, I10JI0XKHUTH

4

u=xi,

3448, [loxasars, uTO ypaBHeHUe
y///(l + y/z) _ 3y/ 72 __ 0
He MeHsAeT CBOero BHJA IIpU roMorpadrueckoM peofpazoBaHuu

_ 4 5+bm+cy _ a,&+bym+cy
at+bn+c ’ at+bn+c

Y xasanmune. JlaHnoe npeo6pasoBanne NpeACTABUTL B BUJe KOMITO3H-
MK IPOCTEHIINX Npeobpa3osaHuit:

x=0X+pY+y, y=Y;
X == L =£;

x,’ X,

X, =al+bn+ec, YV, =a,t+bm+c,.

3449. [loxasaTsb, uTO WEAPUUAH

S[x(D] = % (tt)) 2[x”((tt))]

He MEHAET CBOEeT0 3HAUEHMA IIpH JPOOHO-IMHENHOM 11peo0pasoBaHum:

y=950+0 g pe = 0).

cx(t)+d
IIpeofpa3oBaTy K NOJAPHBIM KOOPAWHATAM I B (, noJjaras
X =rcos @, y=rsin @, caepyloune ypaBHEeHNAA:
3450, 44 = 23y,
dx x-y

3451. (xy’ — y)? = 2xy(1 + y’®).

3452. (x* + y)ly” = (x + yy')’.

3453. IIpeo6pa3oBaTh K IOJAPHBIM KOOPAMHATAM BBIpAXKEHHE
xtyy
xy -y
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3454. KpuBU3HY IIJI0CKOM KpHUBOH
_ ¥

K = __._"'_E

(1+y?)?

BBIPA3UTH B MOJAPHBIX KOOPAUHATAX I U Q.
3455. B cucreMe ypaBHEHHUI

dx _ dy _ _ o 2
5 y + hx(x? +y) T x + ky(x® + y°)

nepefm‘n K TIOJIAPHBIM KOOpAWHATaM.
3456. IIpeobpa3oBaTs BLIPpAXKEHME

_ x__y ydzx
dt? dtz’

BBeAA HOBBIE QyHKUMM r= Jx? 4+ y?, ¢ = arctg %

3457. B npeobpasoganuu Jlemandpa Kaxnoit touke (X, y) Kpu-
BOM y = y(x) cTaBUTCA B COOTBeTCTBHE TOuKa (X, Y), rae ’

X=y,Y=xy-y.
Hasiru Y, Y’ n Y.

BBoasa HOBBIE He3aBUCHMBIE IIePEMEHHbIe & U 1), PEIUTH CAeNYIO-
11¥ie ypaBHEHMA:

dz _ dz _ — oy —
3458'&)x ay,ecnn}; X+ymun=x-—y.

3459.yf) fo=0, ecin £ = x mm = x% + y.
Jdx dy

3460.a;a‘)72c +b.az =1(a#0),ecmmé=xun=y-— bz

9z 4 Qz— - =Y
3461.xa yo zZ,ecam E=xun e

HpI/IHI/IMaH U 1 U 3a HOBbIE HE3aBMCHMbIe I1I€pEeMEeHHbIe, npe06pa-
30BaTh CJeAYyIoIe YPaBHEHUAA!:

3462. xaz 1+ yfo = X1, €CJIN
u=lnxnv=In(y+ J1+y2).

3463. (x + ) LE - (x y)f)z 0, ecnt
Jx

u=1n Jx?+ y nu=arctg§.
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3464.xa +yk—z+ x2+y?+ 22, ecin
dx dy
u=%nv=z+ x24y?+ 22,
3465. 22 + y%2 = X ecmm
dx dy 2z’
u=2x-22nv="1Y.
V4
3466.(x+z)2 +(y+z)——x+y+z ecJu
Jdx

u=x+zuv=y+z.
3467. IlpeobpasoBaThs BhIpaKeHue

0z 0z 2 +
zt+e)= t(zte)= —(F—-e" Y
(2 + 9 + (2 + G~ ( )
NpMHAB 38 HOBLIE He3aBHCHMbIe IIepeMeHHbIe
E=y+zet,n=x+ze".

3468. IIpeobpas3oBaTh BhIpAXKEHME
9z\? 02\?
() (&)

x=uv, y= %(uz— v3).

noJiaras

3469. B ypasHeHnn
Ju , du _ du
o o 4 g
dx  Jdy 0z
ILOJIOXKUTH

E=x,m=y-xC=2z-x
3470. IlpeobpasoBars ypaBHeHne
(x-2F +y% =0,

NpHHAB X 3a QYHKIHIO, a Y ¥ 2 — 3a HEe3aBUCHUMBbIe IlepeMeHHbIe.
3471. IIpeo6pazoBaTh ypaBHeHMe

_ 92 9z _
(y Z)ax+(y+2)ay ,

NpUHAB X 3a QYHKIOMIO, a4 U=y — 2, U = I + Z — 32 He3aBUCHMBIe
IepeMeHHbIE.
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3472. IIpeofpa3oBaTh BLHIpAXKEHME

_ [E)z)z + (az)z
- 5 = b
ox Yy
IPUHAB X 33 PYHKUHIO M U = X2, U = yz — 32 He3aBUCUMBbIE Tepe-
MEHHBIE.

3473. Pemiuth ypaBHEeHNE
(y+z+u)g +(x+z+u)a” +(x+y+u)— =x+y+z,

nonoxuB et = x —u, e" =y —u, s =z- u.
IlepeiiTH K HOBBEIM NI€pEMEHHBIM U, U, W, TAe w = w(u, v), B cje-
AYIOI{FX YpPABHEHUSX:

3474. y%c 3; (y — x)z, ecin

u=x2+y2,v=}c+i,w=lnz—(x+y).

3475. x292 4 4292 — 22 ecom
T oox yay ’

1

s W=

N =

1
<

3476. (xg+z)%’§ +(1-y)% = x + yz, ecn
[y
U=yz—x, =Xz -y, W= Xy — 2.

dz\? 9z\* _ 20z . 0z
3477.(xax) + (y@) z e ay,ecnn

x = ue’, y=ve’, z= we’.
3478. IIpeobpadoBaTs BhIpAXKEHME

w-sflz %),

noJsaras
u=In Jx?+y2,v=arctgz, w=x+y+z,

rae w = w(u, v).
3479. Ilpeobpa3oBaTh BHIpAXKEHNE

= dz ., oz
T ox dy

nojyaraa u = xe®, v = ye’, w = ze?, rne w = w(u, vL).
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3480. Pemiuts ypaBHeHMe

nonomm3§=§ n=*Z,C=Z,w=g,r‘llew:w(§,ﬂy§)-

IlpeobpasoBaTs K IOJNAPHBIM KOOpDAMHATAM r M ¢, moJaras
X =rcos @, y=rsin @, ciaeQyOIIie BEIPaXKeHNA:

Ju _  du
3481. w x@ yax .
_ c)u Ju
3482. w = x5 yay .
Ju Ju\?
3483. w = (Dx] + (5;) .
d2u , Jdiu
3484. w = 3—2- + a—y—z- .
20%u J%u 20%u
= 2 —.
3485. w = x? EPe xyaxay 5
28 2 d2z 2022 __( 0z az)
— g 4 g7z U< .
3486. w=y s 2xyaxay x P +y8y
3487. IIpeo6pasoBarh BbIparKeHue
_ dudv _ Judv
dxdy ayax

TIOJIOXKHUB X = 7 COS ¢, y = r sin @.
3488. Pemnts ypaBHeHUe
2w _ 2%
ot? dx2’
BBeJA HOBbIE HE3aBHCHUMbIe IIePeMEHHBIE:
E=x-at,n=x+at.

IIpyHAB u ¥ U 32 HOBBIE He3aBHUCUMEbIE IepEMEeHHbIe, IIpeolpaso-
BATH CJEAYIONIUE YPABHEHHUA:

()22 d%z _ d2z 0z dz
o7z 4 02 oz _
3489. 2 axay 27 P + 2 0, ecan
u=x+2y+2 m v=x-y-1.
3490. (1 + xz)gi +(1+ yz)— + xg—z + yg—; ~ 0, econ

u=In(x+ J1+2x22) u v=Inly+ J1+y?).

2022

Y =0 (a, b, c— mocrosHHbIE),

282 2z
+ +c
3491. ax a 2bx ya 0 y

ecan
u=lnx nm v=Iny.
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Jd2z J2z

3492, pye) + F = 0, ecan
- X = -
x2 4 y? T Tar g
d2z d2z a_
3493. Fpe; + W + m°z = 0, ecan

x=¢"cosv m y=e"sin .

Jd2z d2z 19z
f— — i = 2 = > s
3494 e yay2 59y 0 (y > 0), ecain

u=x—2A/; nv=x+2A/;.

2022 202z

3495. x el e =0, ecan
x
u=x i v==.
Y 14
2022 _ oy 0% 4 0% _
3496. x et (x*+y )E)xa +y PYE 0, ecnn
1 1
= + = = =
u=x+ty m v=- y
2/ d2z 0z
. €2 4y + x%2 =9,
3497. xy - (x )a o xya Y3- xay 0, ecnu
u= %(x +y) mw v=xy.
3498. xz‘lz—é - 2x sin y 222 Q— = 0, ecan
dx? 0xdy
u=uxtg ali " v=Xx.
02z d2z
X -y8L = > >
3499 xax2 yo 5 =0(x>0, y>0), ecinn
' =w+v)¥? u y=(u-v)
922 02\*
P = ]. + = )
3500 3xdg ( dy) ecin
u=x m v=yYy-+ 2.
3501. C nomMoIiupio TMHEHAHON 3aMeHbl
E=x+ My, n=x+ XAy
npeobpas3oBaTh ypaBHEHUE
d2u 2y d%u _
Aax ZB + Cay2 , (1)
rae A, B u C — nocrosaHHbIe 1 AC - B%< 0, k Buny
d%u  _
d&an

Haiitu obmnit BuA GyHKIUHM, yAOBIETBOPSAIONIEH ypaBHeruio (1).
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3502. loxasaTs, 4TO BUA ypagHenus Jlanaaca

Az =982 4 9%z _

Jdx? dy?
He MeHsIeTcA MpH JioOol HEeBBIPOKAEHHOU 3aMeHe MepeMeHHbIX
x=0(u, v),y=v,v),

YIOBJIETBODAIOIEH! YCIOBUAM:

do _ v do __v
Ju Jdv’ v ou’

3503. ﬁpeoGpa:sosam; ypaBHEHUs:

=% | 9% _ . -
a)Au = 352 + 37 0; 6) A(Au) = 0,
nonarasa u = f(r), rope r= Jx2+y?.

3504. Kaxo# BUI IpUMeT ypaBHeHHe

d2w _
379y +cw=0,

ecsny moNoXKNTE W = f(u), rae u = (x — X )Ny — yo)?
3505. Ilpeotpas3oBaTh BhIpAMKEHNE

v
4 Y oxz +yaxay +E)x’

nojarad
x+y=X, y=XY.
3506. ITokasaTb, yTo ypaBHeHUe

d2z 202 3y 02 2.2
2 +2xy? 2 + 2y — HE + %P2 =0
dx? 2 dx 2( )é)y ‘

HEe MEHsEeT CBOEero Buaa npu npe06pa30BaHnn II€peMeHHbIX

xX=uv u y=

T =

3507. IloxasaTh, UTO ypaBHEHUE

d2z d2z J2z _

dx? oxdy  dy?

He MeHsAeT CBOEro BHAa I1pv 3aMeHe IIepEeMEHHbIX

u=x+z nuv=y+z.
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3508. IIpeotipazoBaTh ypaBHeHUE

J%u d%u %u _
*owog V%550 T P50 = O

nonaraa x=n{, y=£&( z=~E&n.
3509. IIpeobpasoBars, ypaBHeHNE

922 L 0% | 0%, 0% | 9%, 9%

axt Bxd oxl  0xdx;  0x;0x;  dxydxg -

noJiarad Y, = Xg + X3 — Xg, Y =X + X3 — Xy, Y3 =X + X3 — X3
3510. IIpeobpasoBars ypaBHeHUE
2 2 o2 2 2
20%u o 20%u . 20%u . o . 0% J

+ 2 U 4oy 0% g,
o=z Y oy 222 T oy T 2%, YRS, =0

nonaraﬁ§=§,n=§,g=y—z.

Ykasanue. 3anucars ypasHeHHe B BUJE A%u - Au= 0, rge
d d

—xd 49 4,9
A—xax+yay+zaz.

3511. Beipakenusa

_ (ou)?  (ou\? E)u)2
A (ax) +(ay) +(az ’

Agu= L8 4 Quy dtu

Jdx? dy? 022
npeobpa3oBaTs K chepruuUecCKUM KOOPAMHATAM, IoJjiaras
x=rsinBcos ¢, y=rsinBsin @, z=rcos 0.

Y kaszague. 3aMeHy lTlepeMeHHBIX NPeACTABUTD B BUAE KOMIIO3MIUKU
ABYX YACTHUHBIX 3aMeH

x=Rcosg,y=Rsing, z2=2

R=rsin®, o=@, 2= rcos 0.

3512, IIpeobpa3oBaTh ypaBHEHUE

d%u , d%u o2\? | (02)?
{5+ 5) = () +(5)

BReJA HOBYIO (DYHKIIMIO w H NoJjaras w = z2.
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IIpuHAB u ¥ U 32 HOBbIE HE3aBUCHMBIE IIepeMeHHble ¥ W = w (U, )
32 HOBYIO DYHKIIMIO, TpeoOpa30oBaTh ClieyIoyie YPABHEHNA!

3513.y 9z 4 902 =g,ecnnu=-’5,v=x,w=x2—y.
dy? dy x y

0% _ 5 0%z % _ _ Y e
3514.ax2 28x0y+82 O,ecmmu=x+y,0 x,w

2
x

3515.% +2 ()22 492 =0,ecyuu=x+y, v=x— Yy, wW=xy— 2.
X

Jd2z 022
3516. Txt + 3xoy

W
g— —z,ecnnu=£—“ziﬂ,v=x—;—y,w=ze-".

9%z _ 9 0%z y) 9’z _
3517. S22 zaxay + (1 + ) 9g8 0, ecan

u=x,v=x+y,w=x+y+z.

222 g _ mdz _ 02, 02
3518. (1 — x)az+(1 y)ay2 xax+yay,ec1m
= gin u, y = sin v, 2 = e“.
3519. (1 )822 9%z 9,02 _1,_ (x| < 1), ecn

oxZ  dy? Jx 4

u= %(y + arccos x), v = %(y —arccos x), w = z4/1 - x2.

xaz QE
02z | Jd%z 0x E)y 3(x2+y?)z
3520. =t P =2 P 1) (x| > ly), ecmm
u=x+ty,v=x-y,w= 2z .
/xZ — y2
3521. [loxasaTp, yTO BCAKOE YpaBHEHMe
d2z 0z Jdz
s b= + =
0xdy aé)x * dy cz=0
(a, b, ¢ — mocTosAHHbIE) TyTeM 3aMEeHLI
z= ueax + ﬂy,

rie 0¥ — [DOCTOSHHBIE BEJIMYMHSBL U & = Uu(X, i), MOXKHO IPMBECTH
K BUAY

Jd2u
dxdy

+ cy,u = 0 (¢; = const).
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3522. IlokazarTs, 4TO ypaBHEeHHE

d%u _ du
Jdx? oy
He N3MeHAeT CBoero BUAA IIpK 3aMeHe NMepeMeHHbBIX
2

1 u -~
[ [
’y——_,u__e4y’

X
y y Ju

rae v — (QYHKIUA NepeMeHHbIX x" 1 i,
3523. IIpeobpasoBaTh ypaBHeHUE

g(1 + q)(’ 2 =0,

rqep— az q—g—y-,HOJIomnBu=x+z,v=y+z,w=x+y+z,
cumpras, uto w = w(u, v).

3524. Hpeoﬁp}:zosa'rb ypaBHeHHE

292U 202U 20%u _ ( au)2 ( E)u)z ( au)
K sl [P L BRSBTS ,
* dx? y dy? i dz? Yox yay 0z
HOMOMKUB X = €5, y =", z=¢% u=e", tme w=w(&, 1, .
3525. ITokasarp, 4TO BUJ YpaBHEHUA
9%z 9%z _(32__2)2 =0
dx2 dy? dxdy
He MEHsSeTCs IIPU JTI000M paclpeneJeHnu poaeil MexKAY IepeMeHHbI-
MU X, Y U 2.
3526. Pemuntn ypasHenue
(az) 922 _ 9020z 9%z (Qg)z %z _
dy) ox? dxdy 0xdy dx) oy? ’
NMPUHAB X 32 QYHKIUIO OT NMEPEMEHHELIX [ U 2.
3527. IIpeobpasoBaTh ypaBHeHue

A9z 9z 822+23(Q,Q§) 9%z (@ BZ)Q__=O
(ax ay) dx? dx  dy/ dxdy Cax dy

npuMensasa npeobpaszosanue Jexcandpa

Jz dz az dz
— Y — — — ,
X dx’ oy ' Z x yay

rae Z=2Z(X, Y).
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§ 5. 'eomerpuueckne NpUIOKEHN

1. KacaTtesibHast IpsAiMas M HOpPMaJIlbHaf INIOCKOCTB. YPaBHEHUE KACd-
meabHoll npamoil K KpUBoH

x=@ ), y=w(t), z=x()
B TouKe ee M(x, y, 2) uMeeT BUJL
X-x Y-y _Z-2z
dx 4y dz
dt dt dt

VYpaBHeHUE HOPMAAbLHOL NJIOCKOCMU B 3TOH TOYKe:

dx x - Wy _ py+d2z- =
—X -0+ -p+L@E-a-0

2. KacarejbHas IJIOCKOCTh M HOPMAaJib. Y paBHEHUE KAcameabHOll naioc-
KOCcmu K MoBepXHoCTH 2 = f(x, y) B Touke ee M(x, y, z) uMeeT BUA

dz dz
Z—-2=="="X-x)+=((-y.
dx( ) dy( Y)
YpaBreHue Hopmaau B Touke M ecTh

X-x _Y-y_Z-z
dz  dz 1
dx dy
Ecsu ypaBHeHue MOBEPXHOCTH 3aJaHO B HeABHOM Bujie F(x, y, 2) = 0,
TO COOTBETCTBEHHO UMeeM
JF
—(X-x)+ —(Y - +
P A
-— ypaBHEHHE KacCaTeJbHOU IJIOCKOCTH U
X-x _Y-y _Z-z

oF F  oF
ox dy 0z

oF OF

az(Z—z):O

— ypaBHeHUe HOpMaJIu.

3. Ornbaromas Kpusas ceMeicTBa WIOCKHX KpuBbiX. Ozubaiowasn kpu-
644 ofHOIAapaMeTpUYecKoI'o cemeiicTBa KpuBwixX f(x, y, &) = 0 (00 — mnapa-
MeTp) YAOBJETBOPSET CUCTEME yPaBHEHUi:

f(x7 ya O()=O, f(’x (x’ y’ O£)=0'

4. Ornbaomasn MmoBepxHocTh ceMelcTBa nosBepxHocrei. Qzubawwasn no-
6epXHOCMb OAHONApAMETPUYECKOro ceMelicTBa mosepxHocreit F(x, y, 2z, o) =0
YIAOBIETBOPAET CUCTEME YDABHEHUN:

Flx,y,2,)=0, E(x,y,2 a)=0.
B ciyuae qBynapaMerpuuecKoro ceMeicTsa nosepxuocreit P(x, y, z, o, f) =0
orubarouIas MOBEPXHOCTh YAOBAETBOPAET CAENYIOUIMM YPABHEHUAM:
D(x, y, 2, 0, ) =0, Vu(x,y,2 a B)=0, Pp(x,y,2, a, B)=0.
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Hanucarhs ypaBHEHHSA KACATEJBHBIX MPAMBIX H HOPMAJIbHBIX
[LJIOCKOCTEH B JaHHBIX TOUYKAX K CIAEAYIOLMM KPHBBIM:

3528. x =acosocost, y=asinocost, z=asint; Brouket = t,.
3529. x =asin’t, y=>bsin t cos t, 2= c cos® t; B Touke t = 2

3530.y = x, z = x?%; B Toure M(1, 1, 1).

3531. x% + 2% = 10, y* + 22 = 10; B Touke M(1, 1, 3).

3532. x> + > + 22 =6, x + y + 2 = 0; B Touke M(1, -2, 1).

3533. Ha kpusoii

x=ty=tz=1

HaWTH TOYKY, KacaTeJbHasd B KOTODOH NapaJielbHa IJIOCKOCTH
x+2y+2=4.

3534. [ToxasaTh, UTO KacaTelbHasd K BUHTOBOM JIMHHH

/x=acos t,y=asint, z= bt

obpasyeTr MOCTOAHHBIA yToJ ¢ ocklo Oz.
3535. [loxasaTh, UTO KpUBas

x=aée cost, y=ae'sint, z= ae'

miepeceKaeT Bce ofpazylomue Koryca x? + y? = 2% mon ofHUMM u TeM
e yTIIoM.
3536. loxasarh, uTo JOKCOAPOMA

tg(’—t + 3{) = ¢ (k= const),
4 2
TAe () — JOATOoTa, Y — LIXPOTA TOUKH cheprl, llepeceKkaeT Bce MepH-
IUAHBI C(Ppephl MOJ TOCTOTHHBIM YIJIOM.

3537. Haiitu Tanrenc yriaa, o6pa3oBaHHOro KacaTeJbHOU B TOYKe
My(xy, Yy) K KDHBOH

X—Xy _ Y- Yo
coso. sina ’

z=f(x, y),

rae f — nudxpepennupyemas GyHKLIUs, ¢ MWIOCKOCTbIO OXxy.
3538. Haiitu npousBOfHYIO (hYHKIUH
x

JxZy?y 22

B Touke M(1l, 2, —2) B HanpaBJeHUM KacaTeJIbHOH B 3TOH TOYKE K
KPHUBOI1

u=

x=1t,y=2t% z=-2t4,
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Hamnucars ypaBHeHNS KacaTeJbHOH IIJIOCKOCTY ¥ HOPMAJIM B TOY-
Ke My K cjenyionM NOBEPXHOCTAM:

3539. z = x% + y%;, M1, 2, 5).
3540. x2 + y® + 2% = 169; My(3, 4, 12).

3541. 2 = arctg; MO( 1,1, B

3542. ax? + by? + c2® = 1; My(xo, Yo, 20)-
3543.z=y + 1n§; My(1, 1, 1).

x

3544.27 + 2 : = 8; My(2, 2, 1).
3545. x = a cos Yy cos ¢, Yy = b cos Y sin @, 2z = ¢ sin y; My(@g, Vo).

3546. x = rcos @, y=rsin @, z=rctg o; My(Qy, ry)-

3547. x = ucosv, y=usinv, z = av; Myu, vgy).

3548. HaiiTu npeneabHoe M0JI0KEHNE KACaTeIbHOM! IIJIOCKOCTH K
MTOBEPXHOCTH!

x=u+v, y=u®+0v?% z=ud+ 0}

Korja Touka Kacanusa M(u, v) (u # v) HeorpaaudeHHo npudkaercs

K Touke My(ugy, Up) IMHUYM Kpasd U = U ITOBEPXHOCTH.
3549. Ha nosepxHoCTH

x*+ 2y + 322 + 2xy + 2xz + 4yz =8

HafITH TOUKH, B KOTOPhIX KACaTeJbHbIE INIOCKOCTH apasiejbHbl KO-
OPAMHATHBIM IIJIOCKOCTAM.
3550. B kakoii ToOuKe 3JLIUIICOUIA

2 2 2
X8 L2 =
a? b2 c?
HopMaJh K HeMy obpasyeT paBHbIe YyIJbl C OCAMY KOODAUHAT?
3551. K moBepxHoOCTH
x% + 2y% + 322 =21
NIPOBECTH KacaTeabHbIe IJIOCKOCTH, TTapajljieIbHble IIJIOCKOCTH
x+ 4y + 62 =0.
3552. JlokasaTh, YTO KacaTeJjbHBIE IMJIOCKOCTH K HOBEPXHOCTH
xyz = a® (a > 0) 06pasyIoT C MJIOCKOCTAME KOODAMHAT TeTPasAp Io-

CTOSTHHOTO ofbeMa.
3553. Hokasars, 4TO KacaTeJIbHbIE MJIOCKOCTH K IIOBEPXHOCTH

Je+Jy+dz=da @>0)

OTCEKAIOT HA OCAX KOODAMHAT OTPE3KH, CYMMAa KOTOPLIX IIOCTOAHHA.
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3554. [Tokasars, 4YTO KacaTeabHbIE IIIOCKOCTH K KOHYCY

N

MIPOXOMAT Yepes ero BepLUIMHY.
3555. Jokasarh, uToO HOPMAaJAU K MOBEPXHOCTH BPAIIEHHA

z=f(Jx*+y?) (f'#0)

IIepeceKaloT och BpalileHuH.
3556. Haittu nipoeknuy 3JJIMIICONIA

+yP+22-ay=1

Ha KOOPAVHATHBIE IIJIOCKOCTH.

3557. Kpagpar {0 < x < 1, 0 < y < 1} pas6uT Ha KOHEUHOE YHUCJIO
yacTeil o zmaMeTpa/<O 8. OLleHUTDL CBEPXY YMCJIO &, €CJIM HATIPABJIEHHUA
HopMaJell K IIOBEPXHOCTH

z2=1-x%-¢°

B Jil0OBIX ToukKax P(x, y) u P,(x,, y;), IpUMHaAJIeKAIIUX ONHOHN U TOi1

’Ke 4acTu O, OTJAMYAIOTCA MEHbIle YeM Ha 1°.
3558. IlycTs

z2=f(x,y), rEe{x, y)€D, (1)

— ypaBHEHHe TOBEPXHOCTH U ¢(P,, P) — yroj Mexxay HOpMAaIAMU
K moBepxHoctH (1) B Toukax P(x, y) € D u P(x,, y,) € D.

Hoxasars, uTo ecyin 0b6J1acTh D orpaHIuUeHa 1 3aMKHYTA, & QYHK-
uua f(x, y) UMeeT orpaHNYeHHbIe IIPON3BOJHbIE 2-T0 IOPAAKA B 06-
nact# D, To CIpaBeRJINBO HepageHcmaeo Jianynoaea

(p(Pla P) < Cp(Ph P), (2)

rae C — nocroanuas u p(P,, P) — paccroanne Mexay Toukamu P u P,.

3559. ITox, KakUM yIJIoM IepecexaeTca DMAUHAD x? + y? = a°
C IOBEPXHOCTHIO bz = xy B obieit Touke My(xy, Yg 2¢)?

3560. IToxasaTh, 4YTO KOOPAUHATHLIE IOBEPXHOCTH ChepHUUeCKUX
kKoopaunat x? + y? + 22 =12, y = x tg ¢, x* + y* = 2% tg? 0 nmonmapno
OPTOTOHAJbHBI.

3561. ITokasaTts, uto chepsl

2+ y?+ 22 = 2ax, ¥ + y? + 22 = 2by, 2% + y? + 2% = 2¢cz

06pasyIoT TPHOPTOTOHANBHYIO CHCTEMY.
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3562. Yepes waxpyio Touky M(x, Yy, 2Z) OPOXOAT HPH A = A,
A=Ay, A = A; TPH NMOBEPXHOCTH BTOPOTO MOPAAKA:

x? y2 2
a2_)\'2+b2_}\'2+c2_}\'2‘ 1 (a>b>c>0)_

JlokaszaTh OpTOroHAJNLHOCTDL ATUX ITOBEPXHOCTEH.

3563. Hatitu npoussoguyio GyHKIUY U = X + Y + z B Hanpas-
JleHMn BHewHeil Hopmanu cdepsr x* + y? + 22= 1 B ee Touke
My(xg, Yg» 2¢)- B Karlux Toukax chepbl HOpMAaJibHAS IIPOU3BOJHAS
GHYHKIIMU U UMeeT:

a) uaunbosbiliee 3HaUeHMe, 0O) HaUMeHbIlEe 3HAUEHHUE,
B) paBHA HYJ0?
3564. Haiitu npousBoxuyo GyHknuu u = x2 + y? + 2° B nanpas-

. 2 2 22
JIEHMH BHEIIHEeH HOpMaJiy 3JUINIICOH1a 36—2 + l% + % =1 Bero Touke
a c

Mo(xg, Yo, 20)-
3565. IlycTs 2—“ u gﬁ — HOpMaJIbHbIe NPON3BOAHbIE GYHKINN U
an

# U B TOUYKe moBepxHocTH F(x, y, 2) = 0. Hokasarb, uTO
Jd _ v Ju
an(uv) uan + van.

Haiitu ormubaloniye ogHOIApaMeTPUUECKHX CEMEHCTB IJIOCKUX
KPHBBIX:
3566. x cos o + y sin o = p (p = const).

3567. (x — a)* + y? = (—;f.

3568.y = kx + % (a = const).

3569. y® = 2px + p2.

3570. HaiiTu KpuBy10, orubaeMyo oTPE3KOM AJUHLI [, KOHILLI KO-
TOPOTO CKOJMB3SAT 110 OCAM KOODAHMHAT.

3571. Haiit; ornbaion|yio 3JLJIMIICOB i—z + biz = 1, UMEIINX 110~
CTOAHHYIO TLJIOIIAAL S.

3572. Hafitu orubaiomyio TpaeKTOpHi CHApsaAa, BHINIYIEHHOrO
B 0e3BO3AYIIHOM IIPOCTPAHCTBE C HAYANLHOH CKOPOCTBLIO Uy, MPHU
BApBUPOBAHNM B BEPTUKAJNBHOHN IJIOCKOCTH yIyia 6PocaHus o.

3573. [lokazars, uTo ormdalonmass HopManeld IIJIOCKOH KPUBOH
€CTh 9BOJIOTA 3TON KPUBOIA.

3574. UccnenoBaTh XapakTep JUCKPUMUHAHMHbLLY KPUBbLLY Ce-
MENCTB CJAEAYIOMMNX JUHHH (¢ — NepeMeHHBIN ITapaMerp):

a) KybuuecKux mapaboa y = (x — ¢)3;

6) monyKy6udeckux napabod y? = (x — ¢)%;
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B) napa6os Heitng y* = (x — c)?%;

r) erpodouy (y — ¢)? = x22=X
a+x

3575. Onpegenuts orubaloUIyio ceMeicTsa IapoB paauyca r,
LEHTPbl KOTOPBLIX PACHOJIOMEHBI HA OKPYXHOCTH X = Rcost,
y=Rsint, 2= 0 (t — napamerp, R > r).

3576. Haitru orubarwnuiyio ceMeicTBa 111apoB

(x—tcosa)+ (y—tcosP)+(z—tcosy)i=1,

rae cos? o + cos? B+ cos? Yy = 1 u t — mepeMeHHLII IapaMeTp.
3577. OnpeneauTs orufamIIy0 ceMeNCTBa JIIUIICONLOB

00beM KoTophIX V mocTosgHeH.
3578. Haittu orubatomniyio cemeiicTBa cthep paguyca p, IeHTPHI
KOTOPHIX PACIIOJIOMKEHEI Ha IIOBEPXHOCTH KoHyca x? + y? = 22,
3579. CB@PH&CH TOUKA HAXOAUTCH B HauaJie KoopguHar. Omn-
pelenuTh KOHYC TeHU, ordpachiBaeMoil mapom

(x — x0)* + (¥ — yo)* + (2 — 20)* < R?,
ecnut xy + yo + zo > R
3580. Haititu orubaloniyio ceMeifcTBa IIOCKoCTEH
2 = 25 = p(x = x9) + q(y — Yo)>
€CJIH I1apaMeTphbl p M1 ¢ CBA3aHbI YypaBHEHHUEM

pP+gi=1.

§ 6. ®opmyaa Teiinopa

1. ®opmyaa Teitsopa. Ecnu ¢pyuknun f(x, y) uMeeT B HEKOTOpOH OK-
PEecTHOCTH TOYKHU (a, b) HenpepbIBHLIE BCE YACTHBIE [TPOU3BOAHBIE A0 1 + 1
MOPAIKA BKJIOUYUTEAbHO, TO B 3TOM OKPECTHOCTHU CIIpABEANNBA (hopMyna

fp=fe 0+ Y G- ag + =05 ] 1@, 0) + Bylx, ), (1
i=1

rae

1

R, (x,y) = TSN

[(@-a)L + - b)a—aﬂmf(a +6,(x —a), b +0,(y ~ b))

(0<0,<1).
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2. Pax Teiyiopa. Ecnau pyHknus f(x, y) 6eckoredyHo guddepeHpyema
n lim = R, (x, y) = 0, to sra GyHKuUA gonycKaeT NMpeJACTABJIEHNUE B BUJe
n— oo

CTEeIIEHHOI'O pAla

[e<]

[, ) = fla, b) + 3 l—,lj—, fay (@ b)(x = a)(y - bY. (2)

xiyj
i+j21

Yacrrele caydan qpopmya (1) 1 (2) npu a = b = 0 COOTBETCTBEHHO HOCAT
HasBaHus gopmyas. Makaopena u pada Maxaopena.

Apanorndssie GopMysbl UMEOT MeCTO A GyHKuuuU Gojee YeM JByX
epeMeHHbIX.

3. Ocobbie Toukn miocknx Kpusbix. Touxka My(x,, yo) auddepeHnupye-

Moit KpuBoi F(x, y) = 0 naspiBaeTcs 0co6oil, eClIU
F(xo, yo) =0, Fi{xp, yo) =0, Fy(x0, 4o) = 0.
Iycrs My(x,y, Yp) — MB0IMPOBaHHAsA ocobas TouKa Kpuroit Kiacca C® u uncia
A= F, (x0, o), B= Fy, (%0, y0)s C= E}; (%0, Yo)

He Bce paBHw! Hydwo. Torzga, ecnu:

1) AC — B2> 0, To M, — U30UpOBAHHAS MOUKQ,;

2) AC - B* < 0, To M, — dsoiinaa mouxa (y3en);

3) AC — B2=0, Tro M, — mouka 6036pama A1 U30AUPOBAHHAA MOUKA.

B cniyuae A = B = C = () BO3MOXHBI 60JI€€ CIIOMKHEIE TUIIBI OCOOBIX TOUEK.
V KpUBBIX, HE IPUHALIEKAIIX Kiaacey ruagkoctn C2, MoryT GbITH ocobeH-
HOCTH GoJiee CJIIOKHOM IPUPOJBL: MOYKA NpeKpaweHus, Yyznroable MOYKU U IP.

3581. ®yuknumo f(x, y) = 2x* — xy - y* — 6x — 3y + 5 PasNOKUTH
no dopmyJe Teitnopa B okpecTHoCTH TOuRU A(l, —2).

3582. ®yuknuio f(x, y, 2) = x* + y* + 2° — 3xyz pasnoxuTsL M0
thopmyne Teitnopa B okpecTHocTH Touku A(l, 1, 1).

3583. Haiitu npupamnieHue, mojyyaemoe QyHKIUeH

f(x, y) = 2’y + xy® - 2xy,

IIpH nepexofie oT 3HaueHui#l x = 1, y = —1 kK 3HaueHusaAM x; = 1 + A,
y1=-1+k.

3584. Pasaoxurts f(x + h, y + k, z + [) 110 11€J1bIM TIOJOKHUTEI -
HBbIM CTEIIeHSAM BeJIMYMH h, k u l, ecau

flx, y, 2) = Ax® + By* + C2? + 2Dxy + 2Exz + 2Fyz.
3585. B pasaoskeHun pyHKIUYN
flx, y) = x¥

B oKpecTHOCTH TOuKHM A(1, 1) BrInucaTh 4IeHbI O BTOPOIO IOPAAKA
BRKJIIOUUTEIbLHO.
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3586. Paznoxuts no popmyse MakJjopeHa A0 YJIEHOB UeTBEPTO-
ro NopsAnKa BKJIWYATEIbHO PYHKIHIO

fx, y) = JT-22-y?

3587. BriBecTu IpuGIMIKERHBIE DOPMYJIBI C TOUHGCTBIO A0 UiIe-
HOB BTODOTI'O IIOPAAKA JIJIs BHIPAKEHHMIL:

a) cosx; 6)arctg1+x+ﬂ,
cosy l-x+y

ecu |x| 1 |y| Masibl o cpaBHeHuIo C 1.
3588. YupocTUTh BRIPAKEHUE

cos(x + y + 2) — €oS x cos Y cos 2,

cuuTas X, Yy, 2 MaJABIMU 10 MOAYIIO.
3589. OyurnUI0

Flx, y) = [ftx + h, y) + fx, y + h) +

+ fx = h, )+ flx, y = B)] - flx, y)

Pa3JIOKUTh II0 CTEIIEHAM A ¢ TOYHOCTLIO Jo A
3590. ITyets f(P) = f(x, y) u P{x;, y) (i= 1, 2, 3) — BepLIKUHKI
NIPABUJILHOI'O TPEYTOJIbHUKA, BIIMCAHHOIO B OKPYIKHOCTh C IIEHTPOM
B Touke P(x, y) paguyca p, upudeM x; = x + g, y; = y. Paznoxurs

110 [€JIBIM HOJIOK UTENbHBIM CTEIIEHIM P ¢ TOUHOCTBIO 10 P’ QVHKLIIO
Fip) = LIAPY) + (P + f(Py)].
3591. PasnoXuTh 10 cTeleHAM A u k GyHKIHIO
Ay, ) =flx+h, y+ k)= flx+h,y)—fx,y + k) + f(x, 1).

3592. PasiiosKuUTh 110 CTeleHsAM p QYHKIUIO
2r

F(p) = EIT—J f(x + p cos @, y + p sin @) dg.
0

Pasnoxurs B pag Maknopena cnegyromuye GyHKIIUN:

3593. f(x, y)= (L + x)"(1 + ).  3594. f(x, y) = In(1 + x + y).
3595. f(x, y) = e sin y. 3596. f(x, y) = e*cos y.
3597. f(x, y) = sin x sh y. 3598. f(x, y) =cos x ch y.
3599. f(x, y) = sin(x? + y?).

3600. f(x, y) = In(1 + x)In(1 + y).
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3601. Hamrucaty TpM uJeHA pasayodeHusa B psaxg Makiopena
DYyHKITUYT
1
fx, y) = '[ (1 + x) @ dt.
(1]
3602. Pyuknuio e* " Y paziloKUTh B CTEMEeHHOH PAM 10 LeJbIM
TTOJIOXKUTEJLHBIM cTelleHsaM OuHoMoB x — 1 my + 1.

3603. Hanucars pasnoskenue B pax Teiutopa dyukuuu f(x, y) = X
Y

B OKpecTHOCTH ToukM M(1, 1).

3604. IIycts z — Ta HesiBHAasI QYHKIUA OT X U Y, olIpedesseMas
ypaBHeHuewm 2° — 2xz + y = 0, koropas ipu x = 1 u y = 1 npunuMaeT
3HaueHue z = 1.

Hanucarb HECKOJBKO YJEHOB PA3NOXKEHNA PYHKIUU Z 110 BO3-
pacramomum creneHam 6uHomoB x — 1 uy — 1.

M3yunth TUIIBI 0COOGBIX TOUEK CJIEAVIOIMX KPUBLIX ¥ IIPHUMEPHO
u300pa3uTh 5TH KPUBBIE:

3605. y% = ax? + . 3606. x° + y® - 3xy = 0.
3607. x% + y? = x* + yt. 3608. x? + y* = x°.
3609. (x? + y*)? = a¥(x® - y?). 3610. (y — 2% = «°.

3611. (a + x)y? = (a — x)x°.
3612. Mayuuts hopmy kpusoit y* = (x — a)(x — b)(x — ¢) B 3aBH-
CHMOCTH OT 3HAYEeHUI nmapamMeTpoB a, b, ¢ (a < b < ¢).

Hccnenosars ocobbie TOUKU TPAHCHEHAEHTHBIX KPHUBBIX:

3613.y2 =1 - e*. 3614. y? =1 - e**,
3615.y = x In x. 3616.y = ——.
1+ex
— 1 2 ainlt
3617.y arctg(sin ) . 3618. y sins.
3619. y? = sin x2. 3620. y* = sin® x.

§ 7. OxcTpemMyM (PYHKUMM HECKOJIBKMX IEePEeMeHHbIX

1. Oopenxesienne sxcrpemyma. Ilycrs dyuxnus f(P) = f(xy, ..., x,) oIn-
pejesieHa B oKpecTHOCTH Touku Py. Ecau unu f(Py) > f(P), niu f(Py) < f(P)
upu ¢ < p(P,, P) <8, To rosopar, uro Gpyuxnusa [(P) umeer axcmpemym (co-
OTBETCTBEHHO MAKCUMYM VMIJIA MUHUMYM) B TOUKe Py,

2. Heo6xoxnmoe ycinosue 3kcrpemyma. quddepeHnupyemMan GyHKIUS
f(P) MoKer foCTUIaTh 3KCTPEMYMA JUILL B CMAYUOHAPHOIL TouKe Py, T. e.
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raxoil, uro df(P,) = 0. Cnepoparensno, Touku akcrpemyma pyuxnuu f(P)
yIOBJIETBOPAIOT CUCTEME YPABHEHU

fr, (x5 o, x,)=0(=1, ..., n).
3. JocraTouynoe yciosue 3xkcrpemyma. @yuxuusa f(P) B rouke P, umeer:

a) marxcumym, ecau df(Py) = 0, d?*f(P,) < 0 npu Z ldx| = 0,

i=1

n

6) munumym, ecnu df(Py) = 0, d*f(Py) > 0 npu Z |dx;| = 0.

i=1

Hccnenosanue 3naxa Broporo guddepeHnuana dzf(PO) MOMKeT ObITh Ipo-
BeJEHO NYTeM IIPHBEeJEHHI COOTBETCTBYIOUIEH KBAaAPATHUHON (POPMBI K Ka-
HOHUYECKOMY BUAY.

B uvacruocTu, Auna cayuasa Gyskuun f(x, y) AByX He3aBHCHUMBIX Iepe-
MEHHBIX X M J B CTAIMOHAPHOH Touke (x,, Yo) (df(xy, Yo) = 0) npu ycnosumu,
yro D = AC — B? ;ﬁ/O, rae A = [, (xo, Yo)» B= fry (x0s Yo)» C = fyy, (%0, Yo)s
nMeeM:

a) munumynm, ecoimn D > 0, A > 0 (C > 0);

6) marcumym, ecau D> 0, A <0 (C < 0);

B) omcymemaue akcmpemyma, ecnn D < 0.,

4. YcnoBHBI 3KCTpeMyM. 3ajiaua olpesiesieHuA aKeTpeMyMa QyHKIIUN
f(Py) = f(xy, ..., x,) Opu HanUYuK pana coorHowenuit ¢(P) =0 (i=1, ...,
m; m < n) CBOAUTCA K HAXOMEHUIO OOBIMHOIO aKCTpeMyMa Aad QyHKYUU
Jazpanxca

m
LP) = (P) + Y hg(P),

i=1
rae A, (i =1, ..., m) — nocroanusle MHOKHUTEIN. Bolpoc 0 CyllecTBOBAHUU
¥ XapaxTepe yCJOBHOIO 3KCTpeMyMa B IIpOCTeMIneM caydae peluaercs Ha
OCHOBAHMU HCCJIEA0OBAHUA 3HAKA BTOpOoro auddepeniiuana d2L(P0) B CTAI[NO-
Hapuo# Touke P, pynxnuu L(P) npu ycaosun, uro nepeMeHHbe dxy, ..., dX,
CBA3AHBI COOTHOILIEHUAMHU

n
Z Ei‘ﬂ"dx,: 0(=1, ..., m.
“~ ox,

5. A6conroTnblil akecTpemym. Pyuxnua f(P), auddepennupyemasn B or-
PaHUYEHHOH U 3aMKHyTOH obaacTu, AocTUraeTr CBOMX HAuOOJbIIEro M Ha-
MMEHbBIIEero 3HayeHui B 9T0# 00saCTH MM B CTAIIMOHAPHOHM TOYKe, WJIH B
rpaHUYHOHN TOuKe 00J1aCTH.

HccnemoBarh Ha SKCTPEMYM ciefyiomue QYHKIUN HECKOJIbKHUX
nepeMeHHBbIX

3621.2=x2+ (y - 1)
3622.z = x% — (y — 1)%
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3623.2=(x —y + 1)

3624.z=x>—xy + y* - 2x + y.

3625. z = x%y%6 — x — y).

3626. z = x* + y* — 3xy.

3627. a) z = x* + y* — x% — 2xy - y%
6) z = 2x* + yt — x* - 2y%

3628.z=xy+§xg- +%/9 (x>0,y>0).

3629. z = xy /1—2—2—%; {a>0,b>0).

3630, 2= AX*bytc (424 p2y 22,

3631.z2=1— Jx2+y2.

3632. z = e2* " 3(8x? — 6xy + 3y?).
3633.z=e*-¥(5 -~ 2x + y).

3634. z = (bx + Ty — 25)e ~(xBrxy+y?)
3635.z=x2+xy+y?—4lnx—101ny.

3636. 2

sinx+cosy+cos(x—y)(0<x<

N orm

3637.z=sinxsinysin(x+y) 0O<x<m0
3638.z=x -2y + InJx?2+y? + 3 arctg%.

3639. z = xy In(x? + y?).
3640.z=x + y + 4 sin x sin y.

3641. z = (x* + yPe-*+1",

3642. u=x*+ y* + 22 + 2x + 4y - 62.
3643. u=x* + y? + 22 + 12xy + 2z2.

3644.u=x+;’§ + X +,% (x>0,y>0,z>0).

3645. u = xy?’2*(a — x - 2y — 32) (a > 0).

3646.u=“—x2 +1‘y—2+-‘§+%2 (x>0,y>0,2>0,a>0,b>0).
3647. u=sinx +siny+sinz—-sin(x+y+2)O0O<x<m0<y<m
0<z< ).

3648.u=x1x§ Xy (L= x;— 25— ... —nx,) (%, > 0, x, >0, ... x,, > 0).

3649. u=x;+ 2 + B 4 4+ T 4 2 (4,50,i=1,2,..n).
xl x2 xn—l xn
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3650. 3adaua I'wiizenca. Mexay IByMA IIOJIOXKUTENHLHBIMY YHC-
JaMu a ¥ b BCTaBUTH n 4ucesa X,, Xy, ..., X, TaK, 4To6bI 3HaAUeHHUE
apobu

°= XyX,...X,
(a+x)(x;+x5)...(x,+b)

Ob1I0 HAMOOJNBIINM.

Haiitu skeTpeMaibHble 3HAYEHUA 3aJAHHON HEABHO QYHKINU 2
OT MepeMeHHBIX X U Y

3651.x° + 2+ 22— 2x+ 2y —4z-10=0.
3652. x* + Yyt + 22— xz—yz+2x+2y+2z2-2=0.
3653. (x% + y? + 2%)% = a®(x? + y? - 2P).

Haittu Toyfén YCJIOBHOTO 3KCTpeMyMa CAeRYIoOuuX QyHKIHHA:
3654. 2= xy,ecmm x +y = 1.

3655.z=§+%,ecnnx2+y2=1.

3656.z=x2+y2, ecan JEC + % =1,

3657. a) ¥4 =Ax2 + 2Bxy + Cyz’ ecJau xZ + yZ — 1;
6) z = x* + 12xy + 2%, ecam 4x% + y? = 25.

3658.z=cos?x +cos’ y,ecnux —y = g
3659. u= x — 2y + 22, ecnm x + y? + 22 = 1.
3660. u = x"y"2", ecan

x+y+tz=a (m>0,n>0,p>0,a>0).
3661. u = x? + y? + 22, ecin

x2 2 22_
= +% +5 =1 (@>b>c>0).
3662. u=xy?2, ecniux+2y+3z2=a(x>0,y>0,2>0,a>0).
3663. a) u=xyz,ecmu x2+ Y2 +22=1,x+y+2=0;
)u=xy+yz,ecmux+y?=2,y+2=2(x>0,y>0,
z>0).

3664.u=sinxsinysinz,eczmx+y+z=g (x>0,y>0,2>0).
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N S
3665. u - 5 +Cz,ec1m

2+y?+22=1,xcosa+ycosP+zcosy=0
(@>b>c>0,cos? o+ cos? B+ cos?y=1).
3666.u = (x — &) + (y — )’ + (z ~ {)?, ecom
Ax+ By +Cz=0, x* + y® + 22 = R?,
& - -_C , Tie cos? a + cos? B + cos?y = 1.

cosQ cosf cosy
3667.u = xf + xg + ...+ xi, ecau
—+ﬁ+m+§ 1 (a,>0;i=1,2,...n).
3668.u=x) + x5 +...+xX (p>0), ecam

X+ x4+ ...+ x,=a(a>0).

+% 4, 42

3669.u = = 2, ecan
X, % X,
Bixy + Poxg + oo F Bpx, =1
(OC,»>0, Bi>0’ x">0,i=1, 2, ceny n).
Gl Uz (Xn
3670.u=x, x, ...x, ,ecmux;+x,+..+x,=a@>0,0,>1,
i=1,2,..n).

3671. HaiiTu skcTpeMyM KBaApPATUIHON HOPMEI
n
= Z a,;xx; (a; = ap)
ij

n
2
[pH yCJOBUHU Z x; =1.
i=1
3672. JoxkasaTh HepaBEeHCTBO

Xyt o (x+ E)"
2 ’

eciun21nx20,y20.

Ykasanue. Uckarb MUHUMYM QYHKIIMH 2 = % (=" + y") npu ycnosun

x+y=s.
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3673. HokazaTrs Hepasencmeo I'éavdepa

Ry
k

n n h 1 n "
3w < (3el) (3)
i=1 i=1 i=1

i= i

(ai>0,xi>0,i=1,2,...,n;k> 1,1+

[ =
)
I
[uy
N

Yxaszanue. Uckarb MUHUMYM (PYHKLIUHU
n

o= (Sl (B

=1

n
11pH yCJIOBUU ax; = A.
3674. Hoxa3ath Hepagencmeo Adamapa ANA OIpeneNUTENA
A=|a,| nopanka n:

n n
2
A <] (Z ai,) .
i=1 J=1
Y kasanue. PaccmoTpers aKeTpemMyM onipenenuTena A = laij[ npy Ha-
JIUYUHU COOTHOILEHU I

> al =S, (i=1,2,..n).

j=1

Onpegenurs Hauboabmue (sup) u HauMmensmue (inf) spauenus
CHEeAYIOIUX PYHKIINI B yKa3aHHBIX 00IaCTAX: )

3675.z2=x—-2y-8,ecru 0< x<1,0<y<1,0<x+y<1.

3676.z = x* + y? — 12x + 16y, ecnu x* + y? < 25.

3677.2=x%~ xy + y?, ecom |x| + |y| < 1.

3678.u = x? + 2y% + 322, ecnm x® + y® + 22 < 100.

3679.u=x+y+z ecamx?+py?<z< 1.

3680. HaiiTi unxHIO rpalsb (inf) u BepxHI1010 rpadb (sup) GyHK-
o

u=(x+y+z)ertwrs)

B obnmactax x >0,y >0,z > 0.
3681. ITokasars, uto pysknua z= (1 + eY) cos x — ye! numeer
fecKoHeYHOe MHOXKeCTBO MAKCHMYMOB U HH OJTHOTO MUHHUMYMa.
3682. Apnserca M AOCTATOUYHBIM JJIsI MUHUMYMa hyHKIIUH f(X, Y)
B TouKe My(xg, Yp), UTOGHI 3TA HYHKIINS HMeIa MUHUMYM BIOJb KAXH0H
NIpAMO#i, IpoXoAAIel ueped Touky M,?

Paccmorpers mpumep f(x, y) = (x — y?)(2x — y?).
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3683. Mannoe IOJOXKHUTEJIbHOE YUCJI0 d DPA3JIOKUTH HA R TOJIO-
SKUTENbHBLIX COMHOMXUTEIEeH TaK, YTOOBI CyMMa O0paTHBIX BEJIUYUH
ux Obla HauMeHbIUeH.

3684. [Tannoe NOMOXKUTENbHOE UHCJIO0 d PA3JIOXKUTD Ha 1l cjarae-
MBIX TaK, YTOOBI CyMMa MX KBaapaToB Obljia HAauMeHBbIIIen.

3685. [JaHHOe IOJIOKUTEJIbHOE YHCI0 @ PA3JIOXKHUTL HA N II0JIO-
SKUTENbHBIX MHOXMHUTENeH Tak, UTOObI CyMMa 3ajaHHBIX IIOJOXKH-
TeJIbHBIX CTelleHel X Oblya HauMeHbIeH.

3686. Ha nyiockocTn gambl 1 MaTepHaldbHBIX Touek P (xy, UYq),
Py(xq, y3), ..., Py(x,, y,) c MaccaMu, paBHLIMH COOTBETCTBEHHO 11,
Mgy eeuy M.

IIpu KaKOM MONMOXKeHN Y TOUKH P(x, J) MOMEHT MHEPITUYU CUCTEMBI
OTHOCHTEJILHO 3TO¥M TOUKH GyAeT HaMMeHbIIUM?

3687. Ilpn Kakux pasMepaxX OTKPBLITAA NPAMOYroJbHAs BaHHA
BMECTHMOCTY V MMeeT HAMMEHBIIIYIO ITOBEPXHOCTL?

3688. IIpn kakux pasMepax OTKPHITAS HUJINHApUYecKas BaHHA
¢ TTOJIYKPYTJILIM IONepeYHbIM ceueHeM, IIOBEPXHOCThL KOTOPO# paB-
Ha S, uMeeT HaUBGOMBINYI0O BMECTUMOCTD ?

3689. Ha cepe x? + y® + 22 = 1 naiita TOuKy, cCyMMa KBajgpaToB
paccTOAHMN KOTOPOH OT 7 JaHHbIX Todexk M(x, y, 2) (=1, 2, ... n)
6pl1a 661 MUHUMAJILHOM.

3690. Teno cocTOMT M3 IPAMOro KPyroBOTO IUJAMHApPA, 3aBep-
UIEHHOTO IIPAMbLIM KpPYrOoBBIM KOoHycoM. IIpm nmamHoi#t mosHOH Io-
BepXHOCTH TeJia, paBHOH @, ONIpeeINTh ero M3MepeHns TakK, YTOOBI
o6beM Tesia Ob1LT HANGOJBILINM.

3691. Teno, o6beM KOTOpPOTO paBeH V, npeacrasaser coboit npA-
MOl IPAMOYTOJILHBIN NapaJjesenune]], HUXKHee 11 Bepxuee OCHOBA-
HUA KOTOPOTO 3aBePINAIOTCA OAUHAKOBLIMY IIPABUILHBIMH UeThIPeX-
yroabHeIMH nupamMugamu. [Ipn kakom yrie HakjgoHa GOKOBBIX I'pa-
Hell IUpaMH[I K UX OCHOBAHHUAM IIOJHAsA HOBEPXHOCThL Teaa Oyner
MUHUMAJIbHOHN?

3692. HaiiTu IpAMOYroJIbHUK JaHHOTO IlepyuMeTpa 2D, KOTOPBIi
BpamjeHneM BOKPYT OAHOM M3 CBOMX CTOPOH obpasyer TeJo Han0OoJIb-
mrero ob6rema.

3693. HaiiTn TpeyrosbHMK KAHHOTO IlepuMeTpa 2p, KOTODHIH
BpallleHHeM BOKDYT OflHO¥ U3 CBOMX CTOPOH ofpa3dyeT Teso HanboIb-
mrero o6bema.

3694. B nonymap paguyca R BnucaTs IpsaMOYTOJbHEIN napaJie-
genunen HanboJsabliiero obbema.

3695. B nanHpIil IpAMO KPYTroBOil KOHYC BIIUCATH IIPAMOYTOJIb-
HBI{ Iapannenenunesn nanbosbllero obreMa.
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3696. B snnuncoun
xz oy, 22
a? b2 2
BIIMCATH IPAMOYTOJIbHBIHM Napajesenuies HanGoabIIero oobeMa.
3697. B npsamoit kpyroBoi KoHyc, obpasyioias kKoroporo [ na-
KJIOHEHA K IIJIOCKOCTH OCHOBAHWA IIOA YTJIOM O, BIIMCATH IIPAMO-
YrOJILHBIN Mapajjiesieniuilesi ¢ HauOOJIbIlleil ITOMHOMH T0OBEPXHOCTHIO.
2 2
3698. B cerMeHT 3JUIMITHUECKOro napabosonga 2 = % -lbLz,
4 a
2z = ¢ BIIXCATh NIPAMOYTOJbHBIH Hapanegenunen Hauboapiero 06b-
eMa.
3699. Haiitu KpaTuaifiuee paccToguue TOYKU My(Xg, Yy, 2¢) OT
MJIOCKOCTH Ax ;{By +Cz + D=0.
3700. Onperénurh KparTuaiflllee paccTosiHMe d MeXIy ABYMA
NPAMBIMH

X=Xy _ Y-y, _2-2
my n, n
X=Xy _Y-Ys _ 2-2
my ny P

3701. Haiitu kparuaiimee paccroanne Mexxay napa6ooit y = x?
unpamoit x —y ~ 2=0.
3702. HaiiTu monyocH IeHTPaabHON KpUBOIl BTOPOTO IOpPAAKA
Ax? + 2Bxy + Cy? = 1.
3703. Haiitu mosyocu meHTpPaJbHOM IIOBEPXHOCTH BTOPOTO IIO-
pAxKa
Ax? + By? + C2% + 2Dxy + 2Eyz + 2Fxz = 1.
3704. OnpegenuTs nyomanb 3aaUICa, o6pasoBaHHOTO Ilepeceye-
HUeM IMJIHHAPA
2
AN /L |
a2 b2
ILJIOCKOCTBIO
Ax + By +Cz=0.
3705. OnpenenuTh IJIOUIAAL CEUEHUA SIIUIICOUAA
2
2Ly L2t
a? b2 c?
MJI0CKOCTHIO

xcosat+ycosP+zcosy=0,

rae cos? o + cos? B + cos?y=1.
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3706. Cornacuo npunnuny depma cBeT 13 OLHOM TOYKH B NPYTVIO
nonajaeT 3a KpaTdaiilllee BpeMA.

IIpeamosnaras, uTo o6e TOUKYM PACIOJI0XKEHBI B PA3IUUHBIX ONTH-
YEeCKUX CPeJaxX, Pas/ieIeHHbIX IJIOCKOCTHIO, IPUYEM CKOPOCTD PACIIPO-
CTpaHeHUsA CBeTa B IIEPBOI cpefie PABHA U;, A BO BTOPOH Uy, BHIBECTH
3aKO0H IIpeJIOMJIeHUA CBeTa.

3707. IIpnn xakoMm yruie mafieHusl CBETOBOTO Jiyua Ha GOKOBYIO
rpaHb MPU3MBI C IPEJOMAIONUM YyIJIOM (L ¥ TOKa3aTeJeM [IPeJOM-
JIEHUS 71 YTOJ OTKJIOHEHHs Jiyua (T. e. yroJl MexAy NamgaioniuM
BBIXOJAINMM Jyuamu) 6yaer HaumensinuM? OnpefeuTsh 3TOT YIoJ
HAWMEHBIIET0 OTKJIOHEHHUS.

3708. IlepeMeHHbIe BEJIUUUHBI X U I YAOBJIETBOPSAIOT IUHEHHOMY
ypaBHEHUIO

y=ax +b,

k03 dUIIMeHTH KOTOPOTO TpebyeTca onpeeanTs. B peaynbrare psa-
Jla PABHOTOUHBIX N3MepeHUI A/ BeJINUNH X U i HoJIyueHbl 3HAUEeHN A
x, y; (i=1, 2, ..., n).

ITonwssysice cuocoboM HaMMeHBINTUX KBAAPATOB, OIpeleHUTHb
HauBepOsITHeHINVe 3HaueHUA Ko3dhdUuumueaTos a u b.

Yxaszanue. Cornacuo ciocoby HAMMEHbIINUX KBAJPATOB HAUBEPOAT-
HeAIIUMHU 3HAYEHUAMU KO03DMUIUEHTOR a u b ABIAKOTCA Te, AA9 KOTOPbIX
CyMMAa KBAAPATOB IOI'DEIIHoCTEeN

i Aj = Z"j(ax,»+b—y,»)2
i=1 i=1

Oyner HauMeHblIe.
3709. Ha nnockocryu gana cucrema n rouek M (x, y) (i=1, 2, ...

..., ). IIpn KakKoM mosioskeHHM NpAMOH X cos O + ysin o — p =0
CyMMa KBaJApaToOB OTKJIOHEHHUI JaHHBIX TOYEK OT 3TOM MpAMOIi 6y reT
HauMeHbIIeH?

3710. ®yuxuuio x? na nareprane (1, 3) TpubAMIKEHHO 3aMEHUTH
anHeiltHo# pyuknuedl ax + b Tax, uToObl aGCOMIOTHOE OTKJIOHEHE

A=sup|x?—(ax +b)| (1 < x<3)

ObIJIO MUHMMAJIbLHBIM.



PA3JEJ VII

HHTET'PAJIbI, SABUCAIUHUE OT ITAPAMETPA

§ 1. CoGcreeHHbIE HMHTErpaJbl, 3aBUCALLHE OT IIapamMerpa

1. HenpepsisHocTh uHTErpana. Ecnu hyeknuu f(x, y) onpenesesa u He-
npephIBHA B OrpaHuueHnol obnactu Rla < x < A4; b < y < B], 10

/ A
F(y) - j f(x, y) dx

npexacTasifger coboil GyHKIUOO, HETIPEPHIBHYIO Ha cermenTe b < y < B.
2. Juddepenunposanue noa 3Hakom MHTerpaja. Eciau ceepx ykKasaH-

Horo B 1°, vactnas npoussoanad f, (x, y) nenpepsipHa B o61acTu R, 10 mpu
b < y < B crupaseanusa gopmyna JelibHuya

A A
;ld; f fx, y) dx = j f, (x, y) dx.

B 6osiee o61mem cayuae, Korga npexesisl UHTErpanuy Asasorea gudde-
peHnupyembiMu GyHKmuAMu ¢O(y) u Y(y) napametpa y u a < @(y) < 4,
a<y(y) <A npub < y< B, To umeeMm

vy
4 flx, y)dx =
dy
o(y)
wv(y)
= fw(y), V') — floy), ye'y) + f fy (x,y)dx b<y<B.
o(y)
3. HuTerpupoBanue noja 3HakoM uHrerpaia. Ilpu yeaoBuax 1° umeem

B

A
j dyJ' f(x, y) dx = j de' f(x, y) dy.
a b

A B

b
3711. Ilokasarp, 4YTO MHTErpasu

a

1
Fy) = j f(x, y) dx
0

OT paapsIBHON GyHKIuH f(x, y) = sgn (x — y) ABnAeTcA PyHKIHENH
HernpepsIBHOIL. ITocTpouts rpadpuk dyskinun u = F(y).
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3712. UccaenoBaTh Ha HEIPEPHIBHOCTL (DYyHKIIUIO
1
Fly) = j Y(x) gy
N x2 + y2
0

rge Gyaxkyua f(x) HenpepbiBHA M HOJIOXKHUTeJbHA HA cermenTe [0, 1].
3713. Haiirnu:

1+a 1
a) lim L; 6) lim Jx2+ 0o dx;
o0 1+ x2+ a2 a—0
[} -1
2 1
. . dx
B) lim | x? cos ox dx; r) lim | —*
o—0 n— oo \"
s o 1+[1+=
n
i
2

) lim | e ®sin0gp,

R—

0
3714. 1. llycts dbyuknua f(x) HenpepsiBHa HA cerMmenre [4, B].
HokasaTp, 4TO

X

lim % [f(t + h) — f()] dt = f(x) — f(a) (A <a < x < B).
2. Hyc'r}{:: Do (x)20(n=1, 2, ... )ual-1, 1]; 2) ¢,(x)=0 npn
1
n—coHal <eg< | < 1;3)J.(p,l(x)dx—+ 1 opu n — oo,
HokasaTs, uTo ecan f(x) gC [-1, 1], To
1
lin [ /)0, dx = f(0).
21

3715. MoKHO U COBEPIIUTDH NPEAENbHBII NePexXos Mok 3HAaKOM
HHTerpajga B BhIPa’KeHUN

1 o2
lim | £ ¢ »2dx?
y—0 2

3716. Mo>xHO /¥ BBIUHMCJNUTD 110 IpaBuay JlebHuna npous3Boj-
Hy10 QYHKIIUT

1
Fy) = J. InJ/x%+ y2dx
0

npu y = 07?
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3717. Buruneaurs F'(x), ecau
x2
F(x) = J' o5 dy.

x

3718. Hatitu F'(cr), ecau:

a) F(q) = J' o1 gy

sina
b+a

6) F(o) = J' EE% dx;

a+a

/ a
B) F(o) = J' l—n-(l—;—%)dx;
0

r) F(a) = J‘ flx +a, x — a) dx;
0

o2 X+
1) F(a) = J' dx J' sin (x2 + 42 — o2) dy.
0

X -

3719. Haniru F”(x), ecnu
F(x) = j (x + i) dy,
(1]

rae f(x) — auddepernupyemasa QyHKIIUA.
3720. Hatitu F”(x), ecau

b
F(x) = j fw)lx - yl dy,

rae a < b u f(y) — HenpepvIBHasA Ha [a, b] GyHKIUA.
3721.1. Hatitu F”(x), ecnu
h h
Feo) = 5 [ aef feerg+man (n> o),
0 0
rae f(x) — HenpepblBHag GYHKINA.
2. Hatitu F'"(x), ecnin

F(x) = I f(t)(x ~ £)"~ 1 dt.
0
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3722. [lokasarey popmyny

X

_‘ﬂ'_(ﬂﬂ_’ﬁ) = L--(‘: Y’ cos(y + —-) dy (n=1,2,..)). (1)

dxn x xn+ 1
Honbaysacy popmytoi (1), MONTYYUTH OLEHKY:
dr (sinx)
dx™ x
3723. ®ynxnuo f(x) = x° Ha npoMexyTke 1 < x < 3 npubamKen-

HO 3aMeHUTDb JuHeAHON PpYHKIMEN a + bx Tak, 4TOOBI
3

J‘ (a + bx ~ x*)? dx = min.

1 .
< npu x € (—c0, +00),
~—7 Tpu x € ( )

3724. Ilonyuuts npubiauxeHHY0 GOPMYNY BUxA
J1+x2 =a+bx (0<a<)

13 YCJIOBUSA, UTO CpefHee KBaApaTUYHOe OTKJIOHeHUe QYHKIWH a + bx

un J1+ x? na gannom npomesxytke [0, 1] ABisgercsa MMHUMAJbHBIM.
3725. HaiiTy npou3BOAHBIE OT NOJIHbLX INAUNMULECKUX UHMes-
panos

n
2

E(k)=J' J1-k?sinZe do,
0

notE

1 - k2sin2¢

Fey=| —92 __ (0<k<1)
0

¥ BBIPpas3uTh ux ueped Gyukuuu E(k) u F(k).
Hoxrasarse, uro E(k) yaoBierBopser sudpepeHiiuaibHOMy ypas-
HEeHUIO

E"(ky + 1 E’(k) + _4_1115 ’;2 = 0.

3726. HokasaTs, 4To pyrKyus Becceas yenozo undexca n

n

J (k)= J- cos(ng — x sin @) do
0
yAOBIETBOPAET ypasHenuio Beccens

X2 (%) + xd), (x) + (x% — n?)J (x) =
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3727. Ilycrs

dx
-x

Qk

I(0) =j:
0

rre GyHKIUA @(x) HempepblBHA BMeCTe CO CBOEH MpPOou3BOLHOM ¢'(x)
Ha cermeHTe 0 < x < a.
Hoxasars, uro npu 0 < o < g uMeeM

o
) =29 4 [ 2 gy,
- VRS
Yrxazauue. [Honoxurs x = at.

3728. IToxasaTp, uTo QYHKIUA
1

u(x) = f K(x, y)o(y) dy,
(1]

rze
_[x (1 -y)ecnnx < y;
K(x, y)_{y (1 - x), ecnu x >y,

u v(y) HenpepblBHA, YAOBIETBOPSAET YPAaBHEHUIO
u(xy=-v(x)(0< x<1).
3729. Haititu Fx'; (x, y), econ

xy

F(x, y) = f (x ~ y2)f(2) dz,

X

v
rae f(z) — puddepennupyemMasa QyHKIUA.
3730. Ilycry f(x) — npBakapl guddepeHupyeMad QYHKIUA U
u(x) — nuddepernupyemada GyHKIUA.
Hokxasarb, uro GyHKIUA
X +at

u(x, t) = %[f(x —at) + f(x + at)] + ﬁ J' F(z) dz

x-at
YROBJIETBOPAET YPABHEHUIO Koaebanis cCmpyHbL

Q2w _ 20

Jt? Jx?

¥ HadaNbHBIM yoroBuaM: u(x, 0) = f(x), u; (x, 0) = F(x).
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3731. Iloxasatsb, uto eciau GyHKIUA f(Xx) HeIpepLIBHA Ha cerMeH-
e [0, Ju (x — &2+ y? + 22 # 0 npu 0< § < [, ro pyHruus
1

= (8)dg
WD) s

yIOBJIEeTBOPAET YypasHenuto Jlanaaca

02 | %, 0% _
dx2  Jdy? 022 )

IIpumensaa auddepeHIMpoBaHUe N0 NapaMeTpPy, BBIYUCIUTH
caenyIouie HHTETPAJIbl:
n

2
3732. J‘ In (a? sin? x + b? cos?® x) dx.
0

3733. | In (1 — 2a cos x + a?) dx.

arctg(atgx) dx.

3734.
tgx

3735, [ Inltacosx dx (la < 1).

1- acosx cosx

Ot 01N O ——— 0IH O 3
—

3736. Ioubsysack GopMyJoi

1

arctgx _ ay
x 1+ x2y2’

BBIYHCIIUTh UHTETDAT
1
arctgx dx
x 1 - x2
0
3737. Il puMeHsas MHTErPUPOBaHUE MOA SHAKOM WHTErpasa, BbI-
YUCIUTh UHTErpas

1

xb__xa
J‘—ln'x—dx (a>0,b>0).
0
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3738. BurunicaiuTh, MHTETPAJIbI:

1
a)J-sm xh_x"d :
Inx
0
1
J.cos _x—x dx (a>0,b>0).
Inx
0

3739. Ilycry F(k) u E(k) — noyHBIE 3ITUNTHYECKHE HHTErPAJIbI
(cM. 3amauy 372/ 5). HoxasaTe HpopMysibl

a) J' F(k)k dk = E(k) — k2 F(k);

k
6) J E(k)k dk = %[(1 + EDE(R) — kX F(R)),

rIe kf =1- £
3740. Norasars hopMyay
J. xJ o(x) dx = xJ(x),
0

rae Jo(x) 1 J(x) — byHKunn Beccena unmekcoB 0 u 1 (cMm. 3agauy
3726).

§ 2. HecoOGcTrBeHHBIE HHTErPABI, 3aBMCAIINE OT lIapaMeTpa.
PasHOoMepHAs CXOAUMMOCTH HHTErpaJios

1. Onpepenenne pasuomepuoi cxoqumoctu. HecobcrseHubil nuTerpan

+00

J' f(x, y) dx, o

rae Gyurus f(x, y) HenpepsiBHA B o6s1acTh @ < X <+, y, <y < y,, Ha3bIBAETCA
pasHomepHo cxofaujumcs B uHTEpBane (y,, y,), €ciu Aad Jiodoro € > 0 cymecr-
ByeT uucsao B = B(g) Takoe, uro npu BcAkoM b 2 B uMeeM

+ o0

J. f(x,y)dx| <& (y; <y <y,).
b




356 PABAEJ VII. UHTETPAJIBI, 3BABUCAIIME OT IIAPAMETPA

PasnoMepHas cxoZuMocTh uHTerpana (1) sKkBuBaneHTHA PaBHOMEPHOMK
CXOAMMOCTH BCEX PAAOB BUAA

n+l

Y [ e @)
n=0 a,

rlea=a,<a;,<ay<..<a,<a,,;<..u lim a, =400,
n— 0o

Ecnu unrerpan (1) cxoaurca paBHOMepHO B uHTepBaie (Y, ), TO OH
npexacrasasfer coboli HenpepboBHY0 (YHKI KO HapaMerpa J B
9TOM HHTepBaJe.

2. Kpurepuit Komn. J[na paBHOMEpPHO# cXxoauMoCTH HHTerpasa (1) s
HHTepBase (Y,, Y,) HeobxoaMMO U JOCTATOUHO, YTOOLI AJia Jioboro € > 0 cy-
mectTroBalo yucao B = B(g) raxoe, uTo

b
f(x)y)dx<£ (y1<y<y2)’
e
ecau TonsKo b’ > B u b’ > B.
3. Kpurepuit Beitepmitpacca. [[Jia paBHOMEepPHOM CXOJMMOCTH UHTErpa-

na (1) gocraTouHo, 4To6bI CYylLIeCTBOBAJIA He 3aBUCAIIAsT OT [1apaMeTpa J Ma-
sKopupywinasa QyHKiua F(x) trakas, 4To

D |f(x, y)| € F(x) npn a < x < +00,

+00

2) J' F(x) dx < +00.

4. AgasoruuHble TEOpPeMbI UMEIOT MECTO AJIA HECOOCTBEHHBIX UHTErpa-
JIOB OT PAa3pBIBHBIX (DYHKIHIL,

OnpenesanTs 06J1ACTH CXOLUMOCTH HHTETPAJIOB:

400 + 00
3741. J' et dx. 3742. J' XCOSX ;4.
1+ x2 xP+ x1
0 0
400 2
3743. J‘ sinx? 5. 3744. J‘ dx_
xP [Inx}?
0 0
1 1 + 00

cos

3745. J' _Lox gy 3746. J' SN g0 5> 0).
0 0

nf1 — x2 xXP+ sinx
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IIpu noMolny CpaBHEHUS C PSJJAMH HCCJIEIOBATL CXOAMMOCTD
CNIeAYIOIUX UHTETPaJioB:

$00 +00
3747. j COSX 7. 3748. j _xdx (),
x+a 1+ x"sin2x
0
3749, J' _dx 3750. J' sin(x+ x%) 5o
J xP37(/sin2x ) x"

3751. ChopMyTUPOBATD B HOJOMUTEILHOM CMbICJE, YTO 3HAUUT,
YTO UHTErpa

+ o0

jﬂmwm

CXOAUTCS HePABHOMEDHO B 3aJaHHOM HHTepBae (Y, Ys).

3752. [TorkazaTs, uro eciau: 1) uHTErpasn

+00

fﬂnwm

cxomurca u 2) hynrkuus ¢(x, y) orpaHHYeHa ¥ MOHOTOHHA IO X, TO
HHTErpan

fmm%ww

CXOAUTCA PaBHOMEPHO (B COOTBETCTBYIONIEeN obsacTu).
3753. lokasaTh, 4TO PABHOMEPHO cXomAIuiicsa HuTerpan
1

400 __(x\ljz
I= J' e W gx (0<y<1)
1

HeJb3A Ma>KOPUPOBATD CXOAAIMMCA UHTErPayioM, He 3aBUCALIUM OT
nmapamerpa.

3754. Ilokasarp, YTOo MHTErpa
+oo
I= J- oe “Fdx
0

cxopmurcsa: 1) papHoMepHO B Jn1060M mpomesxkyTke 0 < a< o < b;
2) HepaBHOMepHO B npoMeXxXyTke 0 < ¢ < b.
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3755. 1. lokasaTts, uTo unmezpar Jupuxaze
+00
I = J' sinatx ;..
X
0
CXOZUTCHA: a) DPABHOMEPHO Ha Ka’KJOM cerMeHTe [a, b}, He comepika-
meM 3HaueHua o = 0; 6) HepaBHOMEpHO HA Ka’K/JOM cerMeHnre [a, b],
comeprkauieM sHadenue o = 0.
2. HccnenoBaTh HA PABHOMEPHYIO CXOAVUMOCTDL MHTErpAJ
00
dx
xﬂ
1
B CJIEAYIOIMUX NPOMEXYTKaX: a) 1 < 0 € o < +00; 6) 1 < o < +00,
3. lokaszaTs, uTO MHTETPAJ

+00

dx
x%+1
0
CXOQMUTCS HepaBHOMEDHO B mHTepBaje 1 < ¢ < +00,

HccnegoBarh Ha PABHOMEDHYIO CXOAUMOCTh B YKa3aHHBIX IIpO-
MEXXYTKAX CIAenyIollue UHTerpalbl:

1
3756. a)J'i—f 0 <a < 1);
0

+00
6) J' e sin x dx (0 < 0ty < @ < +00),
0

400

3757. J' x%* dx (a<a<b).
0

+ 00

3758. J' COSAX 1y (00 < @ < +00),

1+ x2

—00
+ 00

_dx (o«
3759.J' T 0<a<to),

400

3760. a) J' ST wx g (0 < @ < +o0);
0

+ 0o

InPx
6) —=dx (0 <p<10).
‘\/_

XaJX
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3761.

3762.

3763.

3764.

3765.

3766.

3767.

3768.

3769.

3770.

3771.

+00
J' p-ax C—O%dx (0 < o < +00), rge p > 0 GHUKCHPOBAHO.
X

1

400

J' Jae-a® dx (0 < o < +00),

0

+oo /

J‘ e-(x-0)? dx; aya <o <b; 0) —00 < ¢ < +00,

-0
+00

a) J. e**1+yVsin x dy (—0° < x < +00);
0

1+xr

+00
6) J sinx? ;0 (p > 0).
0

ITogob6paTs uncyo b > 0 Tak, yToOLl

+00

j dx ¢ mpu 1,1<p<10, rmee= 1075,

1+ x°

xP~11n? %dx; ayp2p,>0; 6)p>0(qg>-1).

X' _dx (0< n < +%).

J1—x2

sin= = (0 <n <2).

s (- })

WHTerpan HaspIBaeTCAa pABHOMEPHO CX00aWuMcA npu 0an-

HOM 3HQYEHUU napamempa, eCjiu OH PABHOMEPHO CXOAUTCA B HEKO-
TOPOIl OKPECTHOCTH HTOr0 3HaueHHUA. JloKa3aTh, UTO UHTErpas

+oo

1+ a2x?
0

CXOAWUTCS paBHOMEDHO Npu KAXKIOM 3HaueHUH o # 0 U He cxoquresA
paBHOMeDHO npH o = 0.
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3772. 3akoHeH 1 nepexol K Ipeneiy nox sHAKOM WMHTerpaja B
BBIpAsKeHUH

+o00
Hm oe ™™ dx?

a— 0o
0

3773. ®ynknu4a f(x) uaTerpupyema B npomexxytke (0, +00). o-
Kas3atbk GopMyny
+ oo f oo
lim e f(x)dx = J‘ f(x) dx.
a— +oo )
3774. 1. Joxasars, uTo ecau f'(x) abCOMIOTHO HHTETpUPYeMa Ha
[a, +00], To cymiecTByeT xlm}xj f(x).

2. lokasaTs, 4TO
+oo
lim f(x) sin nx dx = 0,
" 0
ecau f(x) aBCONIOTHO HHTerpupyeMa B IpoMeskyTKe (0, +00),
3775. Jokasatp, uro ecau: 1) f(x, y) 3 f(x, y,) B KaKIOM KO-

400

HeuHoM HHTepBaJe (a, b); 2) |f(x, y)| < F(x), rue J‘ F(x)dx < +%0, To

+oo +00
lim flx, y)dx = lim f(x, y) dx.
¥y= o ¥ g
3776. 1. BLIYuCIUTL UHTETpA
+ 00 + 0o
J' etdx = [ lim [( 1+ ﬁ) ]dx,
n— oo n
0 0

HCIIONbL3YA npeuenbnmﬁ lepexoa nox 3dHakoM HMHTerpaJa.

2. IlycTs f(x) HempepbIBHA U OrpaHuYeHa Ha [0, +00). [loKasars,
qro

lim 2 J' xﬂz—(iﬁylzdx = 7(0).
0

y—0mn
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3777.1. Hatitu

+00
lim dx .
n— oo xt+ 1
0
2. Hokasarh, UTO HHTEIpa
+ o0

Fla) = j (- dy
0
ecTh HellpephlBHAA (QyHKIUA IapaMerpa 4.
3778. 1. Ilokasars, 4TO
1 ogin%

F(oc)=j % dx

xa

eCTh HerpepbiBHAash (PYHKIuA B uHTepsaie 0 < o < 1.
2. OnpezeauTsb TOYKH paspbiBa PYyHKIIUU

+00
F(a) = J Si_n(_l_;_a"’ﬁdx.
0

ITocTpours rpadhuk hyaruuu y = F(a).

HccaemoBaTh Ha HEIPEPHIBHOCTh B YKAa3aHHBIX IIPOMEXKYyTKax
caenyouiye QyHKIINM:
400
3779. F(a) = j HAE oy g > 2,

2+x
0

+00

3780. F(0) = J 09T gy npua >0,

o

1
n

3781.F(oc)=j;;(sfitri—xx)udx npu 0 < o < 2.

+00

3782. F(0) = f Fsier;_;Fdx npu 0 <o < 1.

0

+00
3783. F(o) = J ae** dx mpu -0 < q < +00,

0
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§ 3. IuddepennupoBanue ¥ UHTErpUPOBAHUE
HECOOGCTBEHHBIX UWHTErpajIoB IO 3HAKOM HMHTErpaJa

1. AuddepennupoBanne no napamerpy. Ecnu: 1) byuxkuus f(x, y) He-
npephlBHA BMeCTe Co CBoel npomssonuoil f, (x, y) B obaactu a < x < +oo,

+00 +00

Y1 <y <Yy 2) j f(x, y) dx cxonurcsa; 3) J f; (x, y) dx cxozurcs paBHO-

MepHO B uHTEepBaiue (Y, J;), TO

+o00

+00
d
m j flx, y)dx = j f,(x, y) dx
upu y; < y < y, (npasuso Jeilbrnuya).
2. ®opmyna wumHTerpupoBaHua no napamerpy. Ecau: 1) dyurnus

+ 00

f(x, y) HenpephIBHA IPU X Z A U Y, S Y < Yy; 2) j f(x, y) dx cxopgurca pas-

HOMEpHO B KOHEYHOM cerMeHTe [y, ys], TO

00

Ya +00 Ya
jdyj f(x, y) dx = j dxjf(x, y) dy. (1)
¥y a a 12

Ecnu f(x, y) 2 0, To dopmyna (1) BepHa rakke U a1a GECKOHEUHOTO
npoMekyTKa (Y1, ¥Y,) B IPEANONOKEeHNY, YTO BHYTPEHHNE UHTErDaJIbI paBeH-
crBa (1) HenmpepHIBHBI U OfHA U3 yacTeil paBeHcTBa (1) UMeeT CMBICI.

3784. llonbsyacsk GopMyioi
1
jx""ldx= ,ll (n > 0),
0
BBIUHCJIUTH HHTEIpas
1

I= j x""1In™ x dx, rme m — HaTypaJbHOE YHCJIO.
0

3785. llonbsysack Gopmyioi

+00

dx 8
= >0’
j x2+a 2./a (a )

0
BBIYTHUCJINTh HHTEI'pAJ

400

I= j Z-—éd—x)n:—l , TAe n — HaTypajbHOe UUCJIO.
xit+a
0
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3786. Hoxasarb, uT0o MaTerpaa dupuxie

+ 0o
I(0) = J‘ sinax ;..
x
0
uMeerT 1pH O % 0 IPOU3BOLHYIO, OMHAKO €e HeJIb3d HAWTH ¢ IOMOIIBIO

npasuia Jleitbuuia.
Yxaszauwue. Ilonoxurs ax = y.

3787. Ilokasars, uro QyHKIUA

+00

F(o) = j . COSX 4y
0

1+(x+a)?

HelpepbiBHA U auddepeHupyeMa B 00J1acTi —00 < O < 400,
3788. Ucxonsa 3 paBeHCTBA
b

~[emra,

a

e-ax _ e—bx
X

BBIYHUCJINTH NHTEIrpalJl

+00

J‘ e‘i;_e_'”_"dx (@a>0,b>0).
(4]

3789. Hokasate Qopmyary Ppyrranu
j M;uf”—x)dx = £(0) 1n§ (@a>0,b>0),
0
+ 00
rae f(x) — HenpepbiBHaA (PYHKIUA ¥ HHTerpa j ﬂf)dx HMeeT
A
cMBIca npHu Job6om A > 0.

[Ipumensas ¢popmyry Ppyraani, BEIYACIUTH WHTErDAJIbI:

+00

3790. j %‘H‘%"i’i”—x dx (@>0,b>0).
0

+00

3791. J S_“““‘;_—Si—“b-fdx (@a>0,b> 0).
0

+00

3792. J‘ arctgax - arctgbx ;.. (@> 0, b> 0).
0

X
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C nomompo auhdepeHIMPOBAHUA 110 IapaMeTpy BBLIYUCIUThL
CJeAyIOL[He UHTerPajbl:

+0

3793. j

eux

e 4x (@>0,p>0).

+o0

3794. I(Q%ﬁf)zdx (>0, B> 0).

+o0

3795. f e e

sin mxdx (a>0,3>0).

+0

3796. J‘Mcosmxdx (>0, B> 0).

BLI‘II/ICJII/ITL HHTEeI'panbl:

In(1 - a2x2 <
3797._[4———2x2 ) d (lof < 1).

1
3798._[ Ml—l_—o‘;iz)dx (lof < 1).

o0

3799. | -arctgax dx
x2./x2 -

3800. j In(o?+x%) 4

BZ+x2

3801. J‘arctgax arctgfx de.

+oo

3802._" In(l+ota)In(d+ PA?) g
X

0
3803. Beruncianute unmezpanr diinepa—Ilyaccona

+ 00
I= j e~** dx,
0
UCXO0Ms 3 GOpMYyJIbl

= j e*xzdxj xe *vdy.

0
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IMonw3ysack uHTerpasom Jitnepa—IlyaccoHa, HaliTH clelylomue
HHTErpajbl:

400

3804. j e"@x*+2bx+0dyx  (a >0, ac — b* > 0).

—00

+00
3805. j (a;x? + 2b,x + cl)e—<ax2+2bx+f) dx (a>0,ac—-b%>0).

—00

400

3806. j e-a¥*ch bx dx (a > 0).

—00

+ 00
_(xz*ﬂ_

2
3807. e 12) dx (a>0).

0

400

3808. j e et e (0> 0, B> 0).

x2

0
3809. J earcos bx dx  (a > 0).
0

+00

3810. a) j xe-e**gin bx dx (a > 0);
0

400
6) j x%"e-** cos 2bx dx (n — HaTypajJbHOE YICJIO).
0

3811. [lokasaTh, 4TO
]

lim ﬁcj e—axtzdt=[§ (@>0,35> 0).

x — +00
-8

3812. 1. Ucxoma u3 uHTErpaa

+o0
I(o) = f e-ﬂxSi—’;&‘dx (@>0),
0

BBIYUCIUTL unmezpan Jupux.ae

D(B) = j %ﬁ—x dx.
(1]
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2. Kakoif npuMepHO BHUJ NMEET IrpapuK UHMezZpaibH020 CUHYCA
p 1Y P Y
y=Six,

rae

X

Six=| Slgso
t
0

Hcnonssya unmezpansvt Jupuxne n Ppyaranu, HauTH CIETYIO-
1Me MHTerpabl:

+00
3813. j o - cosbr gy (o> 0),
0

3814. J sinorsindx g (jof # |p) ).
0

400 400
3815. j sinaxcosfx ;. 3816. j ﬂ‘;‘—’fdx.
X
0 0
+o0 +00
3817. J' (ﬂf-;-co‘—szdx. 3818. j (Si—n;-‘f)adx.
0 0
+ o0
3819. j sintx 5
x2
0
+oo

3820. j Sin“o‘x;sm“ Xdx (of # 0).
0
+00

3821. J Sinle) gy,
0

+o0
3822. f e—kai_no‘_’;ji_nﬁ’f dx (k>0,0>0,5>0).
0

3823. Haiitu paspuienbili muorcumenv Jupuxae

+o0

D(x) = % j sin A cos kxdT)‘
0

AN pa3inyHblX 3HadeHu i x. [locTpouts rpaduk pyuxknuu y = D(x).
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367

3824, BrluucjuTh MHTETPANBL:

+00

400
sinax cosQLX

. p- —= dx; 6)v.p. —_ .

a)vpfx+b x )vpj — dx
3825. [loabsysacey GopmyIon
400

1 e—y(l+x2)dy’
1+ x2

BBIUUCHUTL Uhmezpaa Jlanaaca

+00
I = coSax 4.
f 1+ x2
0
3826. Boruucanurs HHTerpas
+OO
L. = xsinagx dx.
1 j 1+ x2

0

Breruncaurs HHTEeTrpaJabl.

+o0

3827. j Sin?x gy
1+x2
0

400
cosax
3828. j e
0

+o0

cosax _ ke

3829. j —98E gy (a>0,ac — b > 0).
0

3830. Ilonbsysack popmyon

+o0
1 _ 2 J' 2
=== | e® dy (x>0),
%GR
BBIYUCIHUTD UHMEZPalbl @peﬂeﬂﬂ
+o0

. 1 sinx
sin(x?) dx = = f =2 dx;
.[ 2 ! Jx

+oo

0
+00 +o00
1 cosx
cos (x¥) dx = = J =2 dx.
J L[ e

0
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HaiiT; MHTErpaJbI:

+00

3831. J. sin (ax? + 2bx + ¢)dx (a # 0).

+o0

3832. j sin x? cos 2ax dx.

—00

+00

3833. j cos x? cos 2ax dx.

3834. lToxazaTs POPMYIbI:

+ 00

400

1 CoOSUX gy = T v go: 2 xsinox g - _ Toos aa

) aZ_ x? %2 > 2) a? - x? 2 ’
0 0

rae a # 0 ¥ uHTEerpajbl MOHMMAIOTCA B CMBIC/E MNIABHOTO 3HAYEHUA
Konu.
3835. Haiiru npeobpasosarnue Jlanaaca

+o0

F(p) = j ePf(t)dt (p> 0)

0

naa Gysknuu f(t), ecau:
a) f(¢) =t (n — HaTypaJbHOE YHCJIO);

6) f(t) = JJt;

B) f(t) = e

r) f(t) = te ™,
n) f(t) = cos t;
&) f(t) = 1=

K) f(t) = sin at.

3836. Joxasars Gopmyny (unmezpan Jlunwuya)

+00

- 1

et (bt) dt = (a>0),
[ eraendts = @>0)

0
n
rre Jo(x) = %j cos(x sin @) d¢ — dyHKuua Beccens 0-ro uHzekca

0
(cm. zagauy 3726).
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3837. Haiitu npeobpasosarue Beliepuumpacca

+00

F = & L G- f(y) dy,

eCcJIN:
a) f(y) = 1; 6) f(y) = y*% B) f(y) = €*; 1) f(y) = cos ay.

3838. Muozouneuv: Yebviuwesa—Ipmuma onpefensiiorca (dop-
MyJIaMu

= (=1)tex? 4" (p-x? =
Hn(x)—-( 1) € dxn (e ) (n 0) 1’ 2’ -")'

Hokasars, ITO

+00

, 0, ecau m # n;
j Hp()H (x)e dx = 2'nlJn, ecmum=n.

3839. BuruncanTs MHTErpAa
+o0 ,1[§L<_§_x— )2}
- 1 25 ol

@o(x) = e

2
—0Q0
MMEIOUINi BajKHOe 3HAYeHYe B TEOPHH BEPOATHOCTEH.
3840. IIycty hpynkuua f(x) HempepbelBHA ¥ a6COJIOTHO HHTErPH-
pyeMa Ha NpPOMEKYTKe (—00, +00),
JloxaszaTk, 4T0 HHTErpaJl

1

d¢ (o,>0,0,>0),

(g-x)?

2, d&

VAOBIETBODAET YPAGHEHUIO menﬂonpoeoauocmu

dt a?dx?
I HAYaJIbHOMY YCJIOBUIO
lim w(x, t) = f(x).
t - +0

§ 4. InaepoBsl HHTErpaibl

1. Famma-pysaxunu. Ilpu x > 0 umeem:

400

I'(x) = j t* et dt.

]
OcHOBHOE CBOIMCTBO raMMa-(PDYHKITUU BbIDAXKACTCA (POPMYAOL NOHUNECHUA

T'(x + 1) = xT'(x).
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Ecau n — 11ej10€e Mmoo UTEeNIbHOE YMCI0, TO

T(n) = (n - 1)}; r[n+2) ___éZ_n_l)ﬁr

2. ®opmyaa nomoianenud. IIpu x, He paBHOM I[eJIOMy YMCIY, UMEEM

T(x)rQ - x) =

sinmx

Ira (popMyJia O3BOAAET ONPEAENUTh TaMMa-(DYHKIIHIO A1 OTPUIIATENb-
HBbIX 3HAUYEHUI apryMeHTa.
3. Bera-dbyukunsa. Ilpu x > 0 u y > 0 umeem

1

B(x, y) = J =11 — ¢t
0

Cnpasegnusa dopMysa

gx)l‘gyz
B(x, y) = T(x+y)

3841. Jokaszarb, uTo ramma-Qpynrnua ['(x) HenpepriBHa 1 obja-
JaeT HellpephIBHLIMY POM3BOAHLIMHY BCeX MOPAAKOB B objacTu x > 0.

3842, lokasars, uro Gera-hyHKnua B(x, y) HenpepsiBHa U 00Ja-
JlaeT HellpepPbIBHLIMY IIPOM3BOJHBIMY BCEX TOPAAKOB B obaactu x > 0,
y>0.

C 110MOIIBLIO I POBLIX HHTETIPAJIOB BEIUMCIUTD CAeAYIONIe HH-
Terpasbl:

1 a
3843. J' Jx— %% dx. 3844, j x*Ja?~ x2dx (a>0).
0

400 + 00
3845. j _Nx g 3846. j
(1+x)2
0
yoo 3
3847. j xidx 3848. j sin® x cos® x dx.
1+ x4
0
1
3849. f——- (n>1).
n 1 xn
400

3850. f x¥e**dx (n — uesoe MOJOKUTEILHOE).
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Onpegenurs 061acThb CYIIECTBOBAHUSA ¥ BHIPA3UTDL Uepes siaepo-
BBl MHTErpasbl CACLYIOUINE UHTETPaJIb:

3851.

3853.

3854.

3855.

3857.

3858.

3860.

3862.

3864.

3865.

3866.

+00 t oo
xm—l xm—l
J T —dx (n>0). 3852. J' e dx
0 0
400
J'—%"de— (@a>0,b>0,n>0).
(a+bxnyf

0

(x+c)n1+n+2

b
J'ﬁﬂﬂb_‘_ﬁxdx (0 <a<b;c>0).
1

z
dx .
—=— (m>0). 3856. '[ sin™ x cos" x dx.
n /1 —xm A

tg” x dx.

) N O, 0RO C—y

O
sin*~lx o
Trhoon 0 (0 <[t < 1). 3859. J’ ex"dx (n>0).
0
1

c%—,go

xMe~*"dx. 3861. -([ ( In %)p dx.

o‘—,g

400

xPe**In x dx (a > 0). 3863. J. xo tnx g
1+x
0

=53]

xlnx In2x
dx; — 2 dx.
T 2) J. 1+ x4
0

FRN o
xP-1In2x
—— Zdx;
%) J. Trx %) J. 1
0 0

400
~1_ 4qg-1
XX gy
(1+x)Inx
0
+00

J. de (0<p<1).

1-x

0
YkaszaHnue. ITor HMHTerpajJ MOXHO paccMarpuBaTh Kak

3867.

lgrgo [B(p, €) — B(1 ~ p, €)].
400 1

J’ shox ;. (0 < o < B). 3868. J. In I'(x) dx.
s 0

shfx
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a+1 1

3869. j In T(x) dx (a> 0). 3870. f In T(x) sin 7ix dx.
a 0

1

3871. f In ['(x) cos 2nmx dx (n — HaTypajabHOE YHUCIO).
0

HoxasaTh paBeHCTBa:
1 1

3872.1' dx_ . [ xidx _ .
— 44 — 44
! J1-x ) J1-x
400 +00
3873. f e*tdx - J x2erdy = L.
8.2
P . 1 oy
m=1,_xn =(2 2 2
3874. [ f 2" lems" dy (n) (2m) % .
m=1
+00
3875. lim e dx =1.
" 0
+oo
HUcrons3ya paBeHCTBO ;1—”-1 = l—“(_lm_) f t™ et dt (x > 0), HaitTH
0
HMHTEeTrpassl:

+00

3876. f C‘)j—:xdx O<m<1).
0

+00

3877. J' S—i%‘f—xdx (0<m<2).
0

3878. lokasats dpopmyanl Jitnepa:

+00

a) J t*~le™ cos oAt sin o) dt = L) cos ax;
A'x
0

+00
6) J. t* - leMeosa gin(At sin o) dt = L) sin ax
A'X
0

(}\>O,x>0,—5<a< E).
2 2
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3879. Hatitu gnuHy gyru KpuBoOi
r*=a"cos ngo (a> 0, n— HarypajibHoOe).
3880. Haiiru mnoniass, OrpaHU4YeHHYI0 KPHBOMR

lx|* + lyl* =a* (n>0, a>0).

§ 5. Hurerpanbuas ¢gopmyna Dypse

1. IlpeacraBnenne (pyHkusn mnHrerpainos ®ypee. Ecau: 1) pyHxuusa
f(x) sapana Ha ocu ~00 < x < +00, 2) KYCOUHO-HeNnPepbIBHA BMeCTe CO CBOEil
MPOU3BOAHOM f(X) B KAXKAOM KOHEYUHOM IpPOMEXYTKe U 3) aGCOMIOTHO UH-
Terpupyema Ha uHTeppase (—00, +00), TO BO BCeX CBOMX TOYKAX HEIPEphIB-
HOCTH OHA JOIIyCKaeT npeacrasieHue B popme unmezpanra Pypve:

+-00

f(x) = f {a()) cos Ax + b()A) sin Ax] dA, '6))
0

rae

00

+o00
a(x)=7-1t f F(E) cos AE dE  u b(x)=71t J' F(E) sin AE dE.

B roukax paspsiBa QyHkuuu f(x) nesaa yacrs Gpopmynnt (1) gomxHa GbITH
3aMeHeHa Ha -é-[f(x +0) + f(x — 0)].
JLast uernoit GyHEMH f(x), C TeM Ke 3aMe4aHHeM OTHOCHUTEJbHO TOYEK
paspuiBa, (popmyna (1) gaer:
400
f(x) = J- a(A) cos Ax dA, (2)

0
rae
400

a0y - & f f(¢) cos AE dE.
0

AHanoruuHo ANA HeueTHOM QYyHKIuU f(x) monyuaem
+oo
flx) = f b(A) sin Ax dA, 3)

0
rae

00

o) = 2 f (&) sin AE d&.
0
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2. IlpeacraBaenne QyHkuuu nurerpajom @ypse B unTepsane (0, +00),
dyuxuua f(x), saganHas B unTepsane (0, +90), u KycouHo-HenpepLIBHAA
BMeCTe CO CBOei npou3BoJHOI f(x) Ha KaXKJOM KOHEUHOM MHTepBale (a, b) C
C (0, +0), abcoaroTHO WHTErpupyemas Ha (0, +00), 1o XKenaHN0 MOXKeT ObITh
npejcraBjieHa B JaHHOM HHTepBaJsie uau popmynoii (2) (zemuoe npodonsce-
Hue), unu dhopmynoit (3) (rewemnoe npodonzcernue).

IIpeacraBurh uHTEerpamoM Pypue caepyioiiue GyHKINAN:

3881

3882.

3883.

3884.

3885.

3886.

3887

3888

3889

3890
3891
3892

3893
3894

1, ecnu |x| < 1;
0, ecnu |x| > 1.

-f(x)={

_ [sgn x, ecam |x| < 1;
ftx) {O, ecnu [x| > 1.

x| < a;

lx| > a.

b

2nn

»

2nn

f(x) = sgn (x — a) — sgn (x — b) (b > a).
h (1 - I—’i') ecnu
flx)= a
0, ecnu
_ 1
f(x) = prap (a > 0).
f(-x) = 52—572 (a > 0).
)= {sin x, ecnu |x| < T;
1) = 0, ecaulx|>m. .
J cosx, ecau |x| < g
Cfx)=
0, eculx>Z
2
Asinwt, ecnu [t| <
= 0, ecau [t >
(n — HaTypaJbHOE UHCJIO).
. f(x) = e (o > 0).

f(x) = e cos Bx (o> 0).
f(x) = e gin Bx (o> 0).
flx) = e*.

f(x) = xe %,
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3895. PyHKIUIO
flx) = e (0 < x < +00)

NpeAcTaBUTs UHTErpasioM Pypne, IPOLOIKaAsA ee: a) UeTrHbIM obpa-
30M; 0) HeueTHBIM 06pasoMm.
Hatitn npeobpasoganue Pypove

{

1 : ~itx
— lim | f()e ™™ dt
Jfomi=e ] (

F(x) = ﬁ L f(t)e ' dt =

nast pyaxuuu f(t), ecau:
3896. f(x) = e ¥ (0. > 0).
3897. f(x) = xe ™ (o > 0).

3898. f(x) = ¢ Z.

3899. f(x) = 7 cos ax.
3900. Haitru dyaxuuu ¢(x) u y(x), ecau:

400

- _1 .
D) [ o cos xy dy = 15
0

+00

6) f W(y)sinxy dy=e* (x> 0).
0



PA3SOEJ VIII

KPATHBIE 1 KPUBOJHMHENHBIE HHTET'PAJIBI

§ 1. /IBOiiHBIe UHTETrPaJbI

1. HenocpeacreeHHOE BRIYKCIEHNE JBOHHOro HHTErpaja. J[6oilHblM UH-
mezpasiom OT HeNpepHIBHON GyHKUUHK f(x, ), PACIPOCTPAaHEHHBIM Ha Orpa-
HUYEHHYIO 3aMKHYTYIO KBaJpupyemyto obiactb {2, Ha3bIBaeTCs UYHCIIO

f(x, y)dx dy= lim ZZ f(x;, ypAxAy;,
max]Ain - Lt L
Q L
max|ij| -0
rie Ax;= X; .y — X;» AY; = Y; 41 ~ Y; U CYMMUDOBAHHE PacpoCTpaAHsAETCs Ha
Te 3HAYEHUSA i U j, AT KOTOPBIX (X;, y,) € Q.
Ecau obnacts Q 3ajaHa HepaBeHCTBAMU

a< x< b, yi(x) Sy < yyx),

rae y,(x) u y,(x) — HenpepbIBHbIE (DYHKIMH HA cermeHTe [a, b], TO cooTBeT-
CTBYIOLIUI KBONHON MHTerpal MoxeT 6bITh BblUUCHeH 1o opMmyne

b yz(x)
J'J'f(x, y) dx dy = f dx j f(x, y) dy.
Q a ¥1(x)

2. 3ameHa nepeMeHHBIX B ABOMHOM MHTerpaJie. Ecnu HenpepbIBHO Jud-
¢epeHMpyeMble QYyHKIUH
x = x(u, v), y= y(u, v)
OCYILIECTBJIAIOT B3AUMHO-0JHO3HAYHOe oTo0paskeHue orpaHuueHHOM U 3aM-

KHYTOH ob6nactu & B miuockoctu Oxy Ha obuacrs Q' B mnockocru Ouv, u
saxobuan

I= D(x,y)
D(u, v)

cOoXpaHAeT MOCTOAHHBIN 3HAK B { 3a MCKJIOUeHHeM, ObITh MOXKET, MHOXKe-
CcTBa Mepbl HYJb, TO COpaseAanBa (popmyna

”f(x, y)dx dy = H f(x(u, V), y(u, V)|I| du do.
Q Q'
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B yacraocrtu, Ajs cayyast nmepexo/a K NOJAPHBIM KOODAMHATAM I U () IO
dbopmynam x = r cos @, y = r sin ¢ umMeem

J:[ flx, y) dx dy = J.J. f(r cos @, r sin @)r dr do.
Q Q’

3901. Beruucaurs HHTErPa

J.J. xy dx dy,

paccMaTpUBas ero Kak npenes HHTerpajbHOM cyMMbl, pa3busasd o6-
JacTh MHTETpanuu Ha KBaJpPaThl IPSAMBIMUA

//\//
//\//

L . N

-y—l G,j=1,2,...,n-1)

n

n BeIOUpas 3HaUeHHe MOABIHTErpaJbHON MYHKIKUK B IPaBBIX BepX-
HUX BEPIIHHAX 3THX KBaApaTos.

3902. CocraBuTh HIXKHIOK S M BEpXHIOK S HHTETrpaJibHEIE CYM-

Mbl 018 QyEKROuM f(x, y) = x4+ y?B obmactm 1 < x < 2,1<y< 3,
pa30UBadg NOCIAEIHIOKW Ha MPAMOYTrOJMbHUKH INPAMBIMUA

x=1+5y=1+% G,j=0,1, ..., n).

YeMy paBHBI IpeAesibl 5TUX CYMM npH n — 007
3903. BuruucauTh MpuOIMMKEeHHO HHTeIrpas

J’ J’ __dxdy

A/24 +x2+y?

x +y

ANNPOKCUMUDYA 06sacTh MHTErpalMyu CUCTEMONM BOMCAHHBIX KBal-
parToB, BEpUIMHBI KOTOPLIX A;; HAXOLATCS B [ETOYHCACHHBIX TOYKAX,
1 BHIOUpast 3HAYEHUS NOABIHTETPATbHOM QYHKIUY B BepIINHAX 3THUX
KBafpaToBs, HauGosee YAAJeHHBIX OT Hauana KoopamHatT. CpaBHUTE
MOJIyUYeHHbIH pe3ybTaT ¢ TOYHBIM 3HAYEHUEeM HUHTerpasa.

3904. IIpubnuKeHHO BBIYUCIUTD HHTETDAT

Hmds,

rge S — TpeyronbHUK, OTPAHMUYEHHBIR NpaAMBIME x =0, y=0mu
x+y =1, pasbus obmacrs S IpsaMbIMHE X = const, y = const, x + y = const
Ha YeThIpe PABHBIX TPEYroJIbHUKA U BEIOpaB 3HaueHHMe MOAbIHTerpalb-
HOUM DYHKHUY B HEHTpPAX MACC 3TUX TPEYTOJbHUKOB.
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3905. O6nacts S{x? + y% < 1} pas6ura Ha KOHEUHOe YHUCJIO KBaJ-
pupyeMbIx uacreit AS, (i = 1, 2, ..., n) xuamMeTpa mensbue yem d. Ilpn

KaKoM s3HaueHuu O Gymer obecreueHo BHINOJHEHME HEPaBEHCTBA
n

{ U sin (x + y) dS - Z sin (x; + y,)AS; | < 0,001,

i=1

rae (x;, y;) € AS;?

Brruucaurs HHTEerpasunl:
1 1 1 x

3906. J’ dx f (x + y) dy. 3907. J' dx J’ xy? dy.
0 0

2n a

3908. f do J' P sin® @ dr.
0
3909. IloxaszaTbh paBeHCTBO

j f X(x)Y(y) dx dy = j X(x) dx - j Y() dy,

ecnu R — npaMoOyroiapHuK: a S Xx < A, b< y < B u dynruun X(x)
u Y(y) HerIpepLIBHEIL Ha COOTBeTCTBYIOILU/IX cermeHTax.
3910. Boruucnurs

B
de. f(x, y) dy,
b

\‘
a'—;:b

ecnu
flx, y) = Fyy(x, y).
3911. IIycte f(x) — HenpepbiBHAasd (DYHKIUS B IPOMEXYTKeE
as x< b.

JoxazaTh HEpPABEHCTBO
b 2 b
Uf(x)dx} <o-af fwax,

rje sHaK paBeHCTBA MMeeT MecTo JHUIb, ecau f(x) = const.
Y ka3aHue. PaccMorperb WHTErpaj

b b

j de' () - FP dy.

a
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3912. Kaxo#t 3HaK MMEIOT MHTErpaJbl:
a) IJ In(x? + y?) dx dy;

lxl+lyl <1
6) H Y1- (2%~ y%)dx dy;
x2ry?<d

B) J. arcsin(x + y) dx dy?

O<x<l
-1€y<l~x

3913. Haiitu cpegnee sHauenue QyHKIMK
f(x, y) = sin® x sin? y

BKBagpaTe 0 < x<m, 0SS y<m.
3914. Ilonbaysich TeopeMoit 0 CpeJlHEM, OLIEHUTH UHTETrpal

I= dxdy .
100 + cos?x + cos?y

[« +lyl < 10

3915. Halitu cpesHee 3HaueHMe KBajgpaTa PacCTOAHUA TOUKH
xpyra (x — a)®> + (y — b)? < R? or Hauana KOOpAHHAT.

B zamgauax 3916—3922 B nBoiiHOM uHTErpaie II f(x, yydx dy
Q

paccTaBATH NIpeJesibl HHTETPUPOBAHHSA B TOM H APYroM HOpAAKe s
yKa3aHHBIX obsnacren Q:
3916. Q — rpeyronsHuk ¢ sepmmmHamu O (0, 0), A (1, 0), B (1, 1).
3917. Q — rpeyroavHuk ¢ BepminHamu O (0, 0), A (2, 1), B(-2, 1).
3918. Q — rtpanenusa ¢ sepmmaamu O (0, 0), A (1, 0), B(1, 2),
C (0, 1).
3919.Q — xpyr 22 + y? < 1.
3920. Q — xpyr x2 + y2 < y.
3921. Q — napabosMuecKuit cerMeHT, OrpaHUYeHHBIH KPUBRIMHA
y=x*uy=1.
3922. Q — xpyroeoe xoabio 1 < x? + y? < 4.
3923. loxazars (opmyry Jupuxae
fx, y) dx = J' dyJ' fx, y) dx (a > O).
]

[i]

dx

Oty
S, n
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HaMeHUTH NOPSKOK I/IHTeI‘pI/IPOBaHI/IH B clIegyOUINX MHTerpajgax:

2 2x 2-x
3924. J' dx J' f(x, y) dy. 3925. J' dx J' f(x, y) dy.
0 X x2
£-1
1 x2 1-x2
3926.J'de' f(x, y) dy. 3927. J'dx J' f(x, v) dy.
0 e
2 A/Zx—xz o2n 2ax
3928. f dx f f(x, y) dy. 3929. f dx J’ f(x, y) dy (a > 0).
1 2% Jrax
e Inx 2n sinx

3930.de '(!’ f(x, y)dy.  393L. '(!’ dx '(!’ f(x, y) dy.

1
BuerurcnuTh caeayiouiue HHTerpasbl:

3932. Ifxyz dx dy, ecau o6iracts 2 orpaHuueHa napaGoJoit

= 2px u npAMoit x = B (p > 0).

3933. J.J. dxdy_ (a > 0), ecnu o6aacThb £ orpaHMUYeHa Kpardait-
ey ) p

e z:yrof/i OKPY’KHOCTH € I[EHTPOM B ToukKe (a, a) paguyca a, Kacamw-
meicst ocelt KoopAMHAT, ¥ OCAMHU KOODAMHAT.

3934. -”. [xy| dx dy, ecnmu Q — xpyr paguyca a ¢ EeHTPOM B Ha-

Jajie KoopauHar.

3935. J.J‘ (x% + y?) dx dy, ecniu Q — mapajenorpaMm co CTOpo-

Q
HaMU y=x,yYy=x+ta,y=auny=3a(a>0).

3936. ff y? dx dy, ecnu Q orpaHuueHa ochio abcnMce U IepBOi
Q
apxoil mukAouALl X = a(t —sint), y =a(l —cos t) (0 < t < 2m).
B 3agauax B gBO#HOM HHTerpaje J.J. f(x, y) dx dy nepeiiTu x no-

JIAPHBIM KOOpaAUHaTam r 1 @, nonaraﬂ X =rcos (p ny= rsin ¢, pac-
CTaBUTh IIpEeaeybl I/IHTBI‘pI/IPOBaHI/IH €CJIH:

3937. Q@ — xpyr x? + y? <
3938. Q — xpyr x? + y? <ax (a>0).
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3939. Q — xouabno a® < x? + y? < b2
3940. Q——'rpeyronbﬂmc0< x<1L;0Ssy<1-zx

- 2
3941. Q — napa6osmueckuit cermenT ~a < x < a; = < y < a.
a

3942, B xaxoM ciyuae nocje nepexoa K NOJAPHLIM KOOPAHHA-
TaM TIpefeJbl NHTETPHPOBAaHHA OyaAyT NMoCTOAHHbIE?

ITepefiTu K NONAPHBIM KOODAWHATAM " K1 (), TIOJIAras X = r COS @
U y = r Sin @, ¥ paccTaBUTh NpeJesibl HHTErPUPOBAHUSA B TOM U APY-
roM NopsAAKe B CAeqylouX MHTerpaaax:

1 1 1 1-x2

3943, l dx l f(x, v) dy. 3944. '([ dx j f(x, v) dy.

1-x
1 x?

3945. j’ dxxf A(NxZ+42) dy. 3946. J' dx J f(x, y) dy.
0

3947. jj f(x, y) dx dy, roe obnacTs § orpaHuvYeHa KPUBOH
(2* + yB)? = a¥(x* -~ y?) (x 2 0).

Ilonaras, 4To r ¥ () — NOJAPHblEe KOODANHATHI, U3MEeHUTH TOPH-
IOK MHTeTPUPOBAHUSA B CHefYIONUX UHTerpajax:

2 acos

3948. '[ do '[ f(o, 1) dr (a> 0).
0

2
z
2 a.fsin 2

3949. J' '[ (fo, N dr (a> 0).
1}

0

3950. '[ d(p'[ f(o, ydr (0<a< 2m).
0 0

Ilepeiia K ONAPHBIM KOOpAMHATAM, 3aMEeHUTH ABOMHbIE HHTED-
PaJIBl OAHOKPATHBIMMU:

3951. ” f( ST yt) dx dy.

x2+y%<1

3952. ” HJZE+y2) dx dy, roe Q = |yl < lafs e < 1

3953. ” dx dy.

x24y?<x
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IlepexojA K NOJAPHBLIM KOOPAUHATAM, BEIUMCINTL CHeAYIOUIMe
J{BOMHBIE NHTETDAJIBL:

3954. J:[ Jxt+y?dx dy.
it y?<al
3955. J:[ sinJ/x% +y2dx dy.
n?< a2+ y2 < 4n?
3956. Kpagpar S{a<x<a+ h,b<y<b+h},(@a>0,b>0)c
TIOMOIILIBI0 CUCTEMBI (DYHKITNI

U=§,v=$@

npeobpasyercsa B obsacTts S’. HaliTi oTHoeHNe IIOMIAAN 06JaCTH
S’ k wontaau S. Yemy paBeH Iipeses 3TOro OTHOUIeHuA 1ipu i — 07

BMmecTo x 1 [/ BBeCTH HOBbBIE II€pEMEHHbIe U U U U ONpeaAelnuThb
Tipefiebl UHTETPUPOBAHUSA B CIEIYIONINX ABONHBIX MHTETDAIAX:
[ Bx

3%Tjdxjﬂ%yww (0<a<b;0<a<p), ecmm

u=zx,v=4.
X

2 2-x
3958.J.dx j flx,y)dy,ectnu=x+y,v=x-y.
0

1-x

3959. '[J. f(x, y) dx dy, roe ob6nacts Q orpaHmuena KpHBLIMH
Q

J;c + f = ,\/Zl,x=9,y=0(a>0), ecau
x=ucos!v, y=usin!v.
3960. ITokasars, uTo 3aMeHA TIePEeMEHHBIX
x+y=§ y==En

nepeBOgUT TpeyrosbHUK 0 < x < 1, 0 < y < 1 — X B elUHNUYHBIH
kBagpar 0 < £<1,0< n< 1.

3961. IIpu kaxoil 3aMeHe IIePEMEHHbIX KPUBOJIUHENHBIN YeThIpex -
YTOJMBHUK, OTPAHWYEHHKI KpuBbIMU Xy =1, xy =2, x —y+ 1 =0,
x-y—-1=0 (x>0, y>0), nepeiifier B IpAMOYTroJbHUK, CTOPOHKI
KOTOPOTO NapasljieIbHbl OCAM KOOpauHarT?
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IIpoussensa cooTBeTCTBYIOIME 3aMeHbl IIePeMEeHHBIX, CBecTH
IBOMHEIE HHTEIPAJLl K OOJHOKPATHBIM:

3962. ” f(x + y) dx dy.
Jxf+ ]yl < 1

3963. J.j flax + by + ¢) dx dy (a? + b% = 0).
xZ4+y?<1

3964. J.j flxy) dx dy, rme obnacth Q orpaHmyeHa KPHUBBIMU
Q

xy=1,xy=2,y=x,y=4x (x>0, y > 0).

Brrumcnurs ciegylomue IBOMHBIE HHTETPAJIBI:
3965. jj(x + y)dx dy, rne obmnacts  orpaHmueHa KpuUBOH
Q

2+yt=x+y.
3966. '[ J' (I + 1ol dx dy.

[xl+lgl<1

3967. '[J. /1 - z—z _bLi dx dy, rge obnacte { orpaHWYeHa JJIJIHIN-
)

x2 2
com;ﬁﬁ-%—l.

3968. ” = + y?) dx dy.
iyi<

3969. '[J‘ (x + y)dx dy, rge obnacrs { orpannyeHa KpPHUBBIMH
o)

yVP=2x,x+y=4,x+y=12.
3970. j '[ xy dx dy, rre obnacts Q orpaHrueHa KPUBbIMU Xy =1,

Q
-
xty=g3.

3971. '[ lcos (x + y)| dx dy.
0<x<n
0<ysmn

3972. ” Y xr -2 dx dy.

J2

3973. J"[ Jy =% dx dy.
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BrluncauTh HHTErpaibl OT PasphLIBHBIX HYHKIMIL:

3974. '[ sgn (x2 — y® + 2) dx dy.

x24+y2<4

3975. '[J' [x + y] dx dy.
0<x<2
0<ys2

3976. ” Jy =% dx dy.
x2<y<4

3977. Hoxrasars, uTo
x™y" dx dy = 0,
x2+y2<a?

ecii M U N — I[eJible IIOJIOXKUTeNbHbIe YNCIa U [0 MeHbIle#l Mepe
OJHO U3 HUX HEUeTHO.
3978. Haiitu
. 1
lim — x, y)dx dy,
im 5 [ rwpaxay
22442 <p?
rae f(x, y) — HenpepsIBHaA GyHKIMA.
3979. Haiitu F'(1), eciu

l_,l_’
F(t) = H ot dx dy.
t
t

0<sx
0sy

AWAN

AYAN

3980. Haitru F'(t), ecin

F(t) = J' J' JxT 1 gt dx dy.

(x-t)2+(y-t)2<1

3981. Haitru F'(t), ecan
F(t) = ” fx, y) de dy  (¢> 0).

224 y2<e?
3982. Jloxasars, yro ecnu f(x, y) HenpepsIBHA, TO HYyHKIUS

x x+y-¢&

1
ute, =3 [ae [ A& man

1] E-x+y
YAOBJIETBOPSieT YPAaBHEHUIO
Jd%u

d%u _
Fpe - '@‘5 = f(x, y).
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3983. Ilycrs muHUM ypOoBHA (GyHKIUHA f(X, ) — NPOCThIE 3aMK-
HYTble KpuBbIe U 061acTs S(v,, U,) orpanYesa KpusbiMu f(x, y) = v,

u f(x, y) = v,.
Hoxrasarb, 4TO

” f(x, y) dx dy = f V() dv,

S(vy.vy) vy

rae F(v) — niowmans, orpaHUYeHHAsA KPUBLIMI f(x, ¥) = v, 1 f(x, y) = U,.

Yxaszanue. Obnacrs HHTErPUPOBAaHUA Pa3bUTh Ha uacTH, OTPaHM-
yeHHbIe HECKOHEYHO ONM3KUMU JUHUAMU YpoBHA QyHKIUHU f(x, V).

§ 2. Boruuciaenue miaomanes

ITnowads obracmu S, pacnoynokeHHo B iockocty Oxy, naeTcs Gop-
MyJsioi
S = ” dx dy.
S

Haiitu nnomanu, orpaHUuyYeHHbBIE CAeIYIOIUMHA KPUBBIMMX:
3984.xy = a%, x + y = ga(a> 0).

3985. y? = 2px + p?, y* = —2qx + ¢* (p > 0, ¢ > 0).
3986. (x — y)? + x* = a? (a > 0).

Ilepexomd K NONSAPHBIM KOODAMHATAM, BBIUYUCINTS ILJIOMALH, OT-
PaHWYEHHBIE CJIeYIONMMHU KPUBbLIMU:

3987. (2 + y?)? = 2a%(x? - y?); 2% + y® > .

3988. (2 + y*)2 =+ y5 20,y > 0.

3989. (% + y»? = a(x® — 3xy?) (a > 0).

3990. (x% + y?)? = 8a’xy; (x — a)* + (y — a)? < a? (a > 0).

BBogs 060061ensbie ogpHbIe KOOPAUHATLI 7” 11 (0 o hopMyIam
x=arcos* @, y=brsin® ¢ (r=0),

e a, b u o0 — HaggexkamuM 06pasom nogobpaHHble NOCTOSHHLIE, U
D(x,

= qabrcos® ! ¢sin® ! @, naitTu nnomazu,
D(r, ¢)

yuuTsiBad, 4TO
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OrpaHUUYeHHBIE CJIeJVIOM MU KPUBLIMHA (ITapaMeTphbl CYUTAIOTCA I10-
JIOMKUTEJBHBIMU):

X2y _x
3991. % + & = 2+ L.

x3 , y? _ x? _
3992.;1—3+b3—h—2+k2,x 0,y=0.

If

3993. (’ﬁ + 2)4

L4 =Zf—2+L(x>0 y > 0).

h?

4
3994.a)(j—§ +§) =ﬁ —L (x>0, y> 0);

o[ rg) -2

ct

oy — 1 x—0 g
3995.1/;+4; 1;x=0, y=0.

IIpon3BoaA HAMJIEXKAIIYIO 3aMeHY [TepeMeHHbIX, HANTH IJI0Ia 1

dburyp, orpaHuueHHbIe CAeAYIOMMMEI KPUBLIMH:

3996. x+y=a,x+y=b,y=ox,y=Px(0<a<b0<a<f).

3997. xy = a®, xy=2a%, y=x,y=2x (x> 0; y > 0).

3998. a) ¥ = 2px, Yyt =2qx, x* =2ry, x* =25y (0 <p < q; 0 <r <s);
6)x?=ay, x*=by, *=cy?®, x*  =dy? (0 <a <b; 0 <c<d)
Bly=axl,y=bx’,y=cx, y=dx" (0 <p<q; 0 <a<b;

0 <c <d).

Q
[

2
4000. xx + ﬁ = 1, rle A IPUHBEMAET CJefylolljie 3SHAUCHUS:
4
3

c?, gcz (x>0,y>0).
4001. Haiitu niomans, OTPAHUYEHHYIO SJIJIUIICOM

(a,x + byy + ¢))% + (ayx + by + ¢)? =1,
rae
8 = albz - azbl ES 0.
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2 2
4002. HaiiTi nio1a b, OrpaHHueHHYIO 3JUIANICAME —— + —L— = ¢?
ch?u  sh?u

x2 2 ‘
(u = u,, u,) 1 runepbosamMu - L =ct (=, 0,) (0 <uy <uy
cos?y  sin?v

O0<v;<vy, x>0,y>0).

Vxaszanue. Honowurs x =cchucosv, y=cshusinv.

4003. Haiitu niomans ceueHns NOBEPXHOCTH

P+t -xy—xz-yz=a*

TILJIOCKOCTHIO X + y + 2 = 0.

4004. HafiTu nyiomanb ce4eHUs NOBEPXHOCTH

x Yy -

IJIOCKOCTBIO 2 = 1 — 2(x + y).

§ 3. Brruucienue 00'beMOB

O6sem uuaundpouda, OrpaHUHEHHOI'O CBEPXY 2
HenpepbIBHOM NOBEpPXHOCTHIO 2 = f(X, y), CHHUBY
na0cKocTbio 2 = 0 ¥ ¢ GOKOB HPAMON LIMIUHIPHU-

YeCKOU MOBEPXHOCTHIO, BRIPE3aollel U3 mI0CKoC-
1 OxYy KBagpHpyeMylo o6aacth  (puc. 14), paBen

14
V= J.J‘ f(x, y)dx dy. )y/o @ i

Q Puc. 14

z2=f(x,y)

4005. HapucosBarts Teyso, 06’beM KOTOPOTO PaB€H WHTETPALy
1 1-x

V= '[ dx '[ (x* + y®) dy.
0 0

4006. N306pasurs 06beMbI, BhIpa)kaeMbie CHeAYIOMUMH ABOM-
HBIMU MHTErpajaMu:

a) jj (x +y)dx dy; 6) jj mdx dy;

B) “‘ (X2 +y))dx dy; 1) jj Jxt+ytdx dy;
fxl+ [yt <1 xZ4y?<x
o) ”‘ Jxydx dy; e) sin ma/x? + y?dx dy.

1€x<2 x2iy?<1
x<ys2x
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HaiiTy o6beMbl Tes1, OTpaHTYeHHBIX CJIeAYIONMH NOBEPXHOCTIMMU:
4007.z2=14+x+y,2=0,x+y=1,x=0,y=0.

4008. x +y+z=a,x*+y*=R:, x=0,y=0,2=0(a > RJ2).
4009.z=x*+ 5, y=x%L y=1,2z=0.

4010.2=cosxcosy,2=0,[x+y|<g,lx—y|<g.

4011.2=sin%,2=0,y=x,y=0,x=n.
4012.z2=xy, x +y+z=1,2=0.

IlepeXofa K IONAPHLIM KOOPAMHATAM, HAITY 06eMBI TeJl, Orpa-
HUUEHHBIX CIELYIOMIUMIM MOBEPXHOCTAMHU:

4013. 22 = xy, x* + y? = a®.

4014. z=x +y, (x* + y?)? =2xy, 2= 0 (x> 0, y > 0).

4015. z=22+ 5, 2+ P =x, x2 + y? = 2x,2=0.

4016. x® + y? + 2% = a?, x* + y* > alx| (a > 0).

4017. 2+ y? —az =0, (2 + yH)? = a®(x* — y%), 2= 0 (a > 0).

4018. 2z = e-*+v") 2 =0, x% + y? = R®.

4019. z = ¢ cos "——y—-“x;a”,z=0,y=xtga,y=xtg[3, (a> 0,

c>0,0< a<p< 2n).
4020.z= x>+ y%, z2=x + y.

Hajitu 06'beMbI TeJI, OTPAaHUYEHHBIX CJIeAYIOIUMH ITI0BEPXHOCTSI-
MU (IlapaMeTphI NPeAIoNaraloTCsa NOJIOXKUTEIbHBIMM):

4021.2—;+§+2—2=1,£§+£=§(2>0).

c? a? b2
x2 2 22 _ x2 2

4023. 5 4 L =2 D BT LU 5,

4024.(’6—2 +5L2)2+§=1,2=0,

4025.(5 +E)2+§=1,x=o,y=0,z=o.

4026.x—2+!ﬁ+£f=1,(x_2 +£)2=x_2_£
a (4

a? b2 a? b2’
4027. 22 =xy, x+y=a,x+y=>b(0 <a <b).

4028. =x2+y2,xy=a2,xy=2a2,y=g,y=2x,z=0.

4029.z = xy, x* =y, x? =2y, y* = x, y® = 2x, z = 0.
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4030.2=csin’%5,z=0,xy=a2,y=ax,y=[3x(0 <a <PB;x>0).

4031.z=x? +y2,2=0,x+y=1,x=0,y=0
2 2
4032.x_2+£+§:1,(5)s+(5_/)3=1,2:0_
a? b2 ¢ a b

4033. a) z = carctgy 2=0, Jx2+y? —aarctgﬂ (y > 0);
6)z=ye * ,xy=a’, xy=2a*,y=m,y=n,z=0 (0 <m<n).

4034. X +!I)L" +2 =1,x=0,y=0,2=0(n>0).
n c’l

anr

4035.(’5 +%) +(§) =1,x=0,y=0,2=0(n>0, m > 0).

§ 4. BeluucieHue IJIOHIAACH IMOBEPXHOCTEH

1. Chyuait ABHOTO 3aftaHusa NoBepxHocTH. Ilnoiane rnaikol KpHBOJIU-
HeflHOM MOBEPXHOCTHU 2 = 2(x, IJ) BBIPa’KaeTCA UHTErpajioMm

dx dy,

rje  — NpoeKIMA JaHHOI MOBEePXHOCTH Ha IJIOCKOCTh Oxy.
2. Cnyuaii napaMeTpHYeCKOro 3ajaHnA NoBepxXHocTH. Eciu ypaBHeHe
MOBEPXHOCTH 3a/1aHO NApaMeTPUYeCKH:

x = x(u, v), y = y(u, v), z= 2(u, v),

rae (u, v) € Q, Q — orpaHMyeHHas 3aMKHyTas KBalpupyemas obracty U
(GyHKUUM X, y U 2 HenpepsIBHO auddepeHuupyeMsl B obnacty Q, TO 1
110111 TIOBEPXHOCTH UMeeM (PopMyay

= jj JEG-F? du dv,
Q

rae

e= () (3 ()
o= () (&) (%)

_omve | outy | dee
dudv dudv  dudv
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4036. Haittu nuoma b 9YacTH NOBEPXHOCTH A2 = XY, 3aKJIIOUEH-
HOIl BHyTpH LMAnHApa x° + y? = a®.

4037. Haiitu nomans IMOBEDXHOCTHU TeJjla, OTPAHUYEHHOTO TIO-
BepxHocTAMHE x° + 2% = a2, y? + 2% = a®.

4038, Haiitu niomags uactu chepsr x° + y? + 22 = a?, zaxmo-

YeHHOU BHYTDH unnmﬂxpa - + i 1(<a)

4039. HaiiTu njomans 4acTH I0BEPXHOCTH 2° = 2xy, oTceKaeMoit
miockoeTaMu X + y =1, x=0,y=0.

4040. HaittTn miomazs 4acTu nopepxHocTu x2 + y? + 22 = a2
pacHoso)KeHHO# BHe MuIMHAPOB x2 + y® = tax (3agaua Busuann).

4041. HaiiTu nuowagh YaCTU IOBEPXHOCTH 2 = m , BAKJIIO-
4yeHHOI BHYTpH MuinmHApa x° + y? = 2x.

4042, Hait'ti nomags YacTh MTOBEPXHOCTH 2 = /X2 — y? | 3aKJII0-
yenHoil BuyTpu munnEnpa (x° + y?)? = a?(x? — y?).

4043. Haiitu niomanb YacTH NOBEPXHOCTH 2 = %(Jc2 - y?), BBI-

pesagHOil NOCKOoCTAMM x — y = +1, x + y = 1.
4044. Halitu nnomans yacTu nosepxaoctu x2 + y? = 2az, saxJio-
yenHoit BHyTpu munuugpa (x? + y?)? = 2a’xy.
4045. Haittu nnomans:
a) uacTu noBepxHocTH x° + y? = a?, BrIpesanHoil IIOCKOC-
TaMu x +2=0,x-2=0(x>0, y>0);

[SIEY

6) uactu mosepxHocTu (x2 + y?) 2 + z = 1, oTcekaemoil

IJIOCKOCThIO 2 = 0;

2

2
B) YACTH TIOBEPXHOCTH (ZC- + %) 22 = 1, BEIpesanHHoOil
a C

nuockocTaMu X =0, y=0u z = 0;

x2 2 .
I) YaCTHU NOBEPXHOCTH =— — % = 22, BLIPe3aHHOI TT0OBEePX-
a

x2 .
HOCTLIO s + % 1 (z=20)

J) YacTH IIOBEPXHOCTH sin 2 = sh x - sh y, orcexaeMoii moc-
KoctaMu x=1ux=2 (y 2 0).
4046. Haittu noBepxHOCTh U 00BbeM Tela, OrPaHUUYEHHOr0 IIOo-

BepxHocTAMH x° + y? = %zz, x+y+z=2a(a>0).

4047. HajiTu naomangs 4actu cepsl, OTPAHUUEHHON ABYMA Ia-
paniensiMu ¥ AByMS MepUANAHAMU.
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4048. HaiiT niomagb 9acTH reJIUKOUAA
x=rcos@Q,y=rsing,z=h@, rae0<r<a, 0 <@ < 27

4049. Hadity nnowmanb 4acTy NOBEPXHOCTH Topa
x=({b+acosy)cosg,y=(b+acosy)sing, z=asiny

(0 < a < b), orpanuyeHHON OBYMS MepUOUAHAMHU @ = @, @ = @y U
IBYMA NapajLIeaAMa Y = |y, I = Y,.

Yemy pabHa IOBEPXHOCTH BCEro TOpa?

4050. Haiitu TenecHBIN yroa o, NOx KOTOPHIM BUJEH U3 Hayaja
KOOpAHHAT NpAMOyroabHUK x =a> 0,0< y< b, 0< z<c.

BriBecTn npubnmxennyio popmMyny ans o, eClu @ BeIUKO.

§ 5. Ilpuao:xkenne MBOMHBIX WUHTErPAJOB K MEXaHUKE

1. ITentp mace. Ecau x; 1 y, — KOOPIAUHATHI LIEHTPa MACC MJIACTUHKH Q,
Jlekalneil B riockoctu Oxy, u p = p(x, i) — IJIOTHOCTH MJIACTHHKH, TO

1 1
X = M.[.[ px dx dy, y, = M.[.[ py dx dy, (1)
Q Q

rae M = J:[ p dx dy — macca LJIaCTUHKH.
Q

Ecnmn nnacrusKa ogHOpogHa, To B hopmy.ax (1) caexyer ronoxxkuts p = 1.

2. MomenTpl nHEepuuu. [, 1 I_,, — MOMeHmbl UHepyuu MNACTUHKH Q, Je-
skateit B maockocTH Oxy, OTHOCUTENHLHO KOOPAMHATHHIX oceit Ox u Oy —
BBLIPA’KAIOTCA COOTBETCTBEHHO HOPMYJIAMH

I,= ” py? dx dy, I, = ” ox? dx dy, @)
Q Q

rae p = p(x, y) — IJIOTHOCTH TIIACTHHKH.
PaccMaTpUBAeTCHA TAKMKE LeHMmpPOGeHCHbLIL MOMEHM UHepYUL

I, = II pxy dx dy. 3)
Q

Ilonaras p = 1 B hopmynax (2) u (3), NoAyYHUM 2eoMempuiecKue MOMeH-
mul UHepyuw NJI0CKON (PUryphl.

4051, Haiiti Mmaccy kxBagpaTHOM IJIACTUHKH CO CTOPOHOI a, eciiu
MIOBEPXHOCTHASA [IIOTHOCTh NJIACTUHKY B KAMXKA0M TOYKE NPOIOPIIHO-
HaJIbHA PACCTOSHHIO 9TOHM TOYKM OT OAHOM M3 BEPLIMH KBaJpaTa U
paBHa P, B IIEHTPe KBagpara.
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HaiiTi KOOpPAMHATHI I[EHTPA MAacC OJHODOXHBIX IJIACTHHOK, OT-
DPAHUYEHHEBIX CIAeAYIOI[MMH KPUBBIMMU:
4052. ay = x2, x + y = 2a (a > 0).
4053. Jx + Jy = Ja,x=0,y=0.
2 2 2
4054. x* + y3 = a® (x> 0, y > 0).

3
4055. ((—i + %) = % (meTns).

4056. (x2 + y»% = 2a%xy (x > 0, y > 0).

4057.r=a (1 + cos 9), ¢ = 0.

4058.x=a(t —sint),y=a (1 —cost) (0<t < 2m), y=0.

4059. Haiitu KOOpPAMHATHI IEHTPAa MacC KPYTJIOH NIacTHHKU
x% + y? < a?, ecou LIOTHOCTE ee B Touke M (x, i) MpONOPIMOHANbLHA
paccToAHuNI0 Touku M oT Touku A (a, 0).

4060. OnpenenuTs KPUBYIO, ONUCHBAEMYIO LIEHTPOM MACC Iepe-
MeHHOH IJjoaay, orpaHHYeHHOH KPHUBBIMU:

y=2px,y=0,x=X.
Haiitu MoMeHTHI unepuun I, ¥ I, OTHOCUTEIBHO OCEX KOODAMHAT
Ox u Oy nnomanei (p = 1), orpaHNYEHHBIX CAeAYIONUMHU KPUBEIMU:

X4 ¥ XY y=
4061 % + ¥ =1, £ +¥ = 1,5=0(b,>0,5,>0,h>0).

4062. (x —a)l+(y-a)?=a%, x=0,y=0(0< x< a).
4063.r=a (1 + cos @).

4064. x* + y* = a®(«? + y?).

4065. xy = a?, xy = 24%, x = 2y, 2x =y (x> 0, y > 0).
4066.1. HaiiT! noJApHBIA MOMEHT

IO=”(x2+y2)dxdy
S

mjomangy S, orpaHUYeHHON KPUBOH
(x* + y%? = a’(x* - ).
2. HailTy 11eHTpo6eKHbIH MOMEHT WHepuuH [, OfHOPOLHOH (hH-
I'ypbl, OTPAHUYEHHON KPUBHIMHU
ay = x?, ax=y? (a> 0).
4067. Jokasats dopmyny
I, =1, +Sd*,
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rae Iy, I,o — MOMEHTHI HHEPUUH (PUTYDPHI S OTHOCUTEJBHO ABYX [IAPAJJIEIb-

HbIX ocel [ U l;, U3 KOTOPHIX [, IPOXOMUT yepe3 LeHTD Macc QuUrypsl, a d —
paccTossHHE Mekcuy 3THUMH OCAMHU.

4068. J[ToxasaTs, YTO MOMEHT MHEPIUN IIOCKO# obiactu S or-
HOCHUTEeJIBHO NIPSIMOM, npoxoadamieil yepes neutp macc O (0, 0) u co-
cTaBiiAmIeN yroj o ¢ ocblo Ox, paBeH

/I =1,cos® o~ 2I,,sin o cos o + I, sin® o,

rae I, ¥ [, — MOMEHTHI HHEPIUH obnactu S oTHOCcUTEeNbLHO ocelt Ox
u Oy, a I, — 1ueHTPoOeIKHBI! MOMEHT:

I, = _” pxy dx dy.
S

4069. Haiit MOMEHT MHepPIUM IPaBUJIBHOTO TPEYTOJbHUKA CO
CTOPOHOM @ OTHOCHUTENLHO NPAMOIH, NIPOXOAAIeil yepes IeHTP Macc
TPEYTOJBHUKA Y COCTABJAIILEH YTOX ¢ C €er0 BBICOTOM.

4070. OnpepetUTh CUTY AABJIEHUA BOAbI Ha OOKOBYIO CTEHKY X 2 0
IILUTMHAPHYECKOro cocyna x2 + y = a?, z = 0, eciu ypoBeHb Bogbl B HeM
z=h.

4071. Illap paguyca a NOTpyKeH B XKUIKOCTH IIOCTOSHHOM IJIOT-
HOCTHU d Ha r'mybuHy h (cuMTas OT LieHTpa luapa), rae h > a. Haiitu
CUJIY JaBJIE€HUA XUAKOCTH HA BEPXHIOW M HHIKHIOK YacTH I1AapoBOii
TIOBEPXHOCTH.

4072, IlpamMoit KpyroBoil HUIUHAD, PAAUYC OCHOBAHUA KOTOPOTO
paBeH g, a BBHICOTA b, IEIMKOM MOTPYKEeH B XKUJKOCTH IJIOTHOCTH §
TaK, YTO IIEHTD ero HAaXOAUTCS Ha IJIyOUHe i 10/ IOBEPXHOCTHIO BOAHI,
a OCh IIUJIMHAPA COCTABISAET YO (L C BePTHKaNnbio. Oupegenurs CUILY
JaBJICHUS KUAKOCTH Ha HUXKHee U BepXHee OCHOBAHUSA I[UJIHUHADA.

4073. Onpene/uTh CUNY NPUTAMKEHUS OJHOPOLHBIM IIUINHIDPOM
x? + y? < a? 0< z< h, marepnansuoit rouku P (0, 0, b), ecu macca
IHUJIMHIpA paBHa M, a Macca TOYKY paBHA M.

4074. Pacnpejenesnne faBjeHNsa Tejla Ha NAOUAOKY CMAMUL

2oy <

a? b?
. x2 2
paercs (popMynoH p = po( 1- = a’lﬁ) Onpenenurs cpeaHee AaB-
JleHUe Tena Ha ITY MNOIALKY.

4075. JIyr, uMmenomui Gopmy NpPAMOYTroJibHHUKA CO CTOPOHAMU
a U b, paBHOMEPHO NOKPHIT CKOIIIEHHON TPAaBOH ¢ IOrOHHOM NJIOTHO-
CTBI0, paBHOI p. Kakyio MUHEManbHY10 paboTy Hago 3aTPaTUTh, YTO-
6B1 cOGpaTh Bce CeHO B [IeHTpe JIyTa, ecny paboTa no TpaHCIOPTUPOB-
Ke rpysa Maccoil M Ha paccrosinue r paBHa EMr (0 < k < 1).
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§ 6. Tpoiinbie UHTErpaJbl

1. HemocpeacrBeHHOe BbIYHMCJIEHHE TPOITHOro HHTErpaiaa. Eciau QyHK-
uus f(x, y, z) HermpepuiBHA, a ob6nacts V orpaHHueHa U olpejenseTcs cie-
LVIOIIMMH HEPABEHCTBAMH:

X S x < Xy, (%) Sy Sy, 24(x, ¥) S 2 < 2502, ),

rae yi(x), yx(x), 2:(x, y), 25,(x, y) — HempepniBHbIE (DYHKIUH, TO TPOMHOI
uHTerpan ot Gyskuud f(x, y, 2), pacnpoctTpaHeHHBIH Ha obnacTs V, MoxerT
6bITh BBIUMCIEH TI0 opMyie

Xy Ya(x) xa(x, y)
III f(x,y, 2)dx dy dz = '[dx '[ dy '[ f(x, y, 2)dz.
x oy (x) x5y

Wnorpga yno6Ho TakKe NpHUMeHATh GOpMyITy

J.J.J.f(x Yy, 2)dx dy dz = J. dx J.I f(x, y, 2) dy dz,

E S(x)
rae S(x) — ceyeHue obsactu V niaocKocTeio X = const.

2. 3aMena mepeMeHHBIX B TPOMHOM uHTerpase. Eciu orpaHuueHHAs
Kybupyemas samKHyTasa obsnacts V npocrpancTBa Oxyz B3aUMHO OLHO3HAU-
HO orobpamaeTca Ha obnacts V' npocrpancrea O'uvw ¢ HIOMOIBLIO HETIPEPHIB-
HO AU(QpepeHIUpYeMBIX GyHKIUH

x = x(u, v, w), y = ylu, v, w), z=2z(u, v, w),
puyeM

ﬂx—-lLZ;'fOHpm(u v, w)ev’,
D(u, v, w)

TO cripasegauBa Gopmyia

'U_[f(x, Y, 2) dx dy dz =

= III flx(u, v, w), y(u, v, w), 2z, v, w)|I| du dv dw.
o

Kak uyacTHBIE ciyuaH, UMeeM:
1) yuaundpuveckyrw cucmemy xoopdunam ¢, r, h, rae

x=rcos ¢, y=rsine, 2= h,

D(x,y,2) _
D(r, o, 1)
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2) cpepuneckyro cucmemy xoopdunam @, \f, r, rae
X=rcos@cos\y, y=rsin@cosy, z=rsiny,

D(x,y.2) =r? cos y.
D(r, ¢, ¥)

Brruncnurs caepyioiiye TpoldHble HHTErpaJbl:

4076. Iﬁ[ xy®z® dx dy dz, rae o6sacTb V orpanutueHa IOBEPXHO-

CTAMH Z2=xY, Yy =%, x=1,2=0.
_ dxdydz
4077. , e obnacTs V orpaHuueHa IOBEPXHO-
(1 +tx+y+2z)3

CTHMPIx+y+z— 1, x=0,y=0,2=0.
4078. Iffxyz dx dy dz, rae obnacts V orpanvdena noBepXHO-

CTﬂMPIx2+y2+22=1 x=0,y=0,z=0.
4079. _”I = + .‘L + —) dx dy dz, rge obnacth V orpaHudeHa

NIOBEPXHOCTBIO

2 2 2
X 42 =1,
a’ bz ez

4080. _”I Jx?+ y? dx dy dz, rge obnacte V orpanuueHa mo-
14

BEPXHOCTAMU *
2+ yt=2%z2=1.
PaznumunbiMu crnocofaMy paccTaBUTh IIPeAeNibl B CJAEAVIOIIHNX

TPOMHBIX MHTerpanax:
1 1-x x+y

4081.Idx'[ dy I f(x, y, 2) de.
0 i} 0

1-x2

1 1
4082.Idx J‘ dy J‘ f(x, y, 2) da.

x2

1 1 +y
4083.Idx'[ dy '[ f(x, y, 2) d.
0 i} 0
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3aMeHUTH TPOMHBIE HHTErPaJIbl OQHOKPATHBIMMU:
x+y

4084. l’ dij: an (o) dt. 4085. j dxj: dy J)' f(2) dz.

4086. Haiitu
A B c
I dxj dyf f(x, y, 2)dz,
a b [4

ecnu f(x, y, 2) = F.(x,y,2)na,b,c, A B, C— nocrosuusle.

Tlepexons k chepUIECKUM KOOPANHATAM, BBIYUCIUTD HHTErDAIbI:
4087. III Jx2+y?+ 22dx dy dz, rpe obnacts V orpannuesa mo-
v

BepxHOCTBIO X2 + y2 + 2% = 2.
1 Jioz2 o xr 2
4088. f dx J‘ dy f 22 dz.
I~ Sy
4089. Ilepeiitu k¥ chepruIecKUM KOOpAUHATAM B UHTErpaie

Ujf(m) dx dy dz,

rge obnacts V orpaEnueHa nosepxHoctamu z = x% + yf x =y, x =1,
y=0,z2=0.

4090. IIpousBenss COOTBETCTBYIOIYIO 3aMEHY IlepeMeHHBIX, BhHI-
YHUCAHUTh TPOHHONI UHTerpal

x2 2 22
”f 1-5-L-Zdx dy dz,
v

x?  y? 2
rae V — BHYTPEHHOCTb 3JIJIUIICOUAA = + e + 5 = 1.
a ¢

4091. Hepeitga K MIUIMHAPDUYECKUM KOOPAMHATAM, BBIUUCIUTH

HHTerpan
III (x* + y¥) dx dy dz,
i

rge obyacTs V orpaHuyeHa mosepxHocTAMHU x2 + yi = 2z, z = 2.
4092. BoluucIATh UHTETPAN

J‘J'J‘ x?dx dy dz,
14

rae obnacts V orpanudeHa MOBepXHOCTAMH 2z = ay?, z= by?, y> 0
O<a<b),z=oax,z=BxO0<a<p),z=~hrH>0).
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4093. Haiity unrerpaist III xyz dx dy dz, rge obnacts V pacmo-
14

JloXKeHa B oKTaHTe x > 0, y > 0, z > 0 1 orpaHUYeHa HOBEPXHOCTAMM!:

2 2 2 2

XAyt o Xy
m

z= ,xy=a® xy=">0% y=oax,y=Px

O<a<b;0<a<f;0<m<n).
4094. Haiitu cpegrHee 3HayeHHe QYHKIIMU
flx, y, 2) =x®+ y*+ 2%

B obmactu x2 + y? + 22 < x+ y + 2.
4095. Haiitu cpegnee sHaueHue GYHKIIUU

IR
f(x’ Y, z): e a? b2 2

2 2 2
B obmactn = + £ + £ < 1.
a? b2 c?
4096. Ilonbaysaces TeopeMoil 0 cpegHeM, OLEHUTh HHTErpaa

“= III «/(x—a)zjzcyd‘y‘;)zz‘r(z‘c)z’

x2ry?+22<R2

rme a® + b% + ¢? > R2
4097. Mokasats, yro ecau dyukuusa f(x, y, z) HenpeprIiBHA B 06-
nactu V u

Iiff(x, Yy, 2)dx dy dz=10

st 6ot obractu w C V, to f(x, y, 2) = 0 uipu (x, y, 2) € V.
4098. Haitru F'(1), econ:

a) F(t) = ”I 2 + 12 + 2%) dx dy dz,

x4+ y?ra?<e?

roe [ — nuddepernupyeMas GyHKINUA;

6) F(t) = f f J‘ f(xyz) dx dy dz

x
Y
z

[=1=X-]
VA AXA
NN
-

rae f — puddepenuupyemMasa GYHKIUA.
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4099. Hautu

x™y"zf dx dy dz,
2ry2+22<1
rge m, n 1 p — IleJible HEOTpUIlaTeJNbHbIE YUCJIA.

4100. Beruncnuts unmezpanr Jupuxne

J:” xPy?2" (1 — x — y — 2)° dx dy dz,
v

(p>0,¢>0,r>0,s>0),

rje obsacts V orpaHudeHa IJIOCKOCTAMU X + y+2=1,x=0,y =0,
z = 0, nnojyarasa

x+yt+tz=Ey+z=En,z=EnC

§ 7. Beruuciaenue o0'eMOB
¢ IOMOIUBHDY TpOﬁHLIX HHTeI‘paJIOB

O6wsem obracmu V spipaxkaercs (popmyioit
V=Iffdxdyda
v

Haittu 06'beMBbI TeJI, OTPAHMYEHHBIX CleIYIOLIAMHY TOBEPXHOCTAMU:
4101. z=x% + y%, 2= 2x% + 2%, y = x, y = x%.
4102.z2=x+y,z=xy,x+y=1,x=0,y=0.

4103. x> + 22 =a?, x + y = ta, x — y = *a.

4104. az = x* + y%, z = Jx2+y? (a> 0).
4105.az=a’ - x*-y*,z=a-x-y,x=0,y=0,2z=0 (a > 0).

4106.z=6 — x* — y%, z = JxZ+y2.

Hepexona K chepUIecKUM MM [IUJINHIPUYIECKMM KOOPAXHATAM,
BBIYMCIUTL 06'LEMEI, OFPAHUYEHHEIE I0BEPXHOCTAMU:

4107. x* + y? + 22 = 2az, x® + y? < 22

4108. (x% + y? + 2%)% = a¥(x? + y? - 29%).

4109. (x% + y? + 2% = 3xya.

4110. 2 + y? + 22 =a?, P+ y?+22=0% x*+ 2P =2% (220)
(0 <a < b).

It
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B cnepyromux npumepax yno6HO MOJL3I0BATHCA 0000IIEHHBIMH chepu-
YyeCKUMU KOODIAHHATAMM:

n

r,(pu\|1(r>0;0<(p<2n;—g <y g),

BBOJSA UX IT0 Jopmyaam
x = arcos® @ cosP vy,
y = brsin® ¢ cos® y,
z=crsinf y
{(a, b, ¢, o, § — mocroanusle),

D(x.y.2) _ afaber? cos® ™! @ sin® L cos® "1y sinf 1y,
D(r, ¢, )

Briuncenurs 06seMbl TeJ, GrpaHUYEHHbIX CJAEAVIOIMMI II0BEepX-
HOCTAMMU:

x2 y? zz)z_x
Xl 2y =X,
4111(2 o+ g :
2 2\2 _ x2 2
4112. a)(a2 +.‘bL2 +;—2) -5 r‘é,

O(Z+ LBy g g2
[

a? b2

x2 2 22_ x2 2_
4113.a_2+-‘bL2+E;—1,p+yb_2-

SRR

4114, 22 + ¥ 42—,
a? b2 ct

4115. (— +L) + 2=,

2

Ilonbaysck nogxonsiuied 3aMeHOH NepeMeHHbIX, BBIYUCJIUTH
0o6'beMBl TeJl, OrpaHUYEHHBIX IIOBEPXHOCTAMHU (IlapaMeTphbl IpPeAIo-
JIAararoTCs MOJOMKUTENbHBIMH):

2
4116.a)(£ +£+5) — X 4 (x>0,y>0,2z>0);
a c h k
Y
k

1R
-+

( Y
b
4
4117. a)(§+%+§) =22 (x>0,y> 0,z > 0)
(% +

SRR
+
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4118.a)J§+fé+f§=1(x>o,y>0,z>0);

6)3§+;i/g+;1/§=1(x>0,y>0,z>0);

2 2 2
W) () (-
a b c
4119.z = x* + y?%, z = 2(x% + y?), xy = a?, xy = 2a% x = 2y,

2x=y (x> 0,y > 0).
4120.x2 + 22 =a%, 2 + 22 =02 x? — y? - 22 =0 (x > 0).

2 2 23 . adx?
4121.(x +y +Z) "W.

x2 y? 22
4122 (22 + ¥ L2 oz, ,atwa
‘\a? b2 c? h ¢
L,
4123. 2 =—arcsin(§+9+5),§+Q=1,x=0,x—a
x,y,z =« a b ¢/ a b
a b ¢
x, ¥,z
4124. % + 4 + 2 =1n 2 b ¢ yx—0, z=0, Y +2Z=0,
a b c X,y b ¢
a b
XL ¥4z g,
a b c

4125. B xaxomM orHomennu obbem mapa x2 + y? + 22 < 4az genur
noBepxHOCTb X% + y? + az = 4a??

4126. HatiTu 00beM M IIOBEPXHOCTH TeJa, OrPAHMYEHHOr0 II0-
BepxHOocTaME x2 + y? = az, z= 2a - Jx2+y? (a > 0).

4127. HaiitTu o6beM napaulenenunena, OMpaHUYeHHOTO ILIOC-
KOCTSAMU

ax+byt+cecz=1th(i=1, 2, 3),
ecJiu
a, b, ¢,
A= a, b2 Cy # 0.

az b; ¢y
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4128. Haitri 06beM Tejia, OTPAHUYEHHOT0 [IOBEPXHOCTHIO
(ayx +by+ 012)2 + (azx + byy + 022)2 +(agx + byy + 032)2 = h?,
ecan

a; by ¢y
A = az bZ Cy *z O.

a; by cy

4129. Haiitu o6eM Tena, orpaHUYEeHHOI0 MOBEPXHOCTHIO

(?P_Z ¥ El_z)" 2 Z(xz + 9—2)"'2 (n>1).

a? b2 c2n hla? b2

4130. Haiitu o6bem Testa, PACIONOMKEHHOTO B IOJIOKUTENbHOM
orTanTe npocrparcrsa Oxyz (x 2 0, y 2 0, z > 0) 1 orpaBEUYEHHOrO
[MOBePXHOCTSAMHA!

m n
xn oLyt 2
am b c?

=1(m>0,n>0,p>0), x=0,y=0, 2=0.

§ 8. IlpuaoxkeHna TPOHHBIX WHTETPAJOB K MEeXaHHKE

1. Macca rtena. Ecnu Teno sanumaer o6vem V u p = p (x, y, 2) — njor-
HOCTH ero B TouKe (X, y, 2), TO Macca meJna pasHa

M=J."!‘J‘pdxdydz. (1)

2. Ilenrp mace Texa. Koopdunamer yenmpa macc (xq, Yq» 2,) TN BBI-

YHUCAAIOTCH 110 (POPMYIAaM
1
M'['[Ipxdx dy dz;
v

1
Yo = ]\—/I.”.J. py dx dy dz; @)
v

2= J\llJ.J.J‘ pz dx xy dz.
\4

Ecnu teno ogHopoAHO, TO B (hopmyaax (1) u (2) moxkno nonoxuts p = 1.
3. MomenThl MHepuHU. Momenmamu uHepyuu meng OMHOCUMELbHO
K00pOUHAMHBLX NJAOCKOCMeil HASBIBAKOTCS COOTBETCTBEHHO HHTEIPaibl

I, = J-J‘J‘ pz®dx xy dz, I, = '”-J- px? dx dy dz,
Vv Vv
I, = JJ:[ py? dx dy dz.
v

I

X
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Momenmom uHepyul mesa oMHOCUMeNbHO HEKomopoil ocit | Ha3bIBa-
eTcs HHTerpan
I, =J-'”- prf dx dy dz,
1

rje r — paccTosiHHe IlepeMeHHOH Touxu Tena (x, y, 2) ot ocu [. B uacTHoCcTHM

s Koopm»ma'mmx oceit Ox, Oy u Oz cCOOTBETCTBEHHO UMeeM:
=I, +I.,I,=1I,+1,I, =1I,+1

xy xzy 4y yx y2? 2x 2y

Momenmon UHepyuu meaa omHocumesbHo Havaaa xoopauuam Ha3bl-
BaeTcA UHTerpaJ

= '”-J- o(x? + y? + 2Y dx dy d=.
v

OueBuaHO, UMEEM
I, =I,+1I,+ 1,

yz

4. IloTeHuuaa nond TATOTEHMA. HblOMOHOBbIM NOMEHYUANOM MeAd B
rouke P (x, y, 2) HasviBaeTca uHTErpA

u(x, y, 2) =”f (e, n, Ladnds,
v

rae V — obvem tena, p = p(§, n, {) — niorHocTs Tena, u

r=JE-x)2+M-y)2+(L-2)2.

MarepuannHasi TOUKA MAcChl M OIPUTATMBAETCA TEJIOM C CHJOMN, IPOEK-
nuu kotopoit X, Y, Z na ocu xoopaurat Ox, Oy, Oz COOTBETCTBEHHO PaBHbLL:

X = G-—G”Ipé—i“dédndC
Y= G ~G.’.J-'[pn—2dédnd§

Z = Ga” —G.’.J‘J‘pg——— dE dn dt,

rage G — rpaBUTaAllHOHHaA IIOCTOAHHASA.

4131. Haiiru Maccy Teja, 3aHMMAIOIIEro eIMHUUHBIN o0beM
0<x<1,0sy<1,0<2z<1,ecnu I0THOCTH TeJia B TOuKe M (x, Yy, 2)
Zaerca hopmynoii p=x + y + 2.

4132. Haiity Maccy Ttejla, 3amlonHAOLIero GeCKOHeuHy o6-
nacts x2 + y? + 2% > 1, eciu TOTHOCTE TeNla MEHAGTCS 110 BAKOHY

p=ppekdx?+u?+2® rre o> 0 m k> 0 IMOCTOAHHBL.
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HaiiTi KoOpAMHATHL II€HTPA MacC OZHOPOSHLIX TEJ, OTPAHHYeH -
HBIX OBEPXHOCTAMU:

4133. 5 1 82— 2t Lo,

a? b2 c?
4134.z=x"+y, x+y=a,x=0,y=0,z=0.
4135. x* = 2pz, y2=2px,x=§,z=0.

x2 2 22 _ . _~
4186. 5 + & + 5 =1,2=0,y=0,2=0.

4137. 2 + 22 =a?, y? + 2% = a® (z 2 0).
4138. X2+ y? =2z, x +y = 2.

P Y2 J z N R

X + £+ > 220,a>0,b>0,

4139. (5 + L+ 2) = X2 x>0,y > 0,a>0,b>0
c>0).

4140. z=x*+y’ z= = (x* + ), x +y=21, x —y = L1.

Do

4141'a"+by7+i" =1,x=0,y=0,z=0 (n>0,x>0,y>0,2>0).

4142. OnpegenuTs KOOPAMHATHI IEHTPA MAacC TeJla, UMEOIern
dbopmy kyba:
0<x<1,0<y<1,0<2<1,

ecJiyl IIJIOTHOCTH TeJia B Touke (X, Y, 2) paBHa

20-1 2B-1 2y-1
p= xl-a yl«[} 2 1-v ,

rre0<a<1,0<B<1,0<y<1.
Onpefenuts MOMEHTBEI HMHEPIIUE OTHOCUTENIBHO KOOPAMHATHBIX

ILJIOCKOCTEH OFHOPOMHBIX TEJI, OTPAHMYEHHBIX CIAeAYIOIINMHK IOBePX-
HOCTAMH (IIapaMeTpsl [I0J0MKUTeILHbIE);

4143. % +%+—2-=1,x=0,y=0,z=0.
a (5

4144. 5 + & + 2 21,
a

4145.§f+y_2=2_2 = .

2 2 2 2 2
4146.2) X + L + Z =1, X + ¥ =X
a
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uuﬁﬂﬁ+£+éf=£+£_ﬁ

a? b2 ¢ az b2 gg;

En 2" En= _ _ _ .
6)(a) +(b] +() 1, =0, y=0, 2z=0 (n>0;
x>0,y>0,2z2>0).

OnpegenuTsL MOMEHTLI HHEPIUN 0THOCcHUTeNbHO ocu Oz oxHopoOs-
HbIX TEJ, OFPAHNYCHHBIX TOBEPXHOCTAMMU:

4148. z=x* + Y, x+y=+1,x -~y =11,z =0.
4149. a) x* + P + 22 =2, 2 + y* = 22 (2 > O);
6) (x% + y? + 22 = ad2.
4150. Haitru MOMEHT MHEPI UMY HEOSHOPOLHOTO LIlapa
x2+y? +22< R?

Macchl M OTHOCHTENLHO ero ZuaMeTpa, ecsii IJIOTHOCTh Ilapa B Te-
Kyile# Trouxke P(x, y, 2) IponopiuoHatbHa PaCCTOAHNIO 9TOMH TOUKH
OT IleHTpa Wapa.

4151. TokaszaTh PaBEHCTBO

I,=1I, +Md?,
()

rae [, — MOMEHT MHEPL UM Tesla OTHOCUTEJIbHO HEKOTOPOW ocu [,

I, — MOMeHT MHePIMH OTHOCUTENLHO ocH [, Tapaesbaoi [ u npo-
0

X0 AIel Yepes3 LEHTP Macc Tejia, d — PACCTOSHUE MEXIy OCAMU U

M — macca tena.

4152. lokaszaTh, 4YTO MOMEHT HMHEPUUM Teja, 3aHUMAIOIero
o6beM V, oTHOCHUTENBHO OCH [, IPOXOAAIIEH Yepes ero HeHTP Mace
0 (0, 0, 0) u o6pasyomeil yrJisl 0, 3, ¥ ¢ 0CAMH KOOPIAMHAT, DABEH:

- 2 2 2., _
I,=1I,cos’ 0 + I,cos® P+ I,cosy
- 2K, cos 0. cos § - 2K, cos 0. cos Y — 2K, cos B cos v,

roe I, Iy, I, — MOMEeHTHI HHEePLUU Tejla OTHOCUTENBHO 0Cell K0oop-
IUHAT U

K, = '['[J. pxy dx dy dz, K,, = J-J.'[ pxz dx dy dz,
v v
K, = -”.J‘ pyz dx dy dz
v

— 1eHTpobeKHbIE MOMEHTHI.
4153. HaitTi MOMEHT HHEPIIMH OfHOPOAHOr0 WIHHAPa X2 + i < a?,
z=th, NJOTHOCTH Py OTHOCUTENLHO NPAMON X = y = 2.
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4154. Haittn MOMEHT MHEPIMH OTHOCUTENLHO Hauajia KOOPAH-
HaT OZHOPOIHOTO TeJA IJIOTHOCTH P, OTPAHMUEHHOT0 II0BEPXHOCTHIO

(x? + y? + 29)% = a¥(x? + y?).
4155. Hafity Hbl0TOHOB MOTEHHKAJ B Touke P(x, y, z) ogHOpoOna-
moro mapa &% + n? + % < R? mnornocTH p,.
Y kasauue. Ionoxurs, uro ock Of npoxoaur uepea roury P(x, y, 2).
4156. HajiTu HpIOTOHOB IOTEHUHAN B Touke P(x, y, 2) chepude-

cxoro cnoa RY < E2 + 0 + {* < R:, ecum motHoeTs p = f(R), rxe

[ — ussecrHas dyHrnua nu R = J&2+n2+ (2.

4157. Haiitit Hp10TOHOB noTeHMaJ B Touke P(0, 0, 2) nunuugpa
E2+n* < a% 0 < { < h, mOCTOAHHON TJIOTHOCTH .

4158. C kakoii cusoli IPUTATHBAECT OSHOPOLHLIN wWIap

&2+n2+c2<R2

maccel M MarepuanbHyo Toury P(0, 0, @) maccer m?
4159. Haiirit cuity IPUTAMKEHNA OJHOPOLHLIM IIUJIHHIPOM

E24ni<a? 0<{<h

ILIOTHOCTH Pg ToukM P(0, 0, 2) exmHNUHON MacChI.

4160. Haiitu cuny npUTAKEHNI OFHOPOLHLIM IITaPOBLIM CEKTO-
pPOM IJIOTHOCTH (), MaTepHAaJbHOH TOYKM eANHUYHOM MAacChl, 1oMe-
IIEHHOI B €10 BepUINHE, €CNH PAgUYC IIAPOBOI NOBEPXHOCTH PABEH
R, a yrom oceBoro ceueHUs CeKTOpa paBeH 2Q.

§ 9. Hecob6cTBeHHbIE NBOMHBIC M TPONHbIE MHTErPAJIbI

1. Cnyuait 6eckoneuHoil 06aactu. Eciu aBymepuas obaacts £ He orpa-
nudena U PyHKIUA f(x, y) HellpepbIBHA Ha 2, TO 110 ONIPE/IEJICHH IO TT0JIAra0T:

[[ ey ax ay = i [[ e ax g, M
(o) Q,

rue Q, — Jobasi IocNeA0BATeIBHOCTh OrPAHNYEHHBIX 3AMKHYTHIX KBajpH-
pyeMbix obnacreil, ncuepnsiBaioana obaacrs Q. Eciu npegen B npaBoit uac-
T CYILECTBYET U He 3aBUCUT OT BhIOOpa MocaefoBaTeNbHOCTH {,, TO COOT-
BETCTBYIOI[MI MHTEIpal Ha3blBACTCH CX00AUUMCA; B IDOTHBHOM Cliyyae —
pacxodaugumcs.,

Ananoruyso onpeaeisercsa HecODCTBEHHBIH TPONHONR MHTErpan or He-
IPEePHIBHON (DYHKIMH, PACIIPOCTPAHEHHLIM HA HEOrPDAHUYEHHYIO TpeXmep-
HYIO 06J1aCTh.
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2. Cnyuait paspsisuoit dyuxnnu. Ecnu ¢pyuxuua f(x, y) HenpeprisHa B
orpaHUYeHHON 1 3aMKHYTOI 00nacTu § BCioAy, 3a UCKJOYeHHeM Touku P(a, b),
TO HOJArAIOT:

f f flx, y) dx dy = lim ” Az, y) dx dy, )
g+
Q .

rae U, ects 006s1acTs ANaMeTpa €, cofepakaniad TouKy P, ¥ B cayyae cyuiect-
BOBaHUA Npefiesla PACCMATPUBAEMBIN HHTErpasj Ha3bIBAIOT CX00AUUMCS; B
IIPOTUBHOM CJiydae — pacxodaujimca.

IIpepnonaras, yro B6nu3n rouxku P(a, b) umeer MecTO PAaBEHCTBO

f(x, y) = ﬂf—-‘ﬁ

rue abcomoTHas BennunHa GyHKIMU O(x, y) 3aKTI0UeHa MeMAY ABYMSI 110-

JOMUTEABHBIMYA YucIaMu m U M u r= J(x—a)?+ (y - b)?, nonyuum, 4ro
1) npu ot < 2 unrerpan (2) cxogures; 2) 1pu O = 2 — pacXomUTCA.
Ananoruyso onpenenserca HecoOCTBeHHBIH mHTerpast (2), ecan PyHK-
nua f(x, y) UMeeT JHHUIO pa3peIBa,
IlousiTue HecoO6cTBEHHOTO MHTErpasa OT Pa3pPHIBHON (YWHKIIMU JIErKO I1e-
PEHOCHTCA Ha caydail TPOMHBIX MHTErpasios.

UccnenoBars Ha cXOLMMOCTD HecOGCTBeHHEBIE MHTErpabl ¢ Oec-
KOHEYHOH 06J1acThiO HHTerHpOBaHI/Iﬂ (0 < m <|o(x, y)l < M):

4161, J'J' (x2+y) dzxdy.

x +y
+00 400

_dxdy
4162.
J. .[ (L +}xlpy(1+]yl)

—~00 00

4163. J' J' Y gy dy.

(1+x2+y2)

O0<y<l1
d
4164. >0, g>0).
| &t lle+IyIﬂ ®>0.¢>0
[x + [yl 2
4165. J' f wdx dy.
(x+y)r
x+y>21

4166. Joxasars, uTo ecau HenpepblBHaA Gyaruud f(x, y) Heor-
punareissa u S, (n= 1, 2, ...) — xaxag-Huby b IOCIELOBATEb-
HOCTL OTPaHMYEeHHBIX U 3aMKHYTHIX objacreil, ucuepreiBaomias 06-
nacTe S, TO

L f fe, 9) dx dy = Tim .£ .[ fx, y) dx dy,

rge ieBasg yacTb HMeeT CMBICJI OLHOBPEMEHHO C I'IpaBOﬁ NI He NMeeT €ro.
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4167. Iloxkasars, 4TO

lim '”. sin (x? + y¥) dx dy =,

n— o0
fxl<n
fyl<n

TOrga Kak

"n— 0o

lim '['[ sin (2 + y?)dx dy =0

2 yd < 2nn

(n — HarypanbHOE YHCJIO).
4168. Iloxasars, 4T0 HHTETPAN

x%-y?
.” (x?+ yz)zdx dy

xz2l,y>1

pacxognrcda, X0TdA HOBTOprIe I/IHTePpaJIbI

LL d
Idx.[(x2+y2)2 vou J. v (x +y2)2dx
1
cXonsaTrca.

BreiupcauTh MHTErpaJIbl (ITapaMeTphl TT0JI0KUTEeILHBI):

4169, '[J' dxdy 4170. ” dxdy
xPy? (x+y)p
s
dxd
4171. J'J' ——_L'1-xz_yz 4172. ” T
x2+y2<1 +y2>1
4173, ” fxy, 4174, f f -0 dx dy.
z/>x +1 0<x<y

Hepexo,cm K IIONAPHBIM KOOPAWHATAM, BLIYHCINUTD MHTErpDANbL:

+00 400

4175. J' J‘ e-G2+ ) dx dy.

+00 400
4176. J' J‘ e~ 440 cos (22 + y?) dx dy.

—-00 ~00

+o0 oo
4177. f J' e~ +y) sin (22 + y?) dx dy.

-0 —0C
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BeIYNCAUTH HHTerpajgbl:

+00 400
4178. '[ J. eax?+2bxy+cyP+2dx+2ey+/ dx dy, rme a <0, ac — b2 > 0.

—00  —00

(2
4179. f e ar gy,
3‘-5+-‘L§>1
a

+oa oo

4180. J. fxye —+ZE;" h"de dy (0<]s[< 1).

HcenenosaTs Ha CXOAMMOCTL HecOGCTBEHHBIE ,zmoﬁnme HHTErpa-
JBI OT paspbIBHBIX byHkHuik (0 < m < |o(x, y)| <

4181.I'[ %, rpe obsacre Q onpexessiercsd YCIOBUAMM:
y

i< % 2%+ 2 < 1.

4182. ” 9% Y) gy qy.
(x2+2y+y?)P

x2+y?<1

_dxdy
4183. >0, g>0).
J.J. Jxle + |yl @ 7>0)

I +lyl <1

_exy) g
4185. J'J' i) —dx dy.

4186. Hokasars, uto ecnuu: 1) pynxkuus ¢(x, y) HempepbiBHA B
orpaHMUYeHHON obnactu a < x < A4, b < y < B; 2) dyaruua f(x) ue-
IIpepblBHa Ha cerMeHTe ¢ < x < A u 3) p < 1, To mHTerpan
A
J’ de| 2xY)_ gy
J [f(x) - yle

> ey 3

CXOIUTCA.
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Buiuucnunrs cne,uyxomne WHTEerpaJbl:

4187. J'J' dx dy.
x2+y3

»2+y?<1

4188. | dx > 0).
[ o] ety @

4189. J‘ I In sin(x - y) dx dy,

rze obyacts { orpaHndeHa npaMeMu ¥y = 0, y = x, x = 7.

4190. ” _dxdy
x2+y2

x+y<x

HccnenoBarh Ha CXOAUMOCTS ClIeAyIONIMe TPOHHBIE WHTerpasbl:
4191. 00 8.2) _ gy gy dz, rae 0 < m<lo(x, y, 2| < M.
JI] ciatimeaden o9,
x2+y? 42221

4192. J.J.J‘ ——‘ﬁ—’L—de dy dz,rne 0 <m <|o(x, y, 2| < M.
(x2+y2+22)
x2 4 y? 4 22
4193. J'” _dxdydz (1,50 g0, r>0).
|x|"+|y|"+|21’
[l + 1yl +12l > 1

a a a

4194. '[ J. '[ f(x, y, 2)dxdydz ,tne 0 <m <|f(x, y, 2| < M,
{ly-o(x)2+{z- \U(x)]z}p

ao(x)un \u(x) — HemnpepblBHBIe GyHKIUU Ha cermeHTe [0, a].

4195. H'J' _dxdydz

lx+y~z2e”

BsluncnuTs HHTErpaibl:
1 11

4196.“'f‘i£‘i-‘Ld£. 4197. ”J‘ _ dxdydz _

xPyTzr (x2+y2+ 22)3

x24y2p2221
___ dxdydz
4198. ”J' s .

¥2+yy22<1
400 400 oo

4199.'[ J‘ J' e-Gryt+ gy dy da.

~00 -~00 —0Q
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4200. BriyucauTs, HHTErpaj

$o00 400 400

'[ J. J.(3")(’61"‘2”‘3)dx1 dx, dxg,
—00

—0ca  ~ca

3 3

rae P(x, x3, X3) = Z Z a;x.x;(a; = a;) — MONOMKUTENLHO OTIpe-
i=1j=1

neseHHAad KBaZpaTuuHasa dopma.

§ 10. MuoOrokpaTHbie HHTErPAJIBI

1. HemocpeacTBeHHOE BBIYMCIAEHME KPATHOrO MHTerpana. Eciu dyHK-
nus f(xy, Xy, ..., X,;) HEIpEPLIBHA B OTpaHUueHHON obaacTu Q, onpegensieMolt
HEPABEHCTBAMU

x{ < xl < x’l’ )
xy (%) € 2, < 2y (),

% (Xys Koy een s Xy 1 VS X, S X)) (Xg, X9y ovv s Xpo g D

rge x{, xi — MOCTOAHHBIE YKCHa, X5(xy), XYy (%), ..., X, (X), Xy oovy Xy ),
x') (Xy, Xg vy X, ;) — HeIpeprIBHBIE (DYHKIUHU, TO COOTBETCTBYIOI NI MHO-
FOKPATHBIA UHTErpaj MoxeT ObITh BHIUYNCAEH IO hopMyae

'['[J. flxy, 25, .., x,)dx, dx, ... dx, =
a

xy’ x'y (xy) X (XX, )
= J. dx, J. dx, ... '[ flxy, xq, ..., X,) dx,,.
x| 25 (xy) Xp(xy, X, )

2. 3amMeHa TepeMeHHBIX B KpaTHOM HHTerpajie. Ecau: 1) Qyskumsa
f(xy, x4, ..., X,) PABHOMEDHO HENDPEDPbIBHA B OrPaHUYEHHOH H3MepHUMOIi 06-
nactu Q; 2) HenpepsIBHO guddeperiiupyemsie GYHKIIYK

X = (pi(él’ éz’ b &n) (i = 1’ 2’ sy n)
OCYIECTBAAIOT B3aUMHO OJHO3HAUYHOe oTOGpakenue obnactu Q npocrpas-
crea Ox,x, ... x, Ha orpannyeHuyw obaacts Q npocrparcrea 0°.E,...¢, n
3) AxoGuaH
- D(xl’ x2) “rvy xn) = 0

N D(&lv éz» ] &n)

B obnactu ', To cupasesuBa GopMyia

J.J‘...J‘f(x,, Xyy cony X,) dXy dxg... dX, =
e

- I f f F(@1 Qa0 oo @) [T dE, B, ... dE,.
.

I
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B uacTHOCTH, K lepexo/e K HOAAPHBIM KOODAUHATAM (1, Oy gy «eey Py 1)
1o popmynaM
Xy = rcos @i,
X, = rsin @, cos @,

X,.,=rsin@; sin @, ... sing,_, cos ¢, _,,

x,=rsin ¢, sin @, ... sing,_,sin @, _,,

nMeeM

— D(x17x27~"7xn) _r.n—lsinn—2(p sinn—l)
1

= Py ... SN @, _ 5.
D(ry(pli"'y(pn—l) ? ¢ 2

4201. IIycrs K(x, y) — venpepsiBHas GyRKIuA 8 o6nacta R(a < x < b;
a<ys<bu
y
b

JloxasaTb, 4TO

K, (x,y)= K (x, 1)K (t;, t3) ... K (t,, y) dt, dt, ... dt,.

R T, >
8 —— >

b
Ky omoalt, )= j K, (x, DK, (t, y) dt.

4202, Ilycts f = f(x;, X4, ..., X,) — HelpepbIBHaA GYHKIUA B 06-
dactu 0< x; < x (=1, 2, ..., n). JoxazaTs paseHCTBO

x * Xy x x x
J.dxlj‘ dxg ... J. fdx, = J. dx,lJ‘ dx, _, J. fdx, (n=22).
0 4 [ 0 X, Xy

4203. [loxasaTs, 4TO

n
t t t

dt, | dt, ... [ feory ... feydt, = L rwyde
oo | al
rze f — HenpepslBHas QYHKIIHA.

BrruuenuTs cnegyroiue MHOI'OKpaTHbIE HHTErpajhbl:

11 1
4204. a)-[J....J‘(xf + 22 o+ 22 dry dy ... dxy
0

6) (X + x5+ ... +x,)% dx, dx, ... dx,.

O, = ©
Oy, = O
A
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4205. 1, - ff...j dx, dxy ... dx,.

x120.x220,.“,xn20,
<
Xy +xy . tx,<a

1 Tn_1

1
4206.J.dx1J. dx, ... J. XXy ... x,dx,.
0

4207. _[J. _[ JXi+ 2+ . +x,dx;dx, ... dx,

xy =0, xz/ e X, 20,
<«
Xy Xt +xn<1

4208. HaiiTu 0o6beM n-MepHOIO Iapasijiefenuness, orpaHuyeH-
HOTO IJIOCKOCTSMH
apnxyt apxy + ... +ta,x,=1th, (i=1,2,...,n),

ecin A = |a;| = 0.
4209. IHaiiTu 06beM n-MepHOI TUPAMULLI

04X

a;,  a, !

+m+§<Lx>oa=L&mm
(a;>0,i=1, 2, ..., n).

4210. HatiTu 00beM n-MEepHOTro KOHYCAa, OrPaHUIEHHOr0 [10BepX-
HOCTSAMH

o T ST 2 O

a? a; a

n-1

4211, Haiitn 06beM n-MepHOro uIapa

2 2 .
x] + x5 + ...+ 22 <dh

rae obaacts Q onpenme-

4212. Haitta J:[ _[ x,z, dx, dx, ... dx,,

JiAeTCsa HepaBeHCTBaAMU

2
x,+x2 o+ il

n-1

N
Nl

4213. BeluncaInTh

” _[ ﬁdx \dx,.. df_xi'

xl+x2 +x <1
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4214, JlokaszaTs pPaBEHCTBO

x *1
1

Jo' dx, ! dx,.. I f(x,) dx, = I f(u)g-(T—%-);— du.

4215. JlokasaTb paBeHCTBO

x i *n
J.xl dle.xz dxy ... J‘f(anrl) dx, 1=
0 0

~u?)" f(u) du.
2 n’

4216. [loxasats popmyny Hupuxae

pl—l p241 p, -1
J.‘[ J. v x,t dxydxy... dx, =

Xy Xp

xXptxg+ + n

C(p)T(py)-- T(Pn)
C(py+ps+...+p, + 1)

(Pys Pgs +-> P, > 0).

4217. Norasats popmyany Jlayeunns

-1 py-1 p,-1
J.I J. f + 2+ o+ x)xS Xy e 2 dxy dXy ... dx, =

*y Xy
xl+x2

= F@)l(Pp,)... J‘ (u)uPrHPet -+ P
= uyu du s Pos oves Py, > 0),
Tpy s pot +p" W) (P1> Pas o5 Py > 0)

rae f(u) — HenpepbIBHAA DYHKIIHA.
VkasaHue. [IpumeHuTs MeTOA MaTeMaTUYeCKON UHAYKIMU.

4218. IlpusecTd K OGHOKPATHOMY UHTEIPAJy N-KPATHBIN UHTET-
paix (n 2 2)

“‘ J.f x1+x2+ )dxldx2 . dx,,

pacrpocTpaHeHHRIH 1o obstacTu xf + xﬁ + o+ xi < R%, rpe f(u) —
HemnpephiBHAA QYHKIIUA.
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4219. BeIYUCIHTD nOoOMeHyuan Ha cebs OJHOPOLHOIO iiapa pa-
nnyca R u nmotHoCcTH Py, T. €. HAWTU HHTETDAN

_U”” dx dyldz dxydyydz,

x? +y‘+z 2<R2

x2+y2+22§R2

THe Iy, y = «/(xl —x)2+ (Y~ Y2)t 4+ (21— 23)2.
4220. BoIuHCIUTL N-KPAaTHBIA HHTErpas

n n |

400 00 E uljxlxj+22 bx;+c

-[ J‘ J. lj»l ah {dxldxz...dx,l,

—O0 =0

n
ecan Z a;x,x;(Q;, = aj,-) — IOJIOMKUTEJILHO ONpefeIeHHaA KBajpa-
=1
TruuHas gpopMma.

§ 11. KpupoauHeiiHsie MHTErpaJsl

1. Kpnpoansejinblit marerpaa 1-ro poga. Ecau f(x, y, 2) — Qyukuusd,
onpefeneHHasd U HENPEPLIBHAA B TOUKAX [JaAKol Kpusoit C

x=x(t), y=y(t), 2=2(t), (,, < t<T) (1)

un ds — auddepeHIUAT AYTH, TO

T
_[ flx, y, 2)ds = _[ fex(t), y(2), 2(0)Jx'2(2) + y'2(2) + 2'2(2) dt.
¢ ?

OcofeHHOCTh 3TOrO UHTErpaJaa COCTOUT B TOM, UTO OH He 3aBUCHUT OT HaAIpPaB-
neuus Kpusoit C.

2. MexaHndyeckue TMPHJIOKEHUA KPUBOJINHEeHHOr0 MHTErpata 1-ro po-
na. Ecan p = p(x, y, 2) — nuHellHasa OAOTHOCTH B TEKyllell Touke (X, y, 2)
kpusoii C, To Macca kpueoii C paBHa

M- J' o(x, . 2) ds.

Koopournamer yenmpa macc (x4, Yy, 20) 310 KpuBoOil BoIpaskawrcs Gop-
MYJIaMu

1 1 1
T~ 05 _[ xp(x, y,2) ds, y,= i J. yp(x, y, 2)ds, 2,= i _[ zp(x, y, 2) ds.
C
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3. KpuBonunelHbiil uaTerpax 2-ro poga. Ecau ¢yukuuu P = P(x, y, 2),
QR =Q(x, y, 2), R=R(x, y, 2) HenpepLIBHLI B TOUKAaX Kpupoii (1), npoberae-
MOl B HanpaBJeHUM Bo3pacTaHUA mapamerpa t, TO

jpudh@dx+QWdh@dy+MLyJﬂh=

c

T
= J. {P(x(2), y(2), 2()x'(2) + Qx(2), y(2), 2(NY'(¢) + (2)
ty

+ R(x(2), y(t), 2(1))2'(2)} dt.

Tlpn nameHeHUn HanpaBjeHUA o6Xola KpHBo# C 3TOT WHTerpas U3MeHsSeT
cBOI 3HAK Ha of6paTHLIN. Mexanuueckuil uHrTerpan (2) npeacrasaser coboi
pabomy nepemennolr cuavt {P, @, R}, TouKa NpujoeHus KOTOpOi onuckI-
BaeT KpuByw C.

4. Cayuait nonsoro auddepenyuana. Ecnu

P(x, y, 2)dx + Q(x, y, 2)dy + R(x, y, 2) dz = du,

rae u = u(x, y, 2) — ogHO3IHaYHaA GYHKIUA B obHaacTy V, To HEZABHCUMO OT
BUJA KpUBOIl C, HEeNHKOM PACIONOMEHHOM B obaacTtu V, umeeM

-[ Pdx + Qdy + Rdz = u(xy, y,, 2) — u(xy, Yy, 21)»
c

rae (xy, Yy, 21) — HavanbHadA U (X;, Yy, 2p) — KOHEYHAA TOYKU nyTH. B npo-
crelimeM caydae, ecu o6nacTs V ogHocBA3HA 1 QyHKUUY P, @ 1 R o6napaor
HeNnpepblBHLIMU YACTHBIMU IIPOU3BOAHLIMU I1€PBOT0 1OpAJKa, AJs1 3TOTO He-
06X0AUMO U AOCTATOUHO, UTOOB! B o0nacTu V ObLIU TOMKAECTBEHHO BHITION-
HEHEBI CAeyIoUIue yCA0BUA:

P _0@ @ _0R IR _oP
dy odx’ 0z 9y’ dx 9z

Torga, B npocreiieM cjayuae cCTaHAAPTHONU napassesJonujajbHoi 00-
gactu V, GYHKIIUIO & MOMHO HallTu No Qopmyne

X 1!

i z
uWMd=jﬂn%ﬂw+jmmwd@+ijmﬂwﬂm
X0 Yo Zp

rae (xXg, Yo, 29) — HEKOTOpaAd (HPUKCHUPOBAHHAA TOYKa obnactu V u ¢ — npo-
M3BOJILHASA OCTOAHHAA.

BuIYBCHHUTE CieAyIOlUe KPHBOJIHHENHBIE HHTerpajsl 1-ro poja:

4221. ‘[ (x +y) ds, rae C — KOHTYP TPEYTrOJbHUKA C BEPUINHAMHA
c

0(0,0),A(1,0)uB(0O,1).
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4222, J. y? ds, rne C — apKa IMKJOUIbI
xC=a(t—sint), y=a(l—-cost) (0<t<2m).
4223. J. (x* + y?) ds, rne C — xpusas
;=a(cost+tsint),y=a(sint~tcost) (0 <t < 2m).
4224. f xy ds, rae C — pyra runepboJsl
c

x=acht, y=asht (0<t<ty).

4 4 2 2
4225, _[ (x3 + yd ) ds, rpe C — gyra actpoufsr X3 + y? = g
C

2
3 .

4226. _[ ev?+y* ds, roge C — BBINYKJBIHE KOHTY P, OrPaHHUYEHHBIH
c

KpUBHMMH r=4a, §=0, ¢ = E (r ¥ ¢ — NOJIAPHBIE KOOPAUHATEI).
4227. _[ |yl ds, rme C — pyra neMumcKaThHI
c

(2 + y9)? = ¥ (x® - ).

4228. -[ x ds, roe C — gacTsb jorapudMuUecKol CIIMpasIu r = ae*?

C
(k> 0), naxogamiasicss BHYTpPK Kpyra r < a.

4229. f Jx2 + y?ds, rne C — oxpyxuocts x° + y? = ax.
c

4230. I % , rpe C — menHad JuUHNA ¥ = ach g .
¢

Ha#ity [IHHBL KyT TPOCTPAHCTBEHHBIX KPUBLIX (IIapaMeTpsl 1o-
JIOKHUTEJIBHBL):

4231.x = 3¢, y = 382, 2 = 215, o1 0 (0, 0, 0) 10 A (3, 3, 2).
4232. x=e'cost,y=e'sint,z=¢", upu 0 <t < +o0,

- X _ Gy a-x
4233. y = a arcsin S1 2= lna — oT O (0, 0, 0) mo A (x4, Yy 2p)-

4234.(x —yY’ =a(x +y), x* -y = gxz or O(0, 0, 0) mo
A (x¢, Yo» 20)-
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4235. x* + y? = ¢z, % = tg-z ot O (0, 0, 0) 1o A (x,, Yy 2,)-
4236. x® + y® + 2> = a?, Jx2+y? ch (arctg %) = @ OT TOUKH
A (a, 0, 0) go rourn B (x, y, 2).

BBIUMCIUTE KPDUBOJHHEHHBIE HHTErpasisl 1-ro poja, B3ATHIE
BHOJNB NPOCTPAHCTBEHHEIX KPUBBIX:

4237. J. (x* + 4% + 2%) ds, rme C — uacTh BUHTOBOI JIMHUHN
b
x=qacost,y=asint, z=>bt (0<t < 2m).

4238. | x? ds, rae C — OKPYIKHOCTH

S T—

Pryr+ =, x+y+2z=0.
4239. J. zds, rue C — KouuvyecKas BUHTOBAA JIHHNA
¢
=tcost,y=tsint, z=1(0< t<ty).
4240. J. 2 ds, rue C — nyra kpusoit x* + y? = 2%, y® = ax oT ToukHM
c

0O (0, 0, 0) to Touxku A (a, a, ﬁ ).

4241. 1. Hafit; maccy KpuBoi x =acost, y=bsint (a 2 b > 0;
0 < t < 2m), ecnu THHeitHadA UIOTHOCTH ee B TOUKe (X, y) paBHa |y).
2. Haittn maccy nyru napaboJis

y? = 2px (o<x<g),

eCJIH JINHEMHAs NJIOTHOCTh napaboJsinl B Tekyuied Touke M(x, ) paB-
Ha |yl.
3. Haittu Maccy qyru KPHBOH X = at, iy = %tz, 2=230<¢t<),

o

. 2
IIJJOTHOCTHh KOTOPON MEHAETCA 10 3aKOHY Q = 1) .
a

4242. BoryucanTs KOOPAMHATHL LEHTPA Macc AYTH OZHOPOIHOMR

KDUBOl yy = a chi—c1 or Touk# A (0, a) no Ttouxku B (b, h).
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4243. OnpelleIATH IIEHTP MAcC AYI'd IIMKJIONIbL
x=a(t~-sint),y=a(l -cost) (0<t<m).

4244. 1. HaiiTu cTaTHyeCKHe MOMEHTDI

S, = des, S, = ‘[yds
c c
ayru C acTpouibl
2 2

2
x3 + y3 = qb

(x>0,y>0)

OTHOCHUTEJILHO OCeil KOOpAMHAT.
2. HaliTt MOMEHT UHEDPLUUH OKDPYIKHOCTH

2+t =a?

OTHOCHUTEJBHO €€ AuaMerpa.
3. HaiiTu nosisspubie MOMeHTBI MHEDPLIHT

%=juwy%m
C

otHocureasHo touxku O (0, 0) caegyrolux JuHuil: a) koutypa C
kBagpara max {|x, [y|} = a; 6) xonrypa C npaBUIBLHOTO TPEYTOIBHUKA
C BePIIMHAMU B NOJAPHBIX KOOPAMHATAX

4

P 0),Q(a, 2}, R(a ).
3 3
4. HaitTu cpeAHuk NOJAPHBINA pafuyC aCTPORIHI
2 2 2
x3 4+ y3 = ad,
T. €. YHCJIO Iy (ry > 0), onpepensaeMoe dropmynon
IO =8 7‘(2, y

rae I, — MOJAPHEBIN MOMEHT MHEPIIUH ACTPOUABI, OTHOCUTEIHHO Ha-
yasa Koopaunart (cm. 4244.3) u § — AIUHA AYTH ACTPOUABL.

4245. BeiuycanTs KOOPAMHATEHL EHTPa MacC KOHTypa cdepude-
cxoro Tpeyrospuuka X2 + y? + 22 =a% x>0,y > 0, z > 0.

4246. Haiity KOOpAMHATEI IIEHTPa Macc OJAHOPOMHOH Ayru

x=¢é'cost,y=¢e'sint, z=r¢e' (00 <t <0).

4247. HaliT MOMEHTHI HHEPIUU OTHOCHTEILHO KOODPAUHATHBIX
oceif OHOTO BUTKa BUHTOBOM JTHMHUK

h

= <t < .
27tt(O t < 2m)

x=acost,y=asint, z=
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4248. Beruncinrh KpUBOJHMHENHBIN HHTErPal 2-10 poja
J.x dy — y dx,
04

rze O — Hauaj0 KOODAMHAT U Touka A mmeer koopaunHatei (1, 2),
eciu: a) OA — oTpesok npamoi nuunn; 6) OA — napabosa, ock KO-
Topoit ects Oy; B) OA — ji0MaHadA JUHUA, COCTOALIAA U3 orpeska OB
oc Ox u orpeska BA, napasnnensnoro ocu Oy.

4249, Beruncanrs

J.xdy+ydx
04

onsi nyreit a), 6) ¥ B), yKa3aHHBIX B IpeabIAylel 3agaue.

Buriuucnuts CireRyIonine KpUBoJIHHelHbBIe HHTErpaJsl 2-ro poja,
B3sATHIE BAOJb YKA3AHHBIX KPUBLIX B HAIIPABJICHUHM BO3PACTAHUA Ia-
pamerpa:

4250. _[ (x* — 2xy) dx + (y° — 2xy) dy, rne C — napaGoua
c
y=x (-1<x<1).
4251. J.(xz +y) dx + (x*— ¥ dy, roe C — xpusasa
C
y=1-]1-x] (0<x<2).

a? b2

4252.-[(x + y)dx + (x — y) dy, Toe C — snnunc x2 + g 1,
C

npoberaemsiil POTUB X0A4& YACOBOH CTPENKH.

4253. J. (2a — y)dx + x dy, rae C — apKa DUKJIOUALI
¢

x=a(t—sint),y=a(l —-cost)(0<t<2n).

4254, § & ﬂ/)d’; = (’; —Y)4Y  rre C — oxpyskmocTs £2 + y? = a?,
b X + y
npoberaeMas IpOTHB X0Za YACOBOIl CTpeNKI.

4255. {) % , rme ABCDA — KOHTYD KBaJpaTa ¢ BepIIH-
Y
ABCDA

namu A (1, 0), B (0, 1), C (=1, 0), D (0, ~1).
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4256. fdx sin y + dy sin x, rge AB — 0Tpe3oK npsAMON Mex gy
AB

roukamu 4 (0, n) u B (n, 0).
4257. é; dy arctg% - dx, rne OmA — vacTb napabossl iy = x2

OmAnO
u OnA — OoTpe3oK NpsaMoi y = X.

Y6epuBUIKCE, UTO TIOALIHTEI PAJIBHOE BbIDAYKeHUe ABJIAETCH I10J1-
HBIM auddepennna oM, BRIUHCIAThL CAeAYIOUIHE KPHBOJIMHEUHDBIE
UHTErpaJibl:

(2,3)
4258. .f xdy +y dx.

(-1,2)
(3,-4)

4259. x dx +y dy.

(0, 1)
(2.3)

4260. J' (x + y) dx + (x — y) dy.

(0.1)
(1, 1)

4261. (x — y)(dx — dy).

(1.-1)
(a,b)

4262. J. f(x + y)(dx + dy), roe f(1) HempepBIBHA.

(0,0)
(1.2)

4263. ﬂ-’f;—xdy BIOJIb NyTeil, He nepecekaiolux ocu Oy.
X

21
(6,8)

4264. xdx+ ydy BIOJIb IIYTEH, He MIPOXORAIIUX Uepe3 Haua-
oy " ¥y

JI0 KOODPAHUHAT.

(x2~y2)

4265. _[ o(x) dx +y(y) dy, rre @ 1y — HenpepbIBHBIE QYHK-
(xy y‘)

LIAK.
(3,0)

4266. J' (x* + 4xy®) dx + (6x%y% — 5y") dy.

(-2,~-1)
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1,0
4267. f —x—dy—_)L(f’—C BIOJb NIyTeil, He IepeceKaloN(UX IpH-

(0.-1)

MO J = X.
(2.7
4268. f (1 - 3— cos )dx + (sm ¥4 ﬂ cos 3) dy BROJb Iy TE,
(1.m)
He nepecexkawmux ocu Oy.
(a,b)
4269. J. e*(cos y dx — sin y dy).
(0,0)
4270. Jokasars, uro ecam f(u) — HenpepbiBHAA (PyHKINA

u C — KyCOUHO-TIagKNM 3aMKHYTBII KOHTYD, TO

§3 flx? + yB)(x dx + y dy) =

HaiiTu nepBoobpasHyio GyHKIINIO 2, €CIaN:
4271. dz = (2* + 2xy — y*) dx + («* - 2xy ~ ) dy.

_ _ydx-xdy
4272. dz a2y s 8t

4273, dz = (X2 +2xy+5y*ydx + (x2 - 2xy + y?)dy

(x+y)?
4274.dz = e*[e¥(x —y + 2) + y] dx + e[eY(x — y) + 1] dy.
o7 ) _ grrmaly i gnrn+maly
4 5 dZ axn+laym dx axnaym+l
_ gn+m+1 l _ gn+m+1 l
4276. dz a_——_x"*zay'"'l (ln r) dx a___x"*lay"”z (1n r) dy, roe

r=Jxt+y?.

4277. Joka3arp, YTO AJIs KPUBOJMHEHOTO HHTErpala clIpaBes-
JUBa cIeAyiomas oleHKa:

J'de+Qdy‘<LM
C

rae L — pauga nytu uarerpanuu 1 M = max /P2 4+ Q2 u"a nyre C.
4278. OueHnTs, NHTETPAJ
In= § ydx — xdy

(x2+ xy+ Y22
x4 y2=R?

Hokazats, uro lim Ip=0.

R— o0
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BbIumMcanTs KPUBOINHENHbIe UHTEIPAJIBI, B3ATEIE BLOJb IPOCTPAH-
CTBEHHBIX KPUBBIX (KOODAMHATHAS CHUCTEMA NPEATIONAraeTCA IPaBoi):

4279. J. -2 dx+2yzdy—x*dz,tneC —xpuBagx=1t,y=t?,
C

z=1*(0 <t <1), npoberaemas B HANPABIEHUN BO3PACTAHNA ITapaMeTpa.
4280. J. y dx + 2z dy + x dz, rie C — BUTOK BHUHTORBOH# JIMHUK
c
x=acost, y=asint, z= bt (0 < t < 2n), npoberaemoiil B Halpas-
JIEHMHM BO3paCTaHusa IIapaMeTpa.
4281. J. (y—2)dx+(z—x)dy + (x - y) dz, rne C — OKPYKHOCTH
c
x2+y? + 22 =a? y=xtg o (0 < ® < 1), npoberaemas IPOTUB XOfA
YacoBOH CTPEJIKH, eCJIHM CMOTPETh CO CTOPOHBI IOMOMUTENbHBIX X.
4282, J. x*dx + 2% dy + x? dz, rne C — wacTp KpuBoii BuBnanu
: .
+yi+28=4a? x2+y?=ax (2> 0, a > 0), npoberaeMas IPOTUB

YacOBOM CTPENKH, €CIM CMOTPETHh C NOJOMKUTENLHOH yacTu (x > a)
ocu Ox.

4283. J. Y2 - 2% dx + (2% — x?) dy + (x* — y?) dz, rne C — KOHTYD,
C

orpaHmyuBaomuil yacts chepot 22 + y? +22=1,x>0,y >0, 2> 0,
npoberaeMslit TaK, YTO BHEIIHAA CTOPOHA BTOMH ITOBEPXHOCTH OCTAETCSA
cieBa.

Hatitn cnepylonine KpuBoJIMHeHHBIE MHTErPajbl OT NOJHBIX

nuddpepeHIInaios:

(2,3,-4)

4284, x dx + y*dy — 2% da.
1,11y
(6,1,1)

4285. yz dx + xz dy + xy d=.
(1,2, 3)
(3. Yg: 25)

4286. xdx+gdy+zdz’ uKa (X, Uy, 2 .

86 . ) it gt rpe To (x4, Y1, 21) pacnionoxkeHa
Y15

Ha cepe x* + y? + 22 = a?, a Touxa (x,, y,, 2,) — Ha cepe x + y? +
+22=0b%(a>0, b> 0).
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(x2~y2-227
4287. J. o(x) dx + w(y) dy + y(x) dz, Tme @, V¥, Y — Hempe-
(x1~y1‘21)
pBIBHBIE (PYHKILUN.
(xz~y2'22)
4288. J' f(x +y + 2)(dx + dy + dz), tne f — HempepsIBHAS
(21, 41,2¢)

GpyHKIHUA.
(xzv Yo 22)

4289. J. f(Nx2+y?+22)(x dx + y dy + 2z dz), Toe f — He-
(x4, 41, 2y)
npepblBHAA QYHKIINA.

HaiiTu mepBoo6pasHyo GYHKIMIO U, €CIN:
4290. du = (x® — 2yz) dx + (y® — 2x2) dy + (2% — 2xy) dz.

4291 du= {11+ Dax+ (¥ + Z)ay- Y.
Y 2 2 y? 22

_(x+y-z)dx+(x+y-2)dy+(x+y+2z)dz
x2+ Y2+ 2%+ 2xy )

4293. Haiitu paboTy, IPOU3BOAUMYIO CHJIOH THAMKECTH, Koria
TOUKA MacChl M NepeMeniaeTcs U3 NOJOMKEHN (X4, Yy, 2;) B ILOJOXKe-
HHe (Xy, Yy, 25) (0cb Oz HalpaBJieHa BePTUKAJIBHO BBEPX).

4294. Haiitu paboTy ynpyroil CHJbl, HAIIPABJEHHON K Hayauy
KOOpAWHAT, 3HAYEHNE KOTOPOM NPOIOPIMOHAIBHO PACCTOSHUIO OT
MaTepHaJIbHOMN TOUKH IO Hadasa KOOPAUHAT, €CIN 3Ta TOUKA OIUCHL-
BAET B HAIIPaBJICHUHM IIPOTUB X0/la YaCOBOI CTPeJIKH IOJI0MKUTEIBHYIO

4292, du

2 2
YeTBEPTh JJLIHNIICA x_2 + }% = 1.
a

4295. HaliTu paboTy CUJIbI TArOTeHUA F = % ,Taer= Jx2+y?+ 22,
r

G — rpaBUTAIMOHHAS NOCTOSIHHAA, AeHcTBywOmied Ha eUHNYHYIO
Maccy, KorjJa nociefHAd nepeMeniaercd U3 TOYKU M (x,, Yy, 21) B

TOURY My (%9, Yo, 23)-

§ 12, ®dopmyaa I'puna

1. CeAsb KPUBONMHEHHOro UHTErpaja C nBoHbiM. Ecnu C — 3aMKHY-
TBIM NIPOCTOM KYCOYHO-TIAJKMME KOHTYD, OTPAHUYMBAIOUINI KOHEUHYO Of-
HOCBSI3HYI0 06sacTh S, npoberaemsiit Tak, 4To 006sacTh S ocraercsa ciepa, 1
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dyuxnun P (x, y) u @ (x, i) HEIPEPBIBHBI BMECTE CO CBOMMH YACTHBIMH IIPO-
M3BOAHBIMH Hepsoro nopaaxa Py (x, y) u @, (x, y) B obimacTu S ¥ Ha ee
rparuie, To umeetr Mecto Qopmyaa I'puna

J;P(x, y)dx + Q(x, y)dy = J.J. ('())%—%5) dx dy. (1)
C S

Dopmyna (1) cipaBeanuBa Takke U A KOHeUHOH obnactu S, orpaHu-
YEeHHOU HECKONBKUMHU IIPOCTHIMH KOHTYPAMH, ecau nof rpanuneit C rocnep-
Hell IOHUMAThL CYMMY BCeX 'DAHUUYHBIX KOHTYDPOB, HallpaBjeHUe 06X01a KO-
TOPBIX BhIOUpAETCS TaK, YTO 0061aCTh S ocTaercs cJesa.

2. nomaas mnnockoit obnacru. lnomans Gurypsr S, orpaHuveHHOH
IIPOCTHIM KYCOUHO-TAAJAKHM KOHYTPOM S, paBHA

S=§xdy=—§ydx=%ﬁ(xdy~ydx).
c

C C

B srom naparpade, eciy He OrOBOPEHO IPOTHBHOE, TPEAIIONATraAeTCA, UTO
3aMKHYTBI KOHTYp MHTErpUpOBAHMA IIpOcTOi (6e3 TOUEK camoliepeceue-
HUA) U npoberaeTcsd Tak, YTO OrPaHHUEHHAA UM 00JIACTb, HE COJMEpPIKalas
feCKOHEUHO YAAJEeHHON TOUKH, OCTAeTCA cieBa (II0J0KUTEIbHOE HallpaBie-
HHUE).

4296. C nomonipio hopmyisl 'praa npeobpasoBaTh KPUBOJIHMHEH-
HBIA HHTeTpas

I= §A/x2+y2 dx + ylxy + In (x + Jx2+y?)] dy,
c

rae koHTYp C OoTpaHNYMBaeT KOHeUHy0 objacTs S.
4297. Hpumenas popmyny I'pruHa, BBIYHCIUTD KPUBOJIHHEHHBIN
MHTerpa

I=jS(x+y)2dx—(x2+y2)dy,
K

rae K — npoberaemMbli B IOJOKUTENBHOM HAIIPAaBJIEHUH KOHTYD Tpe-
yronbHuka ABC ¢ sepuinaamu A (1, 1), B (3, 2), C (2, 5).

IIposepurs HalileHHBIN pe3ynbTaT, BHIYMCIASA MHTErpas Helo-
CPELCTBEHHO.

ITpumensaa popmMysny I'pMHA, BEIUNCANUTD CJAEAYVIONINE KPUBOJIH-
HeMHbIe HMHTETPAJIBI:

4298. ji; xy® dy — %’y dx, rae C — oxpyxmuocts x* + y? = a’.
C
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4299, § (x + y)dx ~ (x — y)dy, roe C — snnunc
c

CAgE L

a? b2

4300. § e*[(1 —cos y) dx — (y — sin y) dy], rae C — npoberaembrit
c

B IIOJIOMKUTEJbHOM HALpPABJIEHHH KOHTYD, OTPaHUUIMBAIOUINGA 06-
macts 0 < x <m, 0 <y <sin x.

4301. § e-(x*-¥Y (cos 2xy dx + sin 2xy dy).

x2 4 y2=R2
4302. Ha cKOJBbKO OTJIHUAIOTCA APYT OT APYyra KPUBOJIHHEHHbIE
UHTEr'pajbl

Ii= | (x +y)Pdx - (x-y)dy,
AmDB

I,= J' (x + y)? dx - (x - y)? dy,
AnB

rne AmB — npavas, coeguHstoniaA Touku A (1, 1) u B(2, 6), u
AnB — mnapabona ¢ BEPTHUKAJIBHOMN OChIO, IPOXOAIIAA Uepe3 Te JKe
ToukKn A n B ¥ Havano KoopauRat?

4303. BerancnuTh KPUBOIUREHHBIH HHTErpa

(¥ sin y — my) dx + (e* cos y — m) dy,
AmO
rae AmO — BepxHAA IOJYOKPYXKHOCTb X2 + y? = ax, npoberaemas
or Touku A (a, 0) xo Touxku O (0, 0).
Yrxasauue. Hononunts n1yre AmO g0 3aMKHYTOr0 NPSAMOJIUHEAHBIM
otpeskoMm OA ocu Ox.
4304. BeruncIUTh KPUBOJUHENHBINA MHTErpaJl

J. [p(y)e* ~ myldx + [¢'(y)e* —~ m]dy,
AmB
rre O(y) u ¢'(y) — HenpeprsisHbe QYHKIUU, a AmB — IPOM3BOJb-
HBII Iy Th, coefUHANIINN TOUKH A (X, y;) ¥ B (x,, y,), Ho oTpaHNYA-
BAIOI[HUI BMECTe ¢ 0TpeskoM A B mnomans AmBA faHHON BeTHYMHEL S.
4305. OupenenuTs ABe ABAKIbl HENPEPHIBHO AN dHepeRIIIPyeMble
dyuriuu P (x, y) 1 Q (x, y) Tak, YTOOBl KPHUBOJIHHENHBIN HHTETPAJ

I=j}P(x+a,y+B)dx+Q(x+a,y+B)dy
C

I aboro 3aMKHYTOI'O KOHTypa C He 3aBHCeEJI OT IIOCTOSIHHBIX O U B
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4306. KakoMy yCJIOBMIO HOJIKHA YAOBIETBOPATH AuddepeHIin-
pyemas ¢pyHKIua F (x, y), 4ToObl KPUBONUHENHBIN UHTErpal

j F (x, y)y dx + x dy)
AmB
He 3aBUCEJ OT BHJA IIYTH UHTETPUPOBAHUAT
4307. BEIYNCINTD
[ = ﬁ xdy—ydx ’
c

xZ4+y?

rpe C — npocToit 3aMKHYTHIN KOHTYD, HE IPOXOAAIINI Yepe3 HAYaJIo
KOOPAMHAT, NpoberaeMbiil B TIOJOMKUTEIBbHOM HATIPABICHIH.

Vxasauue., Paccmorpers aBa ciayuas: 1) Hauajao KOOPAMHAT HAXO-
AUTCS BHE KOHTYpa; 2) KoHTyp C OKpy»KaeT HAuaJlo KOOPAHHAT.

C oMOLIbI0 K PUBOJIMHEHHBIX HHTETPAJIOB BEIYUCIHNTh ILIOIIALH,
OTpaHMYEHHBIE CJIENYIOUIUMU KPHBBIMU:

4308. x =acos t, y =bsin t (0 < ¢t < 2m) (snMnC).

4309. x = a cos® t, y = b sin® ¢ (0 < ¢t < 2m) (acTponga).

4310. (x + y)? = ax (a > 0) u ocbio Ox (mapabona).

4311. x® + y® = 3axy (a > 0) (neTna AeKapTOBAa JNUCTA).

Yrxkaszauue. Ionoxkurs y=tx.

4312, (x% + y?)? = a¥(x? — y?) (nemHUCKAaTA).

Yrxasanue. IHomoxurs y = x ig ¢.

4313. Kpusoit x* + y® = x? + y? u ocaAMu xoopAUHAT.

4314. BeruncanTts niouianb, oTpaHUYeHHYI0 KPUBOI

(x+y)"*t"tl=ax"y" (a> 0, n>0, m>0).

4315. BeluncanTs mniomaib, OrpaHUYEHHYI0 KPUBOM

(g)" +(%)" =1(a>0,b>0,n>0)

U O0CAMHMN KOOPAMNHAT.
2

x .
Yxasauue. [Tonoxurs = =cos " @, % =sin " Q.
a

4316. BeruncanTs no0iialb, OrpaHUuYEeHHYI0 KPUBOM

(E)" + (Q)n _ (E)rhl N (%),.71 @5 055005 1)

a b a

1 OCAMU KOOpPAUHAT.
4317. BeruuenuTh naoniagb MeTJn KPUBOH

(5)2"” + (%)2"” - c(f) (%) (@>0,b>0,c>0,n>0).

a a
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4318. dnuyuraoudoit HasbiBaeTcd KpHUBas, OIUCbLIBaeMasd TOY-
KOl IIOABUSKHOM OKPYXKHOCTH paguyca r, Karaileiica 6e3 CKoJIbXKe-
HHUA II0 HETIOABMMKHOM OKPYKHOCTH paauyca R u ocraromjelica BHe
Hee.

Hafitu nioiags, orpaHRYEHHYIO SIMUINKIOUA0H, IIpeanoaras,

yro OTHOWIEHHE X = n ecTh nesoe uucyao (n 2 1).
r

Pas3obpaTts wacTHsIfl ciryuail r = R (Kapauonga).

4319. 'unoyurxnoudoit Ha3bIBaGTCA KPHUBasi, ONHChIBaeMasa TOU-
KOM MOABMY@KHON OKPYKHOCTH paguyca r, KaTduieics 6e3 cKoJbie-
HHUA 110 HENOABMMKHON OKPYIKHOCTH paguyca R u ocralouieiica BHy-
TpU Hee.

Haiity miomagsk, OrPAaHHYEHHYIO I'MIONMKJIOUIAON, HNpeanoa-

ras, UTO OTHOILIEHHUE — = 71 €CTh LEJ0e Yucyio (n = 2).

~

Pasobparh yacTHBIN cayyall r = g (acTpoupa).

4320. 1. BeluncJauTh IJICHIaAb YaCTH UUINHAPUYECKOI ToBepXx-
roctu x% + y? = ax, BbIpesanHoOl moBepxHOCTHIO X% + y? + 22 = a?.

2. lloka3aTh, uTO 00BHEM Teja, 06pa30BaHHOTO BpallleHHeM BO-
Kpyr ocu Ox IPOCTOr0 3aMKHYTOro KOHTypa C, PacnojOXXeHHOTO
B BepxHeil noaymiaockoet# y 2 0, paBe”

= -n§ y? dx.
C

4321. BeIUNCcINTD

XdY - YdX
X2+Y?

]

1
1=
c
eciu X = ax + by, Y= cx + dy u npocroil 3aMKHYTbII KOHTYD C
OKpyKaeTr Hauayo koopauHatr (ad — be) # 0).
4322, Beruvienuts MHTETpas I (cM. NpefblAyINYIO 3a4a4y), ecJiu
X =o(x, y), Y = y(x, y) u npocroit koHTYp C OKpy’KaeT HAUaJIO0 KO-
opaMHAaT, IpuueM Kpusble ¢(x, y) = 0 n y(x, y) = 0 HMEIT HECKOJNbKO
IPOCTHIX TOUEK IePEceUueHnsa BHYTPHU KouTypa C.
4323. Ilokasars, 4To eciau C — 3aMKHYTBIH KOHTYpD # [ — mpo-
M3BOJILHOE HallpaBJIe€HUE, TO

:#; cos (1, n) ds = 0,
C
rie n — BHEIIHSA HOPMaJb K Koutypy C.
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4324. HaiTn 3HadeHune HHTerpaga

I= ﬁ [x cos(n, x) + y cos (n, y)] ds,

rae C — mpocTas 3aMKHYTasi KpHBasi, OrpaHNYUBAIOIIAS KOHEUHYIO
obsacTe S, 1 N — BHeWHAA HOPMAaJb K HeH.
4325. Haittu
lim l,j} (F - n) ds,
diSy—o0 S
c

rae S — miaomakb, orpaHiudeHHasd KOHTYpoM C, OKPyIKalOmUM TOY-
Ky (Xg, Yo), A(S) — nmumamerp obmacTét S, n — eJUHUYHBINA BEKTOD
pHentHell HopMaau Kountypa C u F{X, Y} — BexTop, HeOpephIBHO
muddepenuupyemsiit 8 S + C.

§ 13. dusnuecKkue MpUIOKEHUS
KPMBOJINHEHHBIX UHTErPaOB

4326. C rakol cuyoli mpuTAruBaeT Macca M, paBHOMEPHO pac-
npefeseHHad 110 BepXHell HOMyoKpyXHOCTH X2 + y? = a?, y > 0, ma-
TEPUAJBHYIO TOUKY MacChl M, 3aHuMalonyw noiaoxeuune (0, 0)?

4327. BBIUNCIUTD J0zaPU@MULECKULl NOMEHYUanr npocmozo
cnosa

u(x, y) = ﬁ K ln % ds,
¢

re k = const — mIoTHOCTH, ' = A/(E - x)z + (M -y)? nkouryp C ecrhb
oxpyxHocTs £2 + n? = RZ,

4328. BoIYMCINUTD B TOJAAPHBIX KOODAWHATAX P H @ jorapudmu-
YeCKHUE MOTEHIHANBI IPOCTOTO CI0SA

2n 2n

I, = J. cos m\uln%d\u u I,= J. sin m\uln%dw,
[¢

Toe r — pacCTOAHME MeXAY TOUYKOH (P, ¢) M mepeMeHHOH TOYKOH
(1, y), a m — HaTypaJbHOE YUCJIO.
4329. Beruucaurs unmezpan I'aycca

u(x, y)=j; cos(r, n) R ds,

roer= J(E-x)2+ (1 ~y)? — AIHHA BEKTOpA I', COETUHAIOIETO TOY-
Ky A(x, y) c nepemenHoi toukoit M (€, 1) IpocToro 3aMKHYTOTO IJIAJ-
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koro koHTypa C, (r, n) — yrojJ MeXAy BeKTOPOM I ¥ BHelllHell HOD-
MaJbi0 n K Kpusoit C B Touke ee M.

4330. BeryuciuTe B NOMAPHBIX KOOPAMHATAX P U ¢ JioTapudmMu-
YeCKUe NOTEHINANBI [BOHHOTO CJI0s

27 2n

K, = J. cos mw@ﬁﬁrfﬂdwnKz= J' sin mwcosg:,nde,
0 0

rje r — paccTosdHNe MeXXJy TOUKoH A (p, () ¥ IepeMeHHOH TOUKOMH
—

M (1, y), (r, n) — yros Mexay HanpaslenueM AM =r u paguycom
—
OM = n, nposeaeHHbIM U3 To4KM O (0, 0), © m — HaTypajabHOE

YUCJIO.
4331. Isaxasl nuddepernupyemad GYHKINA U = u(Xx, y) Has3bl-

. Jd%u J2%u
BaeTCA 2aPMOHUYECKOIL, eClIH Au = B + (7—3 = 0. Hokasars, 4TO U
dx dy
€CcThb TapMoHUYecKad GyHKIUA Torga U TOJAbKO TOTAA, eCcaU
ou
—ds=20
on ’

(o)

rge C — NIpOU3BOJILHBIN 3aMKHYTBLIM KOHTYD U g—lf — TIpOM3BOAHAS
mn

110 BHELUIHE} HOPMaJIX K 3TOMY KOHTYDY.
4332. JloxasaTp, UTO

()u — _ Jdu
J.J‘ ()x (dy] }dx dy J.J. ulAudx dy + §;u ds,

rae rnaakui KoHTyp C orpaHMYMBAET KOHEUHYI0 061acTh S.

4333. oxasaTs, 4To (PyHKIMA, TAPMOHNUYECKAS BHYTPU KOHEU-
Hoi1 o6Jtactu S 1 Ha ee rpaHune C, OMHO3HAYHO OIpeieIIeTCs CBOUMU
3HayeHNAMH Ha KoHTYpe C (cM. 3amauy 4332).

4334. loxasare emopyo ¢opmyay I'puna Ha IJIOCKOCTH

Ju Jv
J'J' Au Av dxdy=j§ 3 30 | ds,
C

u v

rae raagkuit KoHTyp C orpaHMYMBaeT KOHEUHYIO 061acTh S 1 -aQ— —
n

NIpPOU3BOLHAA II0 HAalPaBJIEHMNIO BHelllHel HopManu K C.
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4335. Ilonsaysack BTopoil popmyaoit I'puna, fokasaTh, YTO ecan
u=u(x, y) — rapMoHUYecKasa GYHKIHUA B 3aMKHYTOH KOHEYHOU 06-
Jacti S, TO

-1 dnr U
u(x, y) = an; (u o In > )ds,

c

rpe C — rpauuna obiactu S, n — BHEUIHAA HOpPMaJb K KoHTYpY C,

(%, y) — BHYTpeHHsA TouKa obmactu S u r= J(E-x)2+ (N -y)2 —
paccrosHNe MeXIy TOUKOM (x, y) u nepeMenHoi Touroi (&, ) KoH-
Typa C.

Y kasauue. Boipesars Touky (x, y) u3 o6aacrtu S BMecre ¢ 6eCKOHeu-
HO MaJo# KPYToBOH OKPECTHOCTHIO ee ¥ IPUMEHHUTL BTOPYIO (hopmyay I'puna
K ocTaslieiica yactu obaactu S.

4336. JokasaTs meopemy o cpedHem NJA rapMOHWIECKOH QYHK-
uuu u (M) = u(x, y):

uw (M) = 2%235 u(t, m) ds,
C

rpe C — OKPYXXHOCTB paguyca R ¢ 1eHTpoM B Touke M.

4337. okasars, uro pysxums u(x, y), TapMOHHYECKAsA B Orpa-
HUYEHHOU M 3aMKHYTO# 00JacTH 1 He ABJSAIONIAACA MOCTOAHHONE B
aroi o6acTy, He MOXKET AOCTHUTATh CBOMX HAUGOJIbIIErc U HAUMEHb-
1Ierc 3HAYeHUH BO BHYTPEHHEH TOUKe 370 obmacTu (npunyun mak-
cumyma).

4338. Joxrasats opmyny Pumana

H Llu] M{v] | gy dy=§;p dx + Q dy,
u
c

v

rae
_ d%u du du

L[u] a—a +a B ba + cu,
_ 9% _ dv

M[v] 3795 ax bay + cv

(a, b, c — nocroanHsble), P 1 § — HEKOTOPbLIE oNpeleseHHble (PYHK-
M 1 KoHTYp C orpaHUYMMBaeT KOHEUHYI0 00JacTh S.

4339. Ilyers u = u(x, y) u v = v(x, Y) — KOMIIOHEHTHI CKOPOCTH
YCTaHOBUBLIErOCS MOTOKA KUAKOCTH. ONpenenuTh CKOPOCTh U3Me-
HEHUA KOJINYECTBa MKUJIKOCTH B OTpaHMueHHON KoHTypoM C obiacTu
S. KakoMy ypaBHEHHIO YIOBJIETBOPSIOT GYHKIUN U U U, €CIN SKAL-
KOCTBb Hec)KUMaeMa U B 00J1acT S OTCYTCTBYIOT UCTOUHUKH U CTOKH?
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4340. CornacHo 3axkony bBbmo—Capapa »dIeKTPUYECKHUU TOK I,
NIPOTEKAIOUIMIA 110 BJIeMeHTY NPOBOAHMKA dS, CO3JaeT B TOYKE HpPO-
crpaHcTBa M(x, Y, 2) MArHUTHOE 110J€ HallPAXKEHHOCTBIO

dH = i IX45)
~

rie r — BEKTOp, COeIMHSIONINI diieMeHT ds ¢ TOukolt M, U k — Ko-
adhduIMeHT NPONOPIMOHATBHOCTH.

Haitru npoexnuu H,, H,, H, HAlpAXXeHHOCTH MarHUTHOTO [0JIA
H B rouxe M gnsa caydyas 3saMKHYTOro npoBogHmnka C.

§ 14. IlosepXHOCTHBIE MHTEIrPaJIbI

1. ITopepxHoCTHBIH HHTerpasa l-ro poaa. Eciu S — KycouHo-TVIagxas
IBYCTODOHHAA TOBEPXHOCTD

x = x(u, v), y = yu, v), z=2(u, v), (v, v) € Q) 1)

u f(x, Yy, 2) — GYHKIUA, onpefeneHHAas ¥ HenpepblBHAA B TOUKAX I10BEDX-
HOCTH S, TO

J..[ flx, y, 2)dS = .[.[ f(x(u, v), y(u, v), 2(¢, V) JEG - F2du dv, (2)

S Q

e= (5 G ()

o= (5 () + (5

F_axax +d_ﬂéﬂ +£Q

Judv  Jdudv  Jdudv’

rue

B uacTHOM cayuae, €CJId ypaBHEHHE IOBEPXHOCTH S UMeET BUJ

z=2(x,y) ((x,y)€o0),

rze 2(x, y) — ofHO3HAUYHAsA HenpepblBHO AuddepeHnupyemas GQyHKuuda, To

- 2 2
J-J- flx, y, 2)dS = J-J- flx, y, 2(x, y)) /1 +(g§) +(3—§) dx dy.
S [}

ATOT MHTErPAT HE 3aBHCUT OT BbIOOpA CTOPOHBI NOBEPXHOCTH S.

Ecnu dysrnuio f(x, y, 2) paccMaTpUBaTh KaK IIJIOTHOCTb NOBEPXHOCTU
S B Touke (x, y, 2), To uHTEerpaxn (2) npeacrasaser coboil Maccy 3TOH NTOBEpX-
HOCTH.
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2. IToBepXHOCTHBII HHTerpaJ 2-ro poga. Eciau S — rnagxad ZBYCTOPOH-
HAA TOBEPXHOCTh, St — ee cTopona, XxapaxTepudyeMas HarpaBJeHHEM HOp-
Manu n {cos o, cos 3, cos ¥}, P= P(x, y, 2), @ = Q(x, y, 2), R= R(x, y, 2) —
TP QYHKIHAY, ONPEJleJI€HHble U HenpepbIBHbIE HA [TOBEPXHOCTH S, TO

fdeydz+Qd2dx+Rdxdy=
s}

=J'J'(Pcosa+QcosB+Rcosy)dS. 3)
‘ s

Ecnu nosepxHoOCcTh S 3afjaHa B napamMerpuueckoM Bugze (1), To Hanpag-
JNAI0IYE KOCHHYChI HOPMAaJIU N ONPeJeasioTces 110 popMynam:

cos o = ———iq———,cosﬁ= ——B——,
+JATY Bty C2 + JATT BT+ C2
cosy = ¢

+JAZ+ B2+ C?
rae

_ oy, 2) _ 9(z, x) _ o(x, 1)
A Nu, v)’ B ou, v)’ ¢ Hu, v)’

U 3HAK Iepej PaJUKAJOM BhIGHpaeTcs HaAje:KaliuM o0pasoM.

IIpu nepexone k npyroii ctopoHe S™ moBepxHOCTH S uHTErpaJ (3) Menser
CBOH 3HAaK Ha oOpaTHbIii.

4341. Ha ck0JbKO OTJHMYAI0TCA APYT OT ApPYyra IOBepXHOCTHLIe
HHTerpaJbl

11=J'J'(x2+y2+zz)ds,
s
12=J'J' (% + 4% + 22) dP,
P
rae S — mosepxHOCTb chepbl x° + y? + 22 = a? u P — noBepXHOCTD
oxrasapa |x| + ly| + |2| = a, Bnucarnroro B BTY Chepy?
4342, BRIYUCIHTD
.“. zdS,
S

rae S — yacTb NopepxHOCcTH X2 + 22 = 2az (a > 0), BEIpe3aHHas HO-

BEPXHOCTBIO 2 = J/x% + y?.

BrruuenuThb cieayoinne IOBePXHOCTHBIE HHTerpaJsl 1-ro pona:
4343. J-J. (x +y + 2)dS, rne S — NOBEPXHOCTH
S

2+ yt+22=a? 2z>0.
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4344. jJ- (x* + y?) dS, rne S — rpanuna rena

Jxi+y? <z< 1.

4345. J-J- Trzeg?’ rae S — rpaHUIa TeTpasapa

x+y+2<1,x20,y20,2>0.
4346. J-J- |xyz| dS, rae S — wacrn noBepxHOCTH 2z = X° + y?, or-

ceKaeMas ILJIOCKOCThIO 2 = 1.

4347. J-J- d]—S , TAe S — IOBePXHOCTD JJIINICOUAA U I — pacerosd-
(2

HHe LeHTPA 3JIAUIICONAA 10 IJIIOCKOCTH, KacaTeJIbHOIl K pJaeMeHTy dS
MOBEPXHOCTH SJIIHUIICOHIA.

4348. J-J- 2 dS, roe S — 4YacTb NNOBEPXHOCTH I'ellHKOHUAA
x=ucosv,y=usinv,z=v0<u<a; 0<v<2n0).

4349. J-J- 22 dS, rge S — uacTh OBEPXHOCTH KOHYCA

x=rcos@sin o, y=rsin ¢ sin o, 2= rcos o

(O<r<a;0<(p<2n)not—noc'rommaﬂ(0<a<g).

4350. ‘” (xy + yz + 2x) dS, roe S — YacTb KOHMYECKOM IIOBEPX-

HOCTH 2z = /x%+ y?, BeIpe3aHHas 10BEPXHOCTDHIO
x? + y% = 2ax.
4351. Hoxasars gropmyay ITyaccona

J'.[ flax + by + c2) dS = 271.[ fluda?+ b2 +c?)du,
s !

rae S ecTb NOBepXHOCTE cepbr x2 + y? + 22 = 1.
4352. 1. HatiTtu maccy napabonudecKoi 660JI0UKHT

z=é(x2+y2) (0<z2<1),

IIJIOTHOCTb KOTOPOH MeHsieTca 110 3aKOHY P = Z.
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2. Ha# it maccy nonycgepst

X+ yt+22=a% (220),

ILIOTHOCTh KOTOPO# B Kaxaoit ee rouke M (x, y, 2) paBHa E .
3. Haliti craTudecKue MOMEHTBH OJHODPOJHOM TPEyroJlbHOM
MJIaCTHHBI
x+y+z=a (x20,y=20,220)
OTHOCHTEJILHO KOOPIMHATHBIX IIJIOCKOCTEH.

4353. BeruncanTb MOMeHT HHEPUHM OLHOPOAHOU cepHuecKOM
o0bosmouKn

2+ y?t+22=a% (220)
ILJIOTHOCTH Py OTHOCHTEIbHO ocH Oz.

4354. BeIuncaIATs MOMEHT MHEPIMH OAHODPOLHOM KOHMYeCKOol
000JI0UKH

g+§—z—z=o (0< 2< b)

MJIOTHOCTH Py OTHOCHUTENLHO npPAMOit

x _y . z2=-b
1 0 0

4355. Haitty xoopauHATH IeHTPa Macc:
a) 4acTH ONHODPOAHOMN IOBEPXHOCTH 2 = ./x% 4+ y?, BhIpe-
3aHHOM NOBEePXHOCTBIO X% + Y2 = ax;
0) ONHOPOAHOIT IIOBEPXHOCTH 2 = Ja? — x2—y2 (x 2 0;y > 0;

x+y<a)
4356.1. Haitty nonapHble MOMEHTHI HHEPIIHUH

I, = J'J'(Jc2 +y* + 29 dS
S

CIeAVIONINX NTOBEPXHOCTEMH S:
a) nosepxHocTH Ky6a max {x|, |y, |2} = a;
6) nonHo nosepxxocty nuauHapa x +y? < R%4 0< z < H.
2. Haitty MOMeHTBI HHEPIIMH TPEYTOJIbHON NIaCTUHKH
x+y+z=1 (x20;y=20;2=20)

OTHOCHTEJIBHO KOODANHATHBIX NJIOCKOCTEH.
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4357. C xaxoit cuinoil 0AHOPOJHAA yceueHHAs KOHHUYecKad MO-
BEePXHOCTh

x=rcos@,y=rsing,z=r (0<o<2n,0<b<r<a
IJIOTHOCTH p IPUTATHUBAET MaTePHANbHYIO TOUKY MAcChl M, IOMe-
IIEHHYIO B BeplIrHe 3T0i1 NOBEPXHOCTH?

4358. HaiiTu noreHnuaJ OLHOPOAHOUW cdepuUecKo ITOBEpPXHO-
cru x% + y? + 2% = a? (S) maoTHOCTH Py HA TOUKRY M ((Xg, Yos 20)s T- €.
BHIUMCJIHTH HHTETrPaJ

pedS
= ==,
s

rie r=J(x - x0)2 + (¥ = yo)? + (2 - 2)%.
4359. BoiuucaIuTs

F(t) = j f f(x, y, 2) dS,

x+y+z=t

rie
1-x?—y? — 2%, ecm &% + y2 + 22 < 1;
0, ecim x° + y? + 22 > 1.

flx,y,2) = {

TTocrpounThk rpadpmk byHKIUU u = F(f).
4360. Beruncanrs HHTErpas

F(t) = j j H w245,
224yl 22
x? +y?,  ecamx > JxZiy?.
X, Y, 2)= ; ;
Hx, 4, 2) 0, ecnn x < JxZ+y?.

4361. BerauucauTs HHTErpan

F(x, y, 2, 1) = H f& m, O dS,
S

rae

rae S — nepeMexHas cdepa
E-0'+ M-y +({C-2°=1%
1, ecmut+ 4+ < a’
f&m. Q) { 0. ecam E2+ 12+ 2> a?

npealonaras, 41To

r=Jxi+y?+22 >a>0.
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BoruneauTs ciefyiolliie IOBePXHOCTHBIE HHTEIPAIbl 2-T0 poja:
4362. ff (xdydz + ydzdx + 2dxdy), rne S — BHeIIHAA CTOPOHA

$
coepnr x2 + y? + 22 = a®.

4363. J‘J‘ f(x) dydz + g(y)dzdx + h(z) dxdy, rme f(x), g(y),
h(z) — rlenbepblBHLIe dbyHKUIMK 1 S — BHENITHAA CTOPOHA NIOBEPXHO-
cru napanienenunefa 0 < x< q; 0<y<h;0<z<ec.

4364. J-J-(y - 2)dydz + (z — x)dzdx + (x — y) dxdy, rue S —
s

BHEIIHAA CTOPOHA KOHMYeCKOH nopepxuoctn x2 + y? = 22 (0 < z < h).
4365. J‘J’(dydx 4 dzdx dxdy) , Te S — BHENIHAA CTOPOHA
X ¥4
s

Y

x2 2 22
3JJInuncousia — + Ui + = =

az b2 CZ

4366. J-J- x?dy dz + y?* dz dx + 2* dx dy, rge S — BHewHAsA cTO-
S
pona cdepsl (x ~ a)’ + (y = b)* + (2 - ¢)* = R%.

§ 15. ®opmyaa Crokxca

Econ P = P(x, y, 2),. @ = Q(x, y, 2), R= R(x, y, 2) — HenpepbIBHO nud-
hepeuuupyembie GyHKIUM B C — NpocToll 3aMKHYTHIH KYCOUHO-TIAAKWIT
KOHTYp, OIPAHMYMBAIOINUYA KOHEUHYIO KYCOUHO-TIAAKYIO JBYCTOPOHHIOK
noBepxHOCTH S, TO UMeeT Mecto Popmuyna Cmoxca:

cosa cosfd cosy
§de+Qdy+Rd2=J-J. 9 9 9 lgs,
K dx  dy 9z
P Q R
1me ¢os U, cos 3, cos Y — HANPABIAIOU[He KOCHHYCHI HOPMAJIX K [I0BEPXHOCTH S,

HanpasJIeHHOH! B TY CTOPOHY, OTHOCHUTENBHO KOTOPOi 06xoa KoHTypa C coBepia-
¢'ICsl TPOTHUB X0/la YACOBOMH CTPEJIKH (1A MTPaBOH KOOPAUHATHOM CUCTEMBI).

I

4367. IIpumennaa dopmysny Croxca, BBIYHCIHTH KPHBOJIWHEH-

HBIH MHTErpan
ﬁydx + zdy + xdz,

c
rae C — oxpyskrocTb X% + y? + 22 = a?, x + y + 2z = 0, npoBeraemas
HPOTHUB XOJa YacOBOH CTPENKH, eCJH CMOTPeThb C IOJOKHTeIbHOM
cropons! ocu Ox.

I1poBepHUTH Pe3yILTAT HEIOCPEACTBEHHBIM BHIUHMCICHHEM.
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4368. Borync/aAUTh UHTETPAT

(x* = y2) dx + (y? — x2) dy + (2% — xy) dz,

AmB

B3ATHIN [10 KYCKY BUHTOBOY JIMHUH

: )
x=acosg,y=asing, z= 2
2n
ot Troukn A (a, 0, 0) no rouxu B (a, 0, h).
Vrxasanue. HonorHurs KpuByio AmB IpsAMOINHEHHBIM OTPE3KOM
¥ nmpuMeHUTH Qopmyny CTokca.

4369. IIycts C — 3aMKHYTBI KOHTYD, PACIIOJIOKEHHBIN B ILJI0C-
Kocr x cos o + ycosf3 + zcosy — p = 0 (cos ¢, cos f3, cosy — Ha-
MIPaBJIAIOL e KOCHHYChl HOPMAJH MJIOCKOCTHA) U OrpaHMYMBAIOIAT
mnowanky S. Hanrnu

dx dy dz
cosu cosf} cosy |’
C x y 2

rae koutyp C npoberaercs B MOJOMKHATEILHOM HAIlPaBIEHHH.

IIpumenasa dopmyny CToKca, BEIUUCIANTD UHTEIPANbBI:

4370. &(y + 2)dx + (2 + x)dy + (x + y) dz, rne C ecTb aanunc
c

x=asin*t, y=2asin t cos t, z = a cos? t (0 < t < 1), npoberaemsblit
B HAIIpABJIEHMHM BO3PAcTaHUA napamerpa t.

4371. §)(y —2)dx + (2 — x)dy + (x — y)dz, rae C — smmmmnc
C

. . . x .

2+ yt=ad? X + % =1, (a > 0, h > 0), npoberaeMbIil TPOTHB XOAA
a

YacoBOIL CTPEIKH, ECIIH CMOTPETH ¢ MOJIOKUTEIbHOM CTOPOHB! ocH OX.

4372. § (Y2 + 2%) dx + (2% + 28 dy + (2% + y?) dz, rae C ecThb KpuBas
¢

x% 4+ y? + 22 = 2Rx, x* + y? = 2rx (0 < r < R, z > 0), npoGeraemas Tax,
YTO OTpAHHUYECHHAS €10 HA BHellHeil cTopoHe chepsr x2 + y? + 2% = 2Rx
HaMMeHbIIass 00J1aCTh OCTAETCS CJIeBa.
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4373. § Wi—2H dx+ (22 - x) dy + (52— y?) dz, rae C — ceuenue
C

nosepxuocTn Kyba 0< x< g, 0< y< q, 0< 2< @ IJIOCKOCTBIO

x+y+z= ga, npoberaeMoe IPOTHB X0Ja aCOBOM CTPENKH, eCIH
CMOTpEeTh C HOJOXKHUTEeJIBHOH CTOPOHBI ocH Ox.

4374. § y22? dx + 2%x? dy + x?y? dz, roe C — 3aMKHyTas KpuBas
c

x=acost,y=acos2t, z= acos 3t, npoberaemas B HallpaBJIeHUH
BO3pacTaHua napamerpa t.
4375. [lokaszarb, 4T0 QYHKIUA

W (%, y, 2) = ki J'J' 0s(0) s (k = const),
S

rge S — nJolazKa, orpanMyeHHas KoHtTypoMm C, n — HopMalb K
[OBEPXHOCTH S M ' — pajuyc-BeKTOD, COeNUHANHUE TOUKY NIPO-
crpanctea M (x, y, 2) ¢ reKymeit roukoit A (&, , {) xourypa C, as-
JsgeTcsa NOTeHIIMAJIOM MarHuTHoro nona H, cosmaBaeMoro ToxoM i,
nporekamomuM no KoHrypy C (cM. sagauy 4340).

§ 16. ®@opmyana Ocrporpaackoro

Ecnu S — Kycouno-raanKas noBepXHOCTh, OrpaHHYnBaoias obnem V,
uP=P(x,y,2),Q0=Q (x,y, 2), R =R (x, y, 2) — QYyHKn}H, HENpepsIBHbIE
BMECTE CO CBOUMH YaCTHBIMHU IPOU3BOAHBIMU 1-To nopAnKa B obaactu V + S,
TO crpaBegauea gopmyara Ocmpozpadcrozo:

J@ | JR

J‘J-(PCOS(X‘FQCOSB+RCOSY)dS=J-J‘J‘(9—I;) + = + —_——)dx dy dz,
z J dx Jdy 9z

rme cos o, cos 3, cos Y — HaIpaBAAOIINE KOCHHYCHI BHEIIHeH HOPMAaJH K
nosepxHoCcTH S.

I[Ipumenas dopmyny Ocrporpaznckoro, npeofpasoBars claeLyo-
IMe HNOBEPXHOCTHbIE MHTErpaJbl, mojiaras, 4To raajKas IoBepX-
HOCTL S OrpanMYMBaeT KOHEYHBIA oO0beM V 1 cos o, cos 3, cos Y —
HaNpaBJIAUIde KOCHHYCHl BHEIIHeH HOPMAJIX K MOBEPXHOCTH S:

4376. J'J. x*dydz + y*dzdx + 2*dxdy.
s

4377. .“-yzdydz + zxdzdx + xydxdy.
S
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4378. J’J‘ xcosa+ ycosp+ 2cosy jq.

4379. J‘j d—”cos o+ Qgcos B+ M oo y)dS
Jdy 0z
()R oP _dR 9Q _ ()P)
4380. J-f cos o + (dz ax) cos B+ ( a0 cos y] ds.

4381. ,D;oxaaa'rb, Yo ecIn .S — 3aMKHYTadA [IpocTasi IOBEPXHOCTD
u 1 — m1060€ nocTosiHHOe HallpaBJIEHHNE, TO

J;J'cos(n, 1)dS =0,

Ie n — BHEIHAA HOPMAaib K IOoBepXHOCTH S.
4382. [Tloxaszars, uTo 00beM TEJIa, OTPAHNYEHHOTO TOBEPXHOCTDHIO
S, paBeH

V= %ff(x cos oL+ y cos B + 2z cos ¥) dS,
S

rje cos o, cos [, cos y — HallpaBiAOIINe KOCUHYCH BHeUIHed Hop-
MalH K [I0BepXHOCTH S.

4383. Jloxasarb, urTo 00'beM KOHyCa, OTPAHUUYEHHOTO IIafgKoi
KOHUYECKON MOBepXHOCTBW F (x, Yy, 2) = 0 M IJOCKOCTHIO
Ax + By + Cz + D = 0, paBeH

=1
3 SH,

rge S — IIOLIA[b OCHOBAHUS KOHYCA&, PACIIOJIOMKEHHOTO B JaHHOMH
njaockocta, u H — ero Buicora.
4384. Hatiri 06beM Te1a, OrpaHUUYeHHOT0 IOBEPXHOCTAMM: 2 =T ¢ U

x=acosucosv+bsinu sinv,
y=acos ucosv—bsinu cos v,

z=csinu.
4385. 1. Haiitn 06'beM Tena, OrpaHUUYEHHOTO NOBEPXHOCTHIO

x=uyucosv,y=usinv,z=-u+acosv (u=0,a>0)

U nJocKocraMu: x =0 nm z= 0.
2. Hafitu o06'beM Tesa, OrpasuYeHHOT0 TOPOM

x =(b+ acos y) cos g,
y = (b + a cos y) sin g, (0<a<b).
z =asiny.
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4386. loxazars hopmymny

J‘J‘J‘ f(x, y, 2, tydx dy dz} _

2yy242
J'J' f(x, y, 2, 1) dS + ”J' f;_tfdxdydz(w()).

¢

x4y 2?42 x2+y2y 22 <2

C nomoubio popMyiibl OCTPOrpaiCKoro BEIUHMCINTE CAeNVIOUne
TIOBEPXHOCTHBIE MHTETPAJIBI:

4387. J-J‘ x*dy dz + y?* dz dx + 2* dx dy, roe S — BremHsaA cTO-

poHa rpaHunpl Kyba 0< x<q,0<y<a,0<z< a.
4388. ij“ dy dz +y* dz dx + z* dx dy, rne S — BHemHAA cTO-
s

poHa cdepsl
X2+ y? + 2% =ds.

4389.If(x—y+z)dy dz+(y—z+x)dzdx+(z—x+y)dxdy,
3

rae S — BHeIIHASA CTOPOHA IIOBePXHOCTH
x—y+z+ly-z+x+lz-x+yl=

4390. Beruncinrs

JI (x* cos o0 + y* cos B + 2% cos y) dS,
S

rae S — yacTh KOHHMYecKoil nmosepxHoctn X2 + y? =22 (0< z2< h) u
cos o, cos [, cos y — HalpaBisAiolie KOCUHyChl BHeUIHe HOpManiu
K 3TOIT IOBEPXHOCTH.

Yrasanune. IlpucoeguHuUTsh YacTh MIOCKOCTH

z=h, x*+y*<hi
4391. lokasars GopmMyny

“’J‘w = %J-J'COS (r, n) dS,
v S

rge S — 3aMKHyTasd [IOBEePXHOCThL, OTpaHMYMBaias oorveM V, n —
BHEIIHAA HOPMAaJb K OBepxHOCTH S B Texkymeil Touke ee (&, 1, {),
r=JE-x)2+(-y)2+({-2)? ur — paguyc-BeKTOp, UAYUINil OT
rouku (x, y, 2) k rouke (&, 1, Q).
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4392, Buruncaurs unmezpaa I'aycca

I(x,y,2)= -” gos%ﬂzds,
S

rge S — npocrad 3aMKHYTAadA rjaafKasa IoBePXHOCTh, OrPAHUUMBAIO-
mad obvem V, n — BHEIIHAA HOPMaJb K IIOBEPXHOCTH S B TOUKE €€
(&, n, §), r — paguyc-BeKTOD, COEAUHAIOLINM TOUKY (X, Y, Z) C TOUKOH
EnQur=JE-x)2+M-y?2+(-2)%.
Paccmorpers aBa cayuas:
a) MoBepXHOCTL S HE OKPYIXKaeT TOUKY (x, y, 2),
0) IOBEPXHOCTHL S OKPyKaeT TOUKy (x, Yy, 2).
4393. [lokaszarh, uTo €cau
d2u , d%u |, J%u
dx? Jdy? 0z
1 S — raagxkas MoBepXHOCTh, OrpaHHYMBAIOIAA KOHEUHoe Tejo V,
TO CIIPABEJJINBELI CIeAYIOLUIHE DOPMYJIbI:

a)J;J‘g—ZdS=J‘jjAudxdydz;
o [[esaes = [[JIG) +(5)

Au =

du
+ +
() ax av @z

+ '['[f uAudx dy dz,
14

rae i — (PyHKIUA, HelpepbIBHAS BMECTE CO CBOMMM YaCTHBIMIU I1PO-
M3BOJHBLIMU JO BTOPOI'O IIOPALKA BKJIOUNATENLHO B obJjactu V + S, u
f;—‘-‘ — IPOM3BOAHAA 10 BHEUIHEH HOPMaJIX K IIOBEPXHOCTH S.
an

4394. Jokazars émopyio popmyny I'puna B IpoCTPaHCTBE

il

rie o6seM V orpaHiueH NMOBEPXHOCTHIO S, n — HallpapJjieHNe BHeIIHel
HOPMaJH K [IOBEPXHOCTH S U PpyHKIUU i = u (X, Yy, 2), V= v{(x, Y, 2)
aBax bl nudpepeHnIupyeMsl B obnactu V + S.

4395. dynkuua v = u(x, y, 2), obnajgarmoiasa HeIpPepblBHBIMH
[IPOM3BOLHLIMH [0 BTOPOI0 IOPALKA BKIOUUTEILHO B HEKOTOPOH 06-
JlacT¥, HaablBaeTcA 2apMOHUYCCKOl B 3TOil obsacTu, eciun

du Jv
Au Av dx dy dz = J.J‘ ()Il ()n S!

— Jd2u d2u J2u
=T - 4+ =+ = =0,
A Jdx? dy? dz?



442 PA3JIEJ VIII. KPATHBIE 1 KPUBOJIMHENHBIE MHTEIPAJIBI

Hokasarb, 4TO €CJIM U — TapMOHHUYECKasd (PYHKIUUA B KOHEUHO
3aMKHYTOIT ofnacTu V, orpaHUYeHHOI INIaAKOoi TOBEPXHOCTHLIO S, TO
CIIpaBeAJNBLI (POPMYJIbI:

a) J'J'S_stz 0;
6) JII au (3—:) (g:) }dx dy dz = Jjuau S,

rie n —— BHEIIHAS HOPMalb K IIOBEpXHOCTH S.

ITonwsaysace dopmynoit 6), fokasaTsh, uTo GYHKIINA, TapMOHHAYE-
cKadA B o6nacTu V, 0MHO3HAYUHO OIIpPEeadeTcsa CBOUMH 3HAUEHUAMU
Ha ee rpa"une S.

4396. Jokazarsb, uTo ecau pyHKuua u = u(x, y, 2) — rapMoHHU-
yecKasa B KOHEUYHOU 3aMKHYTOil ob6nactu V, orpaHudYeHHO# raajkoi
[IOBEPXHOCTLIO S, TO

u(x, y, )——” C—Oﬂﬂ? + a“]azs,

ron

rge r — pajguyc-BEKTOP, MAYIINIl M3 BHYTpeHHe#l TOuKHU (X, Yy, 2)
obnracru V B nepemennyioo rtouky (£, n, () mosepxmoct:m S,

r=JE-x)2+(Mm-y)2+({-2)?, n — BeKTOp BHEIIHEH HOPMAIU K
nosepxHoctH S B Touke (&, 1, 0).

4397. Nokasarsb, uTo ecau u = u(x, y, z) — PyHKLUA, FTAPMOHHU-
yeckas BHYTpH cepsl S paguyca R ¢ 11eHTPOM B TOUKe (Xq, Yg, 2), TO

(s Yo 20) = s | [ utw, v, 218
S

(meopema o cpeduem).

4398. Hokazars, uro GyHKUUA 1 = u(x, y, 2), HeIIpepPLIBHAA B
OorpaHUYUEHHOH 3aMKHYTOH obsiacTi V 1 rapMoHUYeCcKasi BHYTPH Hee,
He MOKeT JOCTUTaTh CBOUX HAMGOJBIIEr0 I HANMEHLIIIEr0 3HAUeH Uit
BO BHYTPEHHEII TOUuKe 006JI1aCTH, €CaAn 9Ta GYHKIUA He ABJIAETCA TOMK-
JeCTBEHHOU IIOCTOAHHOM (NPpUHYUN MAKCUMYMA).

4399. Teno V 11eIUKOM IIOTPY:KEHO B MKUAKOCTL. Mlexona us 3a-
koHa Ilackajs, Zoka3aThb, YTO BBITAJKHUBAOLIAS CUJA KUAKOCTHU
paBHaA Becy "KHIKOCTH B 00beMe TeJla U HallpaBJIeHa BEPTUKANbLHO
BBepX (3axon Apxumeda).

4400. Ilycrs S, — nepemennas chepa (€ — x> + M —y)? + (- 2) =

2y dynxnusa f(€, n, () HenpepsieHa. lokasarTs, uTo PYHKIIHUA

u(x, y, 2,0 = - [ [ efMas,
St
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VI OBJIETBODAET 80NHOB0MY YPAGHEHUIO

d%u d02u d2u _ J%u

9xz  Jy? 022 o2

1 Ha4YaJIbHBIM YCJIOBHAM: u]t, [\ 0, %—l:' = f(x9 Y, Z).
t=0

Ju ..
Yrkasanue. IIpoussoguyo 3 BBIPA3UTH TPOHHBIM HHTEI'PAIOM.

§ 17. Dn1eMeHTHI TEOPHH MOJIA

1. I'panuent. Ecnu u(r) = u(x, y, 2), rae r = xi + yj + 2k, ects Hemnpe-
pbIBHO auddepeHIIUpYyEeMOe CKANAPHOE NOJIe, TO 2padueHmoM ero Has3biBa-
eTCs BEKTOD

dugy duy, du

ox oy 0z

win, Kopoue, grad u = Vu, rge V= i,—a- + j_i + ki . 'papuenT nonsa u B
0x oy 0z
naEHOHN Touke (x, y, 2) HanpaBJeH IO HOPMAJIHN K NOBEPXHOCMU YPOBHA

u(x, y, 2) = C, mpoxonaleii uepes aTy TOUKY. ITOT BEKTOD AJs KAMKI0H TOY-

KU TIOJISL [I0 MOAYJIIO
_ fow)?, (ou)® | (ou)?
lgrad u| «/(a_x) +(ay) +(az)

¥ HATNIPABJEHMIO JaeT HAaUbGOIbLIyI0 CKOPOCTh M3MEHEHHA (DYHKIHH U.
TIpousBogHAA OAA U B HEKoTopom HampasaeHuu l{cos o, cos B, cos v}
paBHA

grad u =

a'; du cos v.

Ju Ju
= =gradu-l==cosa+ =cos f + ==
a & 9% ° 2 o Pt 52
2. InBeprenuua nojasa ¥ porauusa (BHXps) noaa. Ecan

ary=a,(x,y,2)i+a,(x, y,2)j+a,(x, y, 2k

€CTh HePePLIBHO AuddepeHIUPYEMOe BEKTOPHOE I10JIE€, TO CKAJIAD

diva=Va=% +a—a'-’ +%
0x dy 0z
HA3bIBaeTCA Jugepzeryuell NIn pacxofuMmocmpio 3TOTO NOJA.
BexkTop
i i k
rota= Vxa= 9 9 9
x Jdy 9z
a, a, a

HOCHUT Ha3BaHHE pomaluu UK euXps noas.
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3. IToToK BeKTOpa uepe3 IosepxHOocThb. Ecan Bexrop a(r) nmopokiaer
BEKTOpPHOE noJe B o6jacTu Q, To nomokom eexmopa wepe3 OAHHYW Nnoéepx-
Hocmb S, paCHOJOMXEHHYI0 B {2, B YKa3aHHYI CTOPOHY, XapaKTepHU3yeMylo
eMHUYHBLIM BEKTOPOM HopMau n{cos ¢, cos 3, cos Y), HaspIBaeTcs MHTErpa

J‘J‘a,,dS=J‘j(ajr cos o + a, cos B + a, cos ) dS,
s S

rje a, = an — HOPMAajbHasa IpoeKkuus sekropa. Popmyra Ocmpozpadckozo
B BEKTOPHOM TPAKTOBKE NMIPUHUMAET BUJL

ga" das = J:':[ div a dx dy dz,
%

rge S eCTh NOBEPXHOCTL, OrpaHuuuBawias oobem V, u n — CeAUHUYHBIN
BeKTOD BHEUIHEH HOpMaJU K NMOBEPXHOCTH S.

4. Hupxkynauust Bexropa. JluHelnsim uHmMezparom or BekTopa a(r),
B3ATHLIM 10 HeKOTOPOU Kpusoit C (paboma no.s), Ha3bIBAETCA YUCIO

jadr= jaxdx+aydy+azdz.
c c

Ecau koHTyp C 3aMKHYT, TO JUHEHHBIH UHTEerpajJ Ha3bIBAETCH UUPKY-
asyuell sekmopa a Baoab KoHTypa C.
B BekTopHOiI Qopme gopmuyra Cmoxca uMeeT BUJL

ﬂ; adr= .['[ (rot a), dS,

C S

rae C — 3aMKHYTHIM KOHTYP, OrpaHHUMBAIOUIMI MOBEPXHOCTL S, HpUUEM
HanpasJieHHe HOPMAJU N K TOBEPXHOCTU .S OJKHO ObITL BBIGPAHO TAK, UTO-
Obl JJ1A HABJIIOAATENs, CTOALLErO HA TIOBEPXHOCTH S, roJ0BoO M0 HaNIpaBJe-
HUIO HOpMAaJu, 06x01 KouTypa C coBepIaicsa IPpOTUB X0/ia YaCOBOH CTPENKU
(zna npaBoil CUCTEMBI KOOPAMHAT).

5. IToreHuuanbHOe nojae. BekTopHoe noJie a(r), ABNAMOUIEECA IPAJUEH-
TOM HEKOTOPOrO CKaJIapa u:

grad u = a,

HAa3bIBAETCA NOMEHYUAAbIbLM, A BEINUMHA U HA3BIBAETCA NOMEHYUAJLOM TIONA.
Ecnu noresnuan u — oagosHauHas GPYHKUUA, TO

'[ adr=u(B) - u(A).
AB
B uactHOCTH, B 3TOM Clydae UUPKYJIALUS BEKTOPA & PaBHA HYJIIO.
Heob6x0auMbIM ¥ JOCTATOYHLIM YCJIOBUEM ITOTEHIIHAJILHOCTHY 10/ 4, 3a-
JIAHHOr'O B MIOBEPXHOCTHO OJHOCBA3HOU 006J1aCTH, ABJAETCA BbIIIOJHEHUE YC-
JOBUA
rota=0,

T. €. TAKOE TIOJIE JOJKHO GBITHL 6€3BUXPEBLIM.
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4401. 1. Hafitu MozynbLr U HaNpaBJeHUE TpajgMeHTa oA
u=x%+2y%+ 322+ xy + 3x — 2y - 6z B Toukax: a) O (0, 0, 0);
6)A (1, 1, 1) u B) B(2, 0, 1). B xako#l TouKe rpajeHT nojsa paBeH
HYJIi0?

2. llyctes

u=xy— z°

Haittu moayns u HanpaBJienue grad u B Touke M (-9, 12, 10). Yemy
paBHA IPOU3BOAHASA %—'Z‘ B HallpaBJIeHUH BICCEKTPUCHL KOOPIUHATHO-

ro yraa xOy?
4402. B kakux TOYKaXx HpocTpaHcTBa Oxyz IPAJUEHT 1105

u=x*+y*+ 2% - 3xyz

a) mepueHARKYyAApeH ocu Oz; 6) nmapasnnened ocu Oz; B) paBeH HyN0?
4403. JaHo craNfApHOE I10Je

u=1nl,
-

rrer=A(x-a)?+(y-b)2+ (x-c)?.BKaKUX TOYKAX IPOCTPAHCTBA
Oxyz uMeeT MecTo PaBeHCTBO

lgrad u| = 1?

4404. ITocTpouTtsh NMOBEPXHOCTU YPOBHA CKAJAPHOIO I0OJA

u=Jx2+y2+(2+8)% + Jx2+y?+(2-8)2.

Haiitu noBepXHOCTb YPOBHA, IIPOXOAALLYIO uepe3 Touky M (9, 12, 28).
Yemy paBeH max u B obsactu x2 + y? + 22 < 367
4405. Haiiti yron ¢ MeXay rpageHTaMu [M0JIs

—_—x
x2 4+ 2+ 22

B Toukax A (1, 2, 2) u B(—3, 1, 0).
4406. Ilycrs 1aHO CKANSApHOE II0Je

X

JxZ+y?+ 22

IToCTpOUTD [IOBEPXHOCTH YPOBHSA U IMOBEPXHOCTH PABHOT'O MOAY-
7 TPajiMeHTa TIoJA.
Haitru inf u, sup u, inf |grad u/, sup |grad u| B o6mactu 1 <z < 2.

u=
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4407. C TouHOCTBLIO A0 GECKOHEUHO MAJBbIX BBLICIIMX ITOPALKOB
HaWTH paccToAHUE B Touke M (Xg, Yo, 2¢) MEKIY ABYMA OECKOHEUHO
OMBKUMU IIOBEPXHOCTAMU YPOBHA

u(x,y,2)=cu u(x,y,z2)=c+Ac,

rae u (xo. Yo, Zo) = ¢ (grad u (xq, Yo, 29) # 0).

4408. Jokazats GOPMYJIbI;
a) grad (1 + ¢) = grad u (¢ — HOCTOAHHO);
0) grad cu = ¢ grad u (¢ -— IOCTOAHHO);
B) grad (u + v) = grad u + grad v;
r) grad uv = u grad v + v grad u;
n) grad (u?) = 2u grad u;
e) grad f'(u) = f(u) grad u.

4409. BeiuucauTh:

a)grad r; 6) grad r2; B) gradl, rme r= Jx%+ y2+ 22,
-

4410. Hadtru grad f(r), rme r = Jx2+ y? + 22,
4411. Haiiru grad(cr), rjge ¢ — MOCTOAHHBIN BEKTOP U I' — Pafu-
yC-BEKTOP U3 HavYaja KOOpDAUHAT.

4412. Haittu grad{le x rf?} (¢ — mocTosiHHLIf BEKTOD).
4413. [ToxazaTs hopmMyay

grad f(u, v) = ,Qf-grad u -+ ,a—fgrad v.
du dov
4414. 1. Joxazats popMyay
VZi(uv)=u V¥ + v Viu + 2 Vu Vo,

rue

2. lokasars, 4yro ecnu GyHKOuA u = u(x, y, z) guddepeHuupy-
eMa B BLIIYKJ0H obmactu Q u |grad u| < M, rme M — nocrodauHas,
TO AaA ni00bIX Touek A, B usz Q umeem:

e (4) — u (B < Mp (4, B),
rae p(A, B) — paccrosanme Mexay TouxkamMu A u B,

4415, Ona dyskuuu v = u(x, Yy, 2) BeipasuTsh grad u: a) B nu-
JIMHAPUYECKHUX KoopauHartax; 6) B chepruuecKuX KOOpAUHATAX.
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2 2 2
4416. HaiiTy Ipou3BOAHYIO MONA U = x_z + £ + Z B jaunnoit
a

bz 2
Touke M(x, Y, 2) B HanNpaBJeHUHU PASUyCca-BEKTOPA ¢ 3TOH TOUKMU.
B xakom cnydae aTa npousBoaHaa 6yger paBHa BeJIHUNHE rpagu-
eHra?

, THe r= Jx?+y2+22,

4417. Haiit IpoU3BOAHYIO TIONA U =

~

B Hanpasaenuu 1 {cos o, cos 3, cos y}.

B KakoM cayuae aTa IpOU3BOAHAA paBHa HYNO?

4418. HaiiTy npousBoAHYIO oA U = u (X, y, 2) B HallpaBJIEeHHUU
rpagueHTa mnonad v = v (x, y, 2).

B kaxom cayuae 9Ta IpoudBogHasa 6yxer paBHA HYI0?

4419. Hantvcars B OpTax BeKTOPHOE T0Je

=c¢ x grad u,
eciu

u=arctg——— u c=i+j+k

Jx?+y?
4420. OnpenenuTsh CUJAOBbIE JUHUKM BEKTOPHOTO 11014
a=uxi+yj+ 2zk.

4421. Jloka3aTs HENOCPENCTBEHHBLIM BBLIUHMCJEHNEM, UTO AHUBED-
FeHIIMA BEKTOpa a He 3aBUCHUT OT BuIfopa NPAMOYroJLHON KOOpAH-
HATHOM CHCTEMBI.

4422, Jloka3aTh, UTO

diva(M)= lim ‘1_/”(1 ds,
s

a(s)y—0

rae S — 3aMKHyTaf IIOBEPXHOCThL, OKPyKamoiasa Touky M u orpa-
HUuMBaiomaa oobeM V, n — BHEIIHAA HOPpMaJb K IIOBEPXHOCTHU S,
d(S) — muameTp NMOBEpPXHOCTH S.

4423. 1. Haiitu IUBEpPreHIuio Iond

a= —ix+jy+kez
Jx2+y?
B rouke M (3, 4, 5). Hemy npubaukeHHo paBeH noTok II BeKTopa a
yepes GeckoHeuHO Manymo chepy (x — 3)2 + (y — 4)2 + (z — 5)? = %?
2. Hafitu

k
9
0z
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4424. [ToxasaTb, UTO:
a)div(a + b) = diva + div b;
6) div (uc) =c grad u (¢ — ITOCTOAHHBIH BEKTOD, U — CKAJAP);
B) div (za) = u div a + a grad u.

4425, Haitru div (grad u).

4426. Haitru div [grad f(r)], roe r = Jx2+ y2 + 22, B KakoM cJy-
ugae div [grad f(r)] = 0?

4427, BoruueauTs: a) div r; 6) diVE.

4428. Boruncaurs div {f(r)c], rae ¢ — mOCTOSHHLIA BEKTOD.

4429, Haiitu div {f(r)r]. B kakom ciyuae gUBepreHiius 3TOrQ
BEKTOpa paBHa HYi0?

4430. Haittu:

a) div (u grad u); 6)div (u grad v).

4431. KuakocTs, 3aloNHAMAA IPOCTPAHCTRBO, BPAINlA€TCA BO-
Kpyr ocu Oz IIPOTHUB YACOBOH CTPEJKHU C IIOCTOAHHOI YIJIOBOI CKO-
pocrbio . HailT AUBEPreHI N0 BEKTOPA CKOPOCTH V U BEKTOpa yC-
KOpeHUsa W B Touke M (x, y, 2) IDOCTPAHCTBA B TaHHBINI MOMEHT Bpe-
MEHH.

4432. Haiityu guBepreHnuIio rpaBUTAIIMOHHOIO CHJIOBOTO II0JS,
CO3/1aBa€MOTI'0 KOHEUHON CHCTEMON NIPUTATUBAIOIINX IIEHTPOB,

4433. HaliTu BbIpa'XeHHe [JUBEPreHIIMU ILJOCKOI'0 BEKTOPAa
a = a(r, @) B IOJNAPHBIX KOOPAUHATAX I' K (.

4434. Bripasurs div a(x, y, 2) B OPTOTOHAJBHBIX KPHUBOJIMHEH-
HBIX KOOpAMHATAX U, U, W, €Cau

x = f(u, v, w), y=gu, v, w), z=hlu, v, w).

Kax uactHbIil ciyuail noxyuuTh Bhipakenue div a B qUAUMHAPUYE-
CKUX ¥ c(PepUUECKHUX KOOpPAWHATAaX.

Y kxasaanue. PaccMoTpeTh IOTOK BCKTOPA a Yyepes GECKOHeUHO MabIi
napanjejenunesi, OTPAHUYEHHBIH MOBEPXHOCTAMU U = const, v = const,
w = const.

4435. TokasaTs, uTO:

a)rot (a +b) =rota + rot b;
6) rot (va) = u rot a + grad (u x a).

4436.1. Haiitu: a) rot r; 6) rot[f(r)r].

2. Haiitn monyns u HampaBiaeHue rot a B touke M (1, 2, —2),
ecau

a=Yi+ Zj+ Xk,
2 x Y

4437. Haittu: a) rot ¢f(r); 6) rot [e x f(r)r] (¢ — mocTOAHHBIN BEK-

TOD).
4438. Joxkaszars, uro div (a X b) = b rot a — a rot b.
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4439. Haitru: a) rot (grad u); 6) div (rot a).

4440. JXuaKocTs, 3aMoJIHA0IIaA IPOCTPAHCTEO, Bpailiaercs Bo-
kpyT ocH l{cos o, cos 3, cOs ¥} ¢ HOCTOSIHHON YIIOBOIl CKOPOCTHIO M.
HaiiTy poraiuio BeKTopa JUHEeHHOIl CKOPOCTH V B TOUKE IIPOCTPaH-
ctBa M (x, y, 2) B 1aHHBIA MOMEHT BPEMEHU.

4441.1. Haifru BoipaykeHNe POTALIUH IIJIOCKOT'O BEKTOpa a = a (r, @)
B IIOJAPHBLIX KOOpAUHATAX I' ¥ (.

2. Boipasurs rot a (x, y, 2): a) B UIMHAPHYECKUX KOOPAUHATAX;
0) B cpepruecKux KoopAHUHATaX.

4442, 1 HaﬁTI/I HOTOK BeKTopa r: a) uepe3 60KOBYIO IOBEPXHOCTH
romyca x* + y? < 22 (0 < 2< h); 6) yepes OCHOBaHUE dTOTO KOHYyCA.

2. HafiTu orok BeKropa a = iyz + jxz + kxy: a) uepe3 GOKOBYIO
nmoBepxHOCTb MuauHApPa x2 + y? < a? (0 < z < h); 6) yuepes MOJHYIO
TIOBEPXHOCTH TOTO IUAUHADA.

4443. Ha¥iTu IoTOK pagnyca-BEKTOpPA I Uepe3 IMOBEPXHOCTH

z=1- Jx2+y%2 (0<2<1).

4444. HaiiTu morok BeKTopa a=x%+ yzj + 2%k qepea OO H-
TenbHLIH OKTaHT cdepnr X2 + y? + 22=1,x> 0,y >0, z > 0.

4445.1. Haittu nmoroxk BekTopa a = yi + 2j + xk uepe3 moaHy0o
[IOBEPXHOCTL MHPaMUALI, OrPAaHHYEeHHON IilockoctaMu x = 0, y =0,
z=0,x+y+z2z=a(a>0).

IIposepurTs pesyasrar, IpuMeHsad dopmyay OcTporpalickoro.

2. HajiTi oToK BeKTOpa

a=2%+ %+ 2%k

uepes cepy x% + y? + 2% = x.

4446. JoxazaTs, UTO IIOTOK BEKTOpA a uepe3 IIOBEPXHOCTL S, 3a-
MaHHYIO ypaBHeHueM r = r (i, v) ((i, v) € Q) paBeH

jj a, dS j'[ ()r()r du dU

The d, = an 1 N — eJUHUYHBI{ BEKTOP HOPMaJH K NOBEPXHOCTH S.
4447. HailTu IOTOK BEKTOpa a = m% (m — nocrosHHasA) uepel
r

3aMKHYTYIO IIOBEPXHOCTH S, OKPYKAIOIYI0 HAUAT0 KOOPJHUHAT.
4448. HajiTu IOTOK BEKTOpa

a(r) = Z grad( nr,)

i=1
rfie e; — MOCTOAHHBIE U I'; — PACCTOAHUA TodeK M, (ucmouruKY) OT
nepeMeHHON ToUKU M(r), uepes 3aMKHYTYIO IIOBEDXHOCTH S, OKPY-
saromyo touku M, (i=1, 2, ..., n).



450 PABJIEJ VIII. KPATHBIE U KPUBOJIMHENHBLIE HHTEIPAJIBI

4449. JToxasaTs, 4TO

” a—udS='”'[V2udxdy dz,
on
S v

re IOBEePXHOCTh S OrpaHUUMBAET TEJo V.
4450. KonuuecTBO TENJIOTHI, IPOTEKAIOIIEE B II0JI€ TEMIIEPATY PhI
I 38 eJUHMIY BPEMEHHU uepes 3JJeMeHT [IOBePXHOCTH d.S, paBHO

d@ = —kn grad u dS,

rae kB — xo3(pdUIIMeHT BHYTPEHHEH TEINONPOBOLHOCTA U N — €0H-
HUYHBIA BEKTOP HOPMAaJH K IIoBepxHocTH S. ONpefenuTs Koaude-
CTBO TEIJIOThI, HAKOIINIEHHOE TejoM V 3a eIUHUIY BpeMeHH. Hc-
IIOJIB3Y S CKODOCTH IOBLIIIIEHU S TeMIIepaTyphl, BEIBECTH YPABHEHHE,
KOTOPOMY YIOBJIETBOpDSAET TeMIleparypa rtena (YpasHenle mengo-
npogodrocmu).

4451. Haxongamasaca B IBUKEHUM HECKUMaeMasi dKUAKOCTh 3a-
nonuser ooveM V. Ilpenmnonaras, uro B obsactu V OTCyTCTBYIOT HC-
TOUHUKH U CTOKH, BLIBECTH YPABHEHUE HePA3PbLEHOCTU

P 4 gi -
T + div(pv) = 0,

roe p = p(x, Y, 2) — IJOTHOCTS KHUAKOCTH, V — BEKTOP CKODPOCTH,
t — BpeMmd.

Vrkaszanue. PaccmMoTpers HOTOK XHUIKOCTH Uepe3 MTPOU3BOJLHBIN
o6bem ®, cogepxauiuiica B V.

4452. 1, Haitru pabory BekTOpa a = r BAOJIb KYCKa BUHTOBOII JIU-
HUU r = ia cos ¢t + jasin t + kbt (0 < ¢t < 2m).
2. Haijitm pabory nona

a=li+dlj+ 1k
y z x

BAOJb NPAMOJUHEHHOr0 OTPE3Ka, coeaunaioniero Touku M (1, 1, 1)
u N (2, 4, 8).
3. Haiitu paboty moas
a=ide! " *+je° " + ket VY

BAOJL IPSAMOJUHEHHOro oTpeaka Mexay toukamu O (0, 0, 0) u
M (1, 3, 5).
4453.1. Haiitu paGory nosas

a=(y+201+(z+x)j+(x+yk

BZOJb KpaTdaiilieii ayru GoJbloro kpyra chepsr x2 + y? + 22 = 25,
coeguHAroweit Touku M (3, 4, 0) u N (0, 0, 5).
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2. Haitru pabory Bextopa a = f(r)r, rge [ — HenpepriBHasA QyHK-
U, BLOJL Ayru AB.
4454, 1. Ha¥itu nupkyndamnuo BeKTopa

a=-yi+xj+ck

(¢ — mocroAHHAasA): a) BLOIb OKpy»xHOCcTH X2 + y? = 1, 2 = 0; 6) B1OTB
okpysHOCTH (X — 2)2 + y* =1, 2 = 0.

2. Haitru nupxynanuio I’ BekTopa a = grad (arctg %) BJOJIb KOH-

Typa C B ByX clydaax:
a) C He okpymaer ocs 0z; 6) C oxkpysxkaet ocs Oz.
4455. lano BeKTOpHOE [OJIE

a=Li-Xj+ k
a i j xyzk.
NEERNE

Boiuncnus rot a B Touke M (1, 1, 1), npubamiken o HAATH HUPKY-
aanuio I' mosist BRoAL GeCKOHEYHO Malod OKPYKHOCTH

(x— 12+ (y—-1)2+(2- 1) =¢?,
(x=1cosa+(y—1ycosf+(z-1)cosy=0,

rge cos? o + cos® B + cos?y = 1.
4456. Tl1ocKui yeTaHOBUBIINICA MMOTOK KUAKOCTH XapaKTepH-
3yeTcs BEKTOPOM CKOPOCTH

w=u(x, yi+ v(x, y)i.

Onpenenurs: 1) KOTUUECTBO X KUIKOCTH @, TPOTEKAIOIIee Yepe3 3aMKHY-
Tl KouTyp C, orpaHmMUMBaIONINN obaacTh S (pacxoX KHUAKOCTH);
2) uupkrynaanuio I' BeKTopa cKopocTH BoJs Koutypa C. KakuMm ypasne-
HUAM YA0BIETBOPIIOT QYHKIMY U U U, €CIIH KUAKOCThL HECIKUMaeMa U
noToK 6e3BuUxpeBoit?

4457, 1. ITokasars, YTo OJeE

a=yzQ@x+y+aitxz(x+2y+2)j+xy(x+y+22)k
noTeHINaJbHOoe, H HANTH NOTEHIIMAJ STOTO 0.
2. ¥Y6eZUBIINCH B MOTEHIIMAJLHOCTH OJA
_ 2 . X . X
a= 71 =] - k,
(y+2)2

w+2)?  (y+2)r

Ha#iTy paboTy I10JA BLOJb IYTH, COeSUHAIONIETO B MIONOKUTEILHOM
oxranTe Touku M (1, 1, 3) u N (2, 4, 5).
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4458. HaiiTu noreH1uaa rpaBUTAIIOHHOTO HOJIA

a— "73' r,
cos3ZlaBaeMoro Macco¥l m, noMellleHHoi B HayaJjie KOOpAUHAT.

4459. HaiiTy noTeHIHAJ TpaBUTAIIMOHHOTO IIOJs, CO3JaBae-
Moro cucreMoit macc m; (i = 1, 2, ..., n), noOMelUleHHBIX B TOYKAX
M (i=1,2, ..., n).

4460. Jokasatb, uTO noJse a = f(r)r, rge f(r) — ogHO3HAYHAA He-
npepbIBHAA QYHKIIUA, ABIAETCSA IOTeHITUANBLHBIM. HaliTu noTeHipan
9TOTO HOJIA.

4461. Jokasats dopmyny

gradeHp@)dTV} =~ [[o@nZ + [[[erado 0@,
14 S 14

rge S — NIOBEPXHOCTH, OrpaHUUYKBaIONIAsA o6beM V, n — BHeIIHAA
HopMaJb K IOBEPXHOCTH R, r — paccTosHHe MeXJy TOYKaMH

P(x, y, 2) 1 QE, n, ).

4462. Joxkasars, uro ecau a = grad u, rge

u (%, y, 2) = —f;tjﬁ eEN.5) g an dt,

r=JE-DT+ M-y + (G2,
TO
div a = p(x, y, 2)

(npeznonarasi, YTo COOTBETCTBYIOI[ME UHTEIPAJIBI UMEIOT CMBICJH).
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6) z x+y’B)2 1_xy,r)z s xs 206. p(p(x)) = x*; wly(x)) = 22%;

Plw(x) = 2% ylp(x) = 2. 207. o(p(x)) = sgn x5 Y(y(x)) = x (x = 0);
e(w(x)) = w(o(x)) = sgnx (x = 0). 208. p(p(x)) = @(x); W(p(x)) = w(x);

(W(x)) = o(wx) = 0. 209. ~LoF; & (x 0, x# 1). 210, f,(x) = X .
Vv o x N1+ nx?
201 %~ 5x+6. 212,222 | > 25). 213 1. L2 g iy = (2 jz.

2 x 1-x

221. a) Bospacraer nipu a > 0 u yowsisaer npu a < 0; 6) npu g > 0 y6sIBaer

B MHTEpBAaJe ( -0, ~2i) 1 BO3pacTaeT B HHTeDBaJe ( - zi , +00) ; B) Bo3pac-
a a

TaeT; r)upu ad — be > 0 BozpacraeTr B MHTEepBaJIaX ( —00, —4) n ( -d , +OO) R
c c

n) Boapacraer npu a > 1 u y6eiBaer npu 0 < a < 1. 222. MoxHO, eciu

ocHoBaHue norapubmos Gouslre 1. 224, 15—3 (-0 < y < +00). 225.a) ~.fy
(0 <y < +0); 6) g (0<y < +0). 226. }_}g (y = -1). 227.2) —J1-y?

O<y<1l)y; 6)-JT-y2 (0<y<1). 228 Arshy=1In (y + J1+y?)
(-00 < y < +00), 229. Arth y = % In }_jg (-1 <y<1). 230. x =y, ecnu
—o<y<l; x=.Jy, ecnul <y<16; x =log, y, ecau 16 <y < +00,
231. a) Heuernas; 6) yeTHas; B) yeTHas; T) HeueTHad; [I) HeyerTHasd.
233. a) Ilepuoguueckas, T = %E ; 0) nepuoguueckas, T = 2n; B) nepuoguye-
ckas, T = 6n; r) neproguveckasi, T = M; A) HeHmepuogUUeCKasd; e) IEPUOU-

yeckasi, T = M; ’K) HellepuoJuueckad; 3) Henepuoguueckas. 241. ¢ = lgc,

—_qal __b _ 4dac-b* e X% .
x 33M. 243. x, 72 Vo= - 244. y=x 36000 ° 9 kM; 36 kM.
251 xg=-%; yo= 2. 252.p=12 (V>0). 263.k=2, m=Ul2h
c c 14 a, al
n=2% —b—;(a1b~ab1), x():—ﬁ. 264.y=1—2. 287. A= .Ja? + b2 ; sinx,=-2,
a; gl a, x A
€os xy = % 356. y = 2 sin x, ecam |x — nk| < g, u y = (-1)%, ecan

2 <l nh| < %E (=0, +1, +2, ...). 357. a)y=%(x+lx}); 6) 1 B) y = &%,

ecnux >20; y=0,ecmmx<0; r)y=x,ecnux <0; y=x* ecamx >0.
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358.a)y=1; 6)y=1,ecaun 1 <|x|< J/3; y=0, ecam |2/ < 1 wau |x| > J/3;
B y=1,ecmu|d<1; y=2,ecmul>1; r)y=-2, ecmm | > 2; y=2—(2 - x>,
ecan x| < 2. 359.TIpu x < 0 umeem: a) 1) fx) =1+ x, 2)f(x) = (1 + x);
6) 1) f(x) = ~2x — x*, 2) f(x) = 2x + % B) 1) f(x) = J-x, 2) f(x) = ~Fx;
r) 1) flx) = —sinx, 2) f(x) =sinx; p) 1) flx) = ¢, 2)f(x) = -

e) 1) f(x) =In (—x), 2) f(x)=-In (-x). 360.a)x=—§%; 6)x=%; B)x=b;a;
r)x=kn(k=0,=x1, £2,...). 361. a) (xy, ax, + b), Toe X, — IPOUIBOIBLHO;

5)( d, %), B) (Xg, Yg), THE x0=~—3b—a ny():axg +bxl + exy + d; 1Y (2, 0);

o) (2, 1). 372. Kopnu: -1,88; 0,35; 1,53. 373. 2,11; -0,25; ~1,86.
374. 0,25; 1,49. 375.0,64. 376.1,37; 10. 377.-0,54. 378.0; 4,49.
379. x, =-0,57, y, = ~1,26; x,=-0,42,y,=1,19; x;=0,45, y; = 0,74;
x4 =0,54,y,=-0,68. 380. x, =-1,30, y, = 9,91; x,=2,30, y,=9,73;
x;=-0,62, y; =-9,98; x,=1,62, y, =-9,87. 382. a) Boobirie rosop4, HeT;
6) na. 385. Orpanuyena ceepxy u Heorpanuuena cHudy. 387. f(a) u (b).

388.0; 25. 389.0; 1. 390.0; 1. 391.2; +0o. 392, -1; 1. 8393.-./2; /2.
394. %;4. 395.2) 0, 1; 6)0, 2. 396.0; 1. 397.a)8; 6) 0,8; 8)0,08; r) 0,008.

398.a)m; 6)m; B) M r)m. 411.a) 1; 6) g; B) % 412. 6. 413. 10.
1 330 _n(n+1) 1
414. Lnm(n - m). 415. 5. 416. (.2.) . 417.n % . 418.-1. a19.

2

1 1 3y n(nel), g gl n

420. 1. 421. . 422 5. 423, (2) . 424. 9 2tD; ) 2. 425, I
426.’-11”_2“—1)(1"*2. 427.23”_211). 428. 71 429.x+ 2. 430.x2+ax+%2.

1 ab 1 4 B
431. 1. 432. 3 433. 3. 434. T 435. 1. 436. T 437. 3 438. -2.

2
1 1 1 12 1 1
439. = 440 - % 441 1 aa2, 4 o443 2 4441 a5 2 a6, 1
2 3 4 T -1 a B + 8
47 2. 448. 2. 449.42 . 150, 36. 451.-1. 452. & - D453 & 4 0
455.1. 0. 2.1 456. 1. 457. La+b). 458.1. 459.-1. 460. 1.
m 2 n! 2 2 4

461. § 462. 2. 463. § 464.-1 . 465. %(a] +a,+ ... +a,). 466.2". 467. 2n.

468. l'm%) x, = 00, I'm%) Xy == 469.a=1,b=~1. 470.q,= +1; b, = F

N

(i=1,2). 471.5. 472.0. 473. (—1)"“"’,’_;. 474. a)%; 6) 1; B) % 475. %

476.2. 477.4. 478. 1_1, 479. % 480. 12[ . 482.cos a. 483. -sin a. 484.sec?a
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(@# @+ 1)Z, k=0, %1, ... 485.~—L_ (g = s, rae k — nenoe).
2 sin?qg

486. S“m (a = (2k + 1)— , e k — uenoe). 487. — Closa (a = kn, rae k —
s Il

nenoe). 488. —sin a. 489, -cos a. 490. 353# (a# 2k + 1)— » Tae k — nenoe).
491, zfm (a # kn, rae k — nenoe). 492. 2 sin 24. 493. -3. 494, 14

495. 496. ~24. 497, - 20824 < (a# 2k + 1)” , Tae k — nesoe). 498,

Ly
5
i. 500. g 501.~—2. 502. /2. 503.0. 504.3. 505. 0. 506. a)

Ni=

499.

6)[,3)1 507.1. 508.0. 509.0. 510.0. 511.1. 512, ¢ 513. 1. 514.¢72,
by~ by

515. ™. 516.0, ecnu a, < a,; +00, genu a1 >ay e " ecnma, =a, 517.e.

3
518.¢7'. 519.a) 1; 6) Je. 520. cte« (a # kn — uenoe). 521, ¢2. 522, ¢,

IZ
523. 1. 524.¢2. 525.¢. 528. -} 527.¢° "1 528.¢ 2. 529.1. 530. 1.
531. 1. 532.0. 533. 1. 534.-2. 535. 3 536. 3. 537, —loge xag 2a
a 5 2 2 x? b
539. (g)z 540. 2) 05 6) n. 541.Ina. 542.0%In 2. 543. 4% In eq. 544, o,
e

545. a) §§ 6) eh?-a?; p) SB‘; r) -2, 546. &% 547.1. 548. %aa-ﬁ. 549. o’ In a.
550. a" In? a. 551.¢7@*P. 552 In x. 553.In x. 554, o/b. 555. Jab.

1
3 apb.cya+b+to 1 a -1 a¢
556. Yabe. 557. (a%'cc) . 558. —L . 559, (mb) . 560. a«* In q.

ab

561. a) 0; 6) %g 562. In 8. 563. -In 2. 566. a)%; 6) % 567. 1. 568. 0.

2
569.Ina% 570. 1. 571. 1 572 -9 573 2. 574, 0n 575. 28 576 0y 1;
8 2 Jof

6) % ; B) 1. 577. a) g ; 6) 2sh 578. a) ch a; 6)sh a; B) 1. 579. a) In 2;

0) 1. 580.¢”". 581.-2. 582. 7. 583.-%. 584, 3% 585 _L  sgg 9.
2 2 4 1+

x2

wisl

2
g l. 589. 1. 590. e*. 591. a) 0; 6) 0. 592. a) +00; 6) .;.

593.a)-1; 6) 1. 594. 1. ln— 595. a)“ 6) -g. 596. a) 1; 6) 0. 597. a) 0;
6)1. 600.2;1; 2. 601. 0; (*1)" ' (~1)". 602.0. 603. 1. 604. 0. 605. 1. 606. 0.
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613.6)y=1,eciujx|<1; y=0,ecmmfx|=1. 614.6) y =0, ecnu 0 < x < 1;

y:%,ecnnx=1; y=1,ecmul <x < +00, 615.y=~1,ecmu 0 < |y < 1;
y=0,ecnuld=1; y=1,ecmmfd>1. 616.y=|x. 617.y=1,ecru0< x < 1
y=x,ecmmx>1. 618. y=1,ecmu0<x<1; y=x,ecnul <x<2; y=%2,

ecnu x = 2. 619.y=0,ecnn0<x<2;yz2ﬂ,ecnnx=2;yzx2,ecnn
x> 2, 620.6)y=o,ecnnx¢(2k+1)g; y=1,ecnnx:(2k+1)g
(BF=0,%1,%2,..). 62l.y=1n2,eciu 0 < x < 2; y = ln x, ecniu x > 2,
622.y=0,ecn -1 <x < 1; y—-—(x 1), eciux>1. 623.y=1, ecim x < -1

y=e*"! ecom x > 1. 624. a) y = x, npu x < 0; y—— npux=0; y=1,

upu x > 0; 6)3—1C. 625. ) y=Jx mprO<x<ludk-1<x<4k+1; y=—x

npudk—3<x <dk—2udk-2< x <4k - 1; y=%(ﬁ +x)mpux =2k - 1

(k=1,2,3,..); 6)y =0, ecnu x — panuoHAJIBbHO; J = X, €CJIM X — HUppa-
IHOHANBHO; B) KouTyp KBampara maxix], jul} =1. 627.a)x=1,x=-2,y

~x~1 6)y—x+§npnx~*00 y——xf—l-npnxﬂ—oo, B)y~%—x r)
y=xnupux — +0, y =0 npu x — —0; 11)y=0npnx—>~00,y—xnpn
x = +00; )y =x+ 7. 628.0. 629, x. 630.Si—:f. 632.%. 633. 2.

634.% In a. 635. Je. 636. e'F. 637. 1. %(1+ J1+4a). 2. § 3. T%x

4.%. 638.a) J1+x —1; 6)1 - J1-x. 641.2a) 2; 6) +0; B)O; 1) 1;
o) 2; e)l; x)2shl. 643.a)l=-1,L=2; 6)I=-2,L=2; B)l=2,L=e.
644.a)l=-1,L=1; 6)1 =0, L = +00; B)l=%,L=2; r)l=0, L =+0oo,

645. a) Ilepeoro nopsgka; 6) BTOPOro; B) IEPBOTO; T') TPETHETNO; 1) TPETHErO;

1
e) tperbero. 653. a) 2x; 6) x; B) JC—z; r) 2 855, a) 3(x — 1) 6) Q—_xﬁ;
2 2 3«/5
2 1

B)x—1; r)e(x - 1); 1) x— 1. 656.a) x% 6)2x% B) x3; 1) x8. 657.a) Gc)s;
1 1

033 w13 () e i) 002 (P )

nl._1 .5 1 . 663.2)9,95<x<10,05; 6) 9,995 < x < 10,005;
n 1-x x-1

£) 9,9995 < x < 10,0005; 1) /100 - & <x< /100 + & . 664. A< %; a)A< 3,7 v
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6) A< 0,37 m1; B) A <0,087 mm. 665. 100[1 - 107"+ V2 < x < 100[1 + 107" D
a) 81 < x < 121; 6) 98,01 < x < 102,01; 1) 99,8001 < x < 100,2001;

2
r)99,980001 < x < 100,020001. 666.8=min (f_ 1 ) 667.6= —%°0_ ~0,001x2;
11 1+ex,
a)§=107% 6)8 = 1077; B) & = 107%. Henpza. 669. a) Henbas; 6) MOXKHO.
671. Her; orpanuuensocts B Touke x5 672, Her; ecnin dynkuusa f(x) onpene-
JleHA B KOHEYHOM IIPOMEXKyTKe (a, b), TO 3T HepaBEHCTBA BLIIONHAIOTCA BCET-

Jia; eCNIU [0 MEeHblleH Mepe @ Wik b PaBHO cuMBOJIY 00, To lim  |f(x)] = +oo.
X — o0

673. Her; ogHO3HAYHOCTE M HEIIPEPLIBHOCTL 06paTHON GhyHkuuu. 675. Henpe-
poieEa. 676. HenpepsiBHa, eciu A = 4, ¥ paspulBHA IIpHu X = 2, ecnu A = 4.
677. Paspeisua npu x = —1. 678. a) HenpepsisHa; 6) paspeiBua pu x = 0.
679. Paspoisua npu x = 0. 680. Henpeprisua. 681. Henpeprisha. 682. Pasprisaa
pu x = 1. 683. Henpepeisua npu a = 0 u paspoisaa npu a = 0. 684. Paspeisua
npu x = 0. 685. PaspriBua npu x = k (k — 1uenoe). 686. Paspsisua npu

x=k(k=1,2,..). 687.x =-1 — touKka 6eCKOHEYHOTO DA3pHIBA.
688. x = —1 — ycrpanumMas TouKa pasprisa. 689. x = -2 m x = 1 — Tourm
6eckonevHoro paspsiea. 690. x = 0 u x = 1 — ycTpaHuMbIE TOYKH Da3pLIBA;
x = -1 — rouka 6ecKkoHeyHOro paspeiBa. 691. x = 0 — ycrpanumasd

TouKa paspeiBa; x = kn (k==11, £2, ...) — TouKku GeCKOHEYHOTO Pa3phIBAa.
692. x = +2 — ycrpaHuMbIe TOYKH paspbisa. 693. x = 0 — TouKa paspriBa

2-ro poga. 694. x = % (k=4#1, +2, ...) — Touxku paspwiBa 1-ro poga; x =0 —

TOYKA paspeiBa 2-ropoja. 695. x=0ux= 2k2 1 (k=0, %1, ...) — ycTpaHUMEIE
+

TouKH paspbiBa. 696. x = 0 — rouka paspsipa 1-ro poga. 697. x = 0 — yer-

papmMas TOYKa paspeisa. 698. x = 0 — Touka paszpriBa 2-r0 poga.

699. x =0 — ycrpaHuMas TOUKA paspeiBa; X = 1 — TOUYKA 6ECKOHEYHOro Pasphisa,
700. x = 0 — Touka 6eCKOHEYHOrO paspbiBa; x = 1 — ToYKA paspbiBa 2-10 poja.
701. x = kn (k= 0, £1, 2, ...) — Touku paspsiBa 1-ro poga. 702.x ==F
(=0, 1, £2, ...) — Toukn paspsisa 1-ro poga. 703. x = k(k= %1, £2, ...) —

TOYKH paspeia 1-ro poga. 704. Pyukuusa HenpepsisHa. 705, x = iﬁz

(n=1,2,..) — Touku paspnoia l-ro poga. 706. x = % (=21, £2,..)) —

ToukM paspeisa 1-ro poga; x = 0 — Touka 6ecKoHevHOro paspeiea. 707, x = %

(k=%1, £2, ...) — Touku paspsiBa 1-ro pozsa; x =0 — yCTpaHHMAH TOUKA

paspniBa. 708. x = 2 (=0, +1, +2, ...) — Toukm paspsiBa 1-ro poza;
(2k+ 1)n

x = 0 — TouKa paspslsa 2-ro poga. 709. x = i;le ux = i% (k=1,2,..)—
k

TOuKH paspsisa 1-ro poga;. x = 0 — Touka paspsiBa 2-ro poga. 710. x = %

(k =21, £2, ...) — Touku 66CKOHEYHOTO pa3psIBa; X = 0 — TOUKaA pa3priBa

2-ropoma. 711. x = (—2-1%17[ (=0, 1, +2, ...) — TOoUKU GECKOHEUHOTO
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paspeiBa; x = (0 — TOYKA paspeiBa 2-ro poga. 712, x = +.J/n (n=1,2,..)—
Touku paspeiBa 1-ro poga. 713.x =0, x =1 u x = 2 — Touxu paspsIsa 1-ro poxa.
714. x = kn (=0, +1, £2, ...) — Touku GeckoHeuHoTO paspbma. 715. x =t Jkn
(k=0,1, 2, ...) — rouku GeCKOHEUHOro pasppiBa. 716. x =-1lunx =3 —
TOUKHM BECKOHEYHOTo paspwmiBa. 717. x = 0 — Touka paspsiBa 2-r0 poja.
718. x = 0 — ycrpanuMas Touka paspsiea. 719. x = =1 — TOUKHK pa3psiBa
l-ropoga. 720.y=1,eciu0<x<1; y= %,ecmfxx= 1; y=0,ecmax > 1;

x =1 — rouka paspriBa 1-ro poga. 721. y =sgn x; x =0 — Touka paspsisa
1-ro poga. 722.y =1, ecau x| < 1; y = x%, ecnu |x} > 1. @yurnua nenpe-
peiBHa. 723. y=0,ecan x #kn, y=1,ecau x = kn (k =0, *1, 2, ..);

x = kT — TOUKM paspbiBa 1-ro poga. 724.y = x, ecnu |x — knl < 7_6t P y= g ,

emnx:knig;y=0,emn6 x - kn[< (k=0,+ i2,...);x:knig~

TOYKY paspsia 1-ro poxa. 725.y=gx,ecnnkn<x<kn+g; y=—gx
n e gy = - s _ kn

ecrmkn+§<x<k7rHr,y—O,ecnnx~krt+—(k—O,i1 ),xﬂ?—

TouKu paapsisa 1-ro poga. 726. y =xnpux <0; y=x®npux>0. DyEKIHA
HenpeprisHa., 727.y =0 npu x € 0 u y = x npu x > 0. DyHKUMUA HeIpepbIBHA.
728.y=—(1+ x)npux<0; y=0npux=0uy=1+xmpux>0; x=0—
TouKa paspeisa 1-ro poga. 729. Her. 730.a =1. 731. a) Pynkiusa Helpe-
peIBHA; 6) x = ~1 — Touka paspsia 1-ro popa; B) x = -1 — TOUKa pa3pbIBa
1-ro poga; ryx = k(k=0, £1, £2, ...) — TouxU OECKOHEYHOTO Pa3pPbIBA;
mx# k(k=0, £1, £2, ...) — rouku paspsIBa 2-T0o poja. 732.d = —x npu

—0< x<0; d=0npu0<x< 1; d=x—1npnl<x<g; d=2-xupu

-g-<x<2; d=0npu 2 < x< 3; d=x -3 upu 3 <x <+, DyHKUA

HellpepbIBHA. 733.S:3y—r’£ npu0<y<1; S= §+2ynpn1<y 2;

== + yunpu 2<y<3; S==— npn 3 <y < o0; (DyHKILUA — HEIIpephIBHA;

b—3 yopu0<y<l; b= 2npn1<y 2; b=1mpun2<y<3;, b=0
npu 3 <y < +00; x =21 x =3 — TOYKH paspblBa [epBoro popa. 735. PasprBHa
npu x #0 u senpepeisHa npu x = 0. 737. PazpniBHA IIpH BCeX OTPHUIIATENb-
HbIX 3HAYEHUAX U IIOJOXKUTEIbHBIX PALMOHANBHBIX 3HAYEHUAX apryMeHTa.
738. f(0) = 0,5. 740.2a) 1,5; 6)2; B)0; r)e; n) 0; e)1; x) 0. 741. a) [a;
6) uer. 742, a) Her; 6) ver. 743. Her. Ilpumep: f(x) = 1, ecniu x — pauu-
OHAJIBHO, ¥ f(x) = —1, ecnu x — uppanuonansuo. 744. a) f(g(x)) HerpepbIBHA,
&(f(x)) paspriBHa npu x = @; 0) f(g(x)) pasppiBHa P x = ~1, x =0mx =1,
g(f(x)) = 0 menpepsiBua; B) f(g(x)) u g(f(x)) venpepniBHbL. 745, f(((x)) = x.

759.x=‘c—§1/-'_L+5’-’; a+d=0. 760.x=y—Fk, ecan 2k < y<2k+1
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(=0, +1, 22, ..). 764. f(f(x)) = x. T67.x =-.Jy (0 <y < +oo);
x =y (0<y<+00), 768. x~1~A/ —y(oo<y<l); x=1+.JI-y
(-0 <y <1). 769x—1‘“J (-1<y< 1)x——*—M(0<|yI

770. x = (-)*arcsiny + kn (k= 0, +1, +2, ...) (-1 <y <)
T71.x=2kn t arccosy (=0, =1, £2, .) (-1 <y<1). T72. x = arctgy + kn
(=0, %1,42, ) (-0 <y <+0). T76.¢=0, ecin xy < 1; = sgn x,
ecnn xy > 1. 779. a)y=—g,ecnu—1 < x<0,y=2arcsin x — g,ecnn

0<x<1; 6)y=—(n+4arcsin x), ecnu —1<x<—%, y=0, econ
2
-1 <x<i;y=n—4arcsinx,ecm/1-1— <x< 1.78()..1/21t —x(J—t <x< E).
J2 J2 2 2 2

J2
78l.y=Jx?2-1 1< x<+0); y=4Jx2-1 (1< x<+00), 782. [Ina Bcex t,

JUiA KOTOpBIX ¢(t) = x, TAe X — IIPOU3BOJBHOe 3HaueHHe GyHKUUU @(1),
dbyukipg W(t) AoMKHA UMETh OAHO U TO jKe 3HaueHHe. 783. MHOxkecTBO
aHaueHuil (1) mpu o < T < f goyKHO 6BITH UHTepBaioM (a, b). 784. Hna
BCcex 3HAueHui x, ANA KOTOPHIX ¢(x) = u, rae U — IPONU3BOJBHOE YHCJIO U3
uHrepBana (A, B), GyHKuua y(x) I0MKHA IPUHUMATL OJHO U TO ’Ke 3Ha-

yenue. 785. |9 < -28—0 cM. a) 0,5 mm; 6) 0,005 mm; B) 0,00005 mm.

786. a)8<i; 6)8<2,5-10"% B)5<g-10*7; r)5<§i’(g< 1).

793. a) Ha; 6) Her. 794. PaBHoMepHO HempepbiBHa. 795. He asuserca
paBHOMepHO HelpepbIBHOHM. 796. PapHoMepHO HenpepbiBHa. 797. He apna-
eTcsA PAaBHOMEPHO HellpepbiBHOIL. 798. PaBHoMepHO HellpephiBHA. 799. Pas-
HoMepHo HempepbiBHa. 800. He aBiserca paBHOMeDHO HelIpeDLIBHOM.

802.a)5=§; 6)6=E; B) & = 0,0le; 1) 8 =e%(e<1); u)6=§;
e)5=min(§ 3+s) 803. 1 > 1800 000. 808. a) w,(3) < 38; 6) w,(8) < A3 ;

() < i-; B) w,(d) < 35 . 818. f(x) = cos ax unu f(x) = ch ax.
J2a

819. f(x) = cos ax; g(x) = * cos ax (a = const).
Paszgen I1

821. Ax=999; Ay =3. 822. Ax =-0,009; Ay =990000. 823. a) Ay = aAx;
6) Ay = (2ax + b)Ax + a(Ax)%; B) Ay = a*(a®* - 1). 825.2a) 5; 6) 4,1; B) 4,01;
r)4 + Ax; 4. 826. 3 + 3h + h%; a) 3,31;./3; 6) 3,0301; B) 3,003001; 3.
827. a) v, = 215 m/c; 6) v, = 210,5 M/C' B) U, = 210 05 m/c; 210 M/c.

828. a) 2x; 6) 3x%; B) - 1 (x 20); 1) 7 (x> 0); n) —F (x=0); e) coszx
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1
1-x?

(x =2k - 1)7-E ,h=0, 1, ...); m)—% (x Zkm, k=0,+1,..)); 3)
2 sin®x

. 1 . 1 Q. (- n
(x < 1); m) . (# < 1 ®) . 829.-8;0;0. 830.4. 831.1+ T,

832. f(a). 834.y'=1-2x;1,0,-1,21. 835. y=x2+x-2; a)-2; L;
6) —1; 0; B) —4; 3. 836. 10a3x — 5x*. 837. i 838. 2x — (a + b).

a
839. 2(x + 2)(x + 3)%(3x + 11 + 9). 840. x sin 2a + cos 2a. 841. mn[x™ "' +
+ 27U (mo+ )xm 1) 8420 a) ~(1 - )21 - x3)(1 - #)HL + 6x +

+15x% + 14x%); 6) ~20(17 + 12x)(5 + 2x)°(3 — 4x)'%. 843. —(l2 + f_ + 2)
=t

3 x4
2(1+x?) 2(1-2x) 1-x+4x?
(x 2 0). 845. 1) (x| = 1). 846. T aiy 847. T oo
(Ix[;t 1). 848. 12-6x-6x2+2x3+5x4-3x5 (x#1). 849.~(1 —x)-{p+rg)+(p-Qx]
(1-x)3 (1+x)i+t
(x* -1). 850 LU [p - (g + Dr - (p + g - D¥] (@~ -1,
1 1 1 1 1
851.1 + — 4+ — (x> 0). 852. - = - - (x > 0).
2./ 332 ) x? 2xJx  3xifx )
2 1 1+2x2 6+3x+8x2+4x3+2x%+3x°
853. + — (x> 0). 854. . 855.
33/x xJx ) J1+ x? N2+ x23(3 + xh)?
(x = 4~3). 856. (nom)-(ntmzx - 857. —2 (| < a).
(n+m)r*mJ(1-x)(1+x)" (a? - x2)?

858. 12_"203/% (x| = 1). 859. ——L . 860, L+ 2dxrd/edxs fx
* (1+ x2)? 8Jxdx+ Jedx+ Jx+ Jx

(x> 0). 861. L 1 (x#0,x# -1, x % -8).

) 1

2Tl )’ e vm)

862. -2 cos x (1 + 2 sin x). 863. x® sin x. 864. —sin 2x - cos(cos 2x).
865. n sin® ! x - cos(n + 1)x. 866. cos x - cos(sin x) - cos[sin(sin x)].
867. 2sinx(cosxsinx? - xsinxcosx?) (Fekmk=1,2,...). 868.—1 + cos?x (x # km,

sin®x? 2sin’x
nsinx 2k-1 x?
k=0, 11, 2, ...). 869. (x¢ n,k—uenoej 870, — X2
cos"*lx 2 (cosx + xsinx)?

871. —2_ (x # kmy k=0, £1, +2, ...). 872. 1 + tg®x (x # (2k + nZ;

sin?x
8 ~-16 cosQ
k=0, +1, 2, ...). 873. (x # km, k — wenoe). 874. a
3sintxd/ctgx asmaﬁ
a

(x # }% , k — uenoe ) . 875.-3 tg? x - sec® x - sin(2 tg® x) - cos[cos?(tg® x)]-
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1
(x =T b km k— uenoe). 876. —2xe**. 877.-L - 2%% gec2l .y 2,
3 x? x

878. x%*. 879. x%~* sin x. 880, &(SINX-COSX) (o oy b 1eJoe).

2sin3Z
SU‘l2

881. —IL;?Q sin x. 882. JaZ+ b2 ¢ sin bx. 883. ¢ [1 + e (1 + e )].

884. y (m g - “;") (x>0). 885.a% xa*-1 +ax* "' a* Ina + a*a®* In?a.
6 .. . 1 6
886. b lg e-1g? x% (x = 0). 887. ___xlnxln(ln po (x> e). 888. x—_—lnxln(ln3x) (x> e).

1 _ —_—
89. T (x> -1). 890. (|x[>1) 891. x(l prE (x = 0).

1 ’ 2 2 _

.896.In (x + Jx2+1).897.1n% (x + Jx2+1). 898, Jx%+a?.

895.

x2

8 1 B
899. b2(|x| f) 900.-—E— ©<x<1.90. L ©<x-2m<r,

(Ix 2k1t|<- k——uenoe) 903. —ctg® x (0 < x — 2kn <,

k — 1enoe). 902

k——u,enoe).904.——l—— [x;t 2k -1
cosx 2

1, k— wence | 905. E‘-’S:—x 0<x-2km<m,
s1n°x

k — uenoce). 906. 4°-a" 907, -I0°x (v > 0). 908. L In x (x> 0).

a+ bcosx
1+x+ l + ln—
909, —2X . 910. - XX . 911. 2sin (In x) (x > 0).
1+ 314 x2 (1+x1nl)[1+x1n(l+ ln—l-ﬂ
X, X X
912.sinx - In tg x (0 <x-—2kn< g, kE— uenoe). 913. - (2 < 2).
- X
1 2ax
914, ———— (]x - 1] < J/2). 915. - (a # 0). 916. (x #0).
N1+ 2x—x2 2
f > X i x >
917. T (x/ 0). 918. - — arccos x (jx| < 1). 919. arcsin — (x = 0).
1 2k-1
920. — =~ — (Jx| > 1). 921.sgn (cos x) | x # n, k — 1enoe |.
|x| Jx2 -1 | ( 2 )
9292, 28gn(SiNX)  COSX (v 9pn k__ jjence). 923, SINXHCOST (o y pr< 7_1,
J1+ cos?x Jsin2x [

k— uenoe). 924. LT (0 <[] < 1). 925.
x

1 b4
Z= . . = =
i T (x#=1). 926 l[x 4+k1t,
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— 1t _2sgnx o . S
h— wenee | 927. — . 928. ~2ENX (x % (). 929, —
(% < 1). 930. L2X1 931, -2 cos x - arctg (sin x). 932. _-_»1——1_

l+x 2x.Jx -~ larccos—
Jx
(x>1). 933, — 22+ (x> _4). 934. Jar- x2. 935. (x % ~1).

(x+a)(x?+b2)

936. —— (x| = ~1). 937. (arosin x)? (x| < 1). 938. ~2LST (0 < | < ).
xi+1 x?
xlnx xarccosx
939. (x_z:nﬁﬁ (x> 1), 940, Ziceoss (x| (f x| = )
12x5
942, —=— . 943. - —— (x <1 944—-— x| <1). 945.
(L+x12)? (1- x)sf ( ) 21~ (<D A/ax x?
x2 sin2x
(0 <x < a). 946. m ([x+ 1I<,\/§). 947. T . 948. m

(x  2k-1p g uenoe). 949, =X _ X _ )y ll*—x (|« < 1).
2 x 1- x2 1+x

x? ex 1 sinasgn(cosx - cosa)
950. T arctg x. 951. — 952. ETDR 53. R —
(cos x # cos a). 954. —L (0 < x| < 1). 955. LLrXT (y = 1),
(xt-1)Jx2+2 1-x
4 2x{cosx?+ sinx?) 1
956. ————88——— (x| <1). 957. ——— "~/ |0<|x|< [[k+Z]in
(1+x2)2./1-x2 (l ' ) A/8sin(2x2) ( | l ( ZJ

£E=0,1,2, ) 958. 2x[sgn(cos x2) + sgn(sin x2)] (lxl;t ’%‘ k=0,1,2, j

959, —ZMm_ . gmaresin® co5 m (arcsin x) (x| < 1).  960. a) ‘);_1 ;
e

1-x2

6) x3 . B) 1

64 1+ W1+ 4Tt Y1+ YTt 415 x?)d x%osé(sin;l—f cosﬁ) }ctgé

+3 i 3= 3
g2 n2 - sin(27) - In(sec2™) gay 1 4 X1 +1nx) + x5 (- +1nx+1n2x)
3 3/x?. cos22% *

(x>0). 962. £ 1x* (1 +alnx) +a*x*" (i +Inaln x) + x*a”" Ina(l +1n x)

1.
(x> 0). 963. x* 2 (1 - lnx)(x>0). 964. (sin x)! "~ - (ctg? x — In sin x) -

~ (cos x)} "5 ¥ (tg? x — In cos x) (0<x—2kn< g, k — U.enoe).

965. 1. %[x— 2Infx+ xlnxin(nx)] (x>1). 2.y = 2y{ a___rCti;‘ x
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N I ) .
«In arcsmsmzx + tgzx[ sinx - sgn(cosx) _ cosx - sgn(sinx)
arccos(cos®x) arcsin(sinx)./1+ sin?x arccos(cos?x)./1 + cos?x

(x = ]%‘ E=0, +1,..). 966. *i(logx )’ (x>0, x#1). 967. th® x.

968. ~—2 . (x> 0). 969. —L . 970, 8nGhx) (. » o) g7y axbchx
ch2x chx b

+achx

shix
972, - —S02% 973 — 2 _ arccos x In(arccos x) (] < 1). 974, ——X
J1+ costx 1- x? ) (4 ATEDE
-x? i —x2 x
975, —2neraresin(e *) (y » 0). 976, A2INA opotg 4r (0 > 0). 977. @) sgn x

3 1+ a?)?
(1_()-2x2)2 ( )

(x # 0); 6) 2|lx; B) i (x 2 0). 978.a) (x — 1)(x + 1)’(bx — 1) sgn (x + 1);

6) g sin 2x - |sin x|; B) (lx} > 1); ) n[x]sin 2nx. 979.y = -1 npn

x?-1

—0o<x<]l; y=2x-3 npu 1< x<2; y =1 npu 2 <x < +oo,
980. vy’ = 2(x — a)(x — b)(2x —a - b) npu x € [a, b]; y =0 npu x € [a, b].
1

981. y' =1 nipu x < O; y’:—l——npn0<x<+00. 982, y' = Ipu
1+x 1+ x2

“1<x<1; y = % npu [x| > 1. 983.y = 2xe** (1 — x2) npu |x < 1;

¥ =0 upnlx|> 1. 984. a) 1("“"2- g) 4= 86x+dxtr 227 () gy o2 1,

x(1-x2)’ 3x(1-x)(9-x?)

# +3); §" Gy 985, a) 2N YW E) (2x) 1 y(x) = O);
x )B)1=1x‘“’ r) — a) T (©°(0) +wi(x) = 0)
(@ (D) {x)-@(x)y'(x)) ol 1 y(x) _o'(x) .
6) ) T vE) @(®) Hu0) 0 8) "Wy (%) D e Iny(x)

yi(x) 1 _0'(x) Iny(x) v 2N, . i A e 2 N1
r) v el o(x) nfle) .986. 1. a) 2xf'(x%); 6) sin 2x{f(sin* x) — f’(cos® x)];
B) ¢/ [¢* /(e) + F((; 1) FF [N £l 1) 1000! 988. 327 + 15.
989.6x2.992.2)n>0;6)n>1;B)n>2.993. ) n2>m+L;6)l<n<m+1.
994. ¢(a). 995. [’ (a) = —¢(a), . (a) = ¢(a). 999. a) HeanddepeHuupyema
2kR-1
2

npu x = 1; 6) HegudpepeHUIUpPyeMa IIpU X = n, k — uenoe; B) nud-

(bepeHnpyeMa BCOAY; I) HeauddepeHIUpyeMa npu X = kn, B — 1eJioe;
n) Heguddeperuupyema npu x = —1. 1000, /' = f/ =sgn xnmpux Z0 u
f2(0)=-1, £/(0) = 1. 1001. f (x) = f, (x) = m{x] cOS X TIpK X Z LIENOMY UUCIY;
FI(ky=mn(k - 1)} —1)*, f (k) = nk(-1)" npu k uerom. 1002. ' (x) = f; (x) =

(k — nenoe); f: (2k2+ 1) -

s o s T b4 2
cos-+—s1n—)s n(cos-—) Ipu x #
( x x x £ x p 2k+ 1
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=— nop(_2 - T ’ Y _ xcosx?
@+ DI, £(527) = @k + DE. 1008, £'() = F(@®) 05! o

2k < x| < J(2R+)m (B =0, 1, 2, ..); fI(0) = -1, fi(0) = 1;
o (J(2k+ )m) = Foo, fi(N2kn) =100 (k=1,2,..). 1004. f (x) = fi (x) =

1

_1+(1+31_c)(); ’ ~ , ~ ’ . e
=———nupux#0; f(0)=1, f, (0)=0.1005. f (x)= f. (x) = =——

(1ee) Mg
mpu x #0; f(0)=-1; £ (0)=1. 1006. f' (x) = f. (x) = f rae £ =-1

mprn 0 <|x|<1 m e=1 npu 1< x| <+o0; f(F1)=-1, f (F1) = 1.

1+ x2
1008. f'(x) = f (x) = arctg x+2 - ﬁ mpn x # 2 [ (2)=FI.
1009. 1. a) fl(0)=—%, f1(0) = %; 6) F(1)=f ()= %; B) f (0) = £, (0) = 0.
1010. a = 2x,; b = —x>. 1011l.a = f (x); b = f(xy) — xof" (x4)-

ky+ky _aky+ bk, _ 3m? . m? .
e Y 1013.a= T ,b—~—2?3 . 1014. 3) MoxHo;
6) venbasa. 1015. a) Henwas; 6) Henbsa. 1016. a), 6), B) Pyuxuus F(x) Moxker
KaK UMeTh NpousBoaHyto F'(x), tak wu He umets ee. 1017. x =kn(k =0,
+1, £2, ...). 1018. a) He mooxer; 6) moxxer. 1019. 1) He obs3arensHo; 2) 06s-
satessrto. 1020, 1) He o6sizatensro. 1021, He cineayer. 1022. He
_1-(n+Dx"+nxr+!

’

1012. A=

cnepyer. 1023. Boo6iie rosops, Henbsd. 1024.a) P,

(1-x)?
..onx . n+1
Q - Ltx-(nel)xne @n?e 2n-neiontxnce o g _ sy s E
n 3 H ) n- T T s
(1-x) S X
sin=
2
nsin’—zcsingil-x~sinzfl—Jf nsh-'lzicsh(n+é)x~shz%’f
T, = 2 - 2. 1025. S, = .
2gsinzX 2X
sin 2 2sh 3

1026. S, = %. ctg éx_" —ctg x. 1029. 40m cm?/c. 1030. 25 m%/c; 0,4 m/c.

1031. 50 km/u. 1032. S(x) = %2 ,ecan 0 < x < 2; S(x)=x%- 2x + 2,
ecnn x > 2; Sx)=x,eciun0< x< 2; S(x)=2x -2, ecntt x > 2.
1033. S(x) = %' a?-x? + 92—zarcsin %; S'(x) = Ja? - x% sgn x (0 < |x| < a).

r 1 " 1
1034. yx_m.1035. yx _Tcosy

X .
x+1’

.1036. a) 00 < y < +00; x} =
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1 1
D) —00 < y < +00: x!' = 5 00 < < 400; x! = < <
) y I S ” B) ¥ x, ok ;) -l<y<l;

X, = i 1087 @) xy = N1 l-y (o< y < 1) xy = N1-/T-y

O<y<1)ya=nl-Slopg (0<y<1) x,= J1+/1-y (00 < y< 1):

= 1 - . [y < Coel = y
= =1,2,3,4); 6 =l (0 y< 1) xy= |-
YT RO (i ); 6) x, Wiy (0<y<1) x N

O<y<1)x :53‘5.2 (i=1.2); B)x, = -In(l + JT-y) (-0 < y < 1);

x—1n+___141(o y< 1) ) = L (i=1,2). 1038 L/A:»%x

2(() X _ - Zx

x(1+ 053 -2 =334 ). 1039, , il_iﬁ (t>0,¢#1). 1040. y, = -1
0

(0 <x<1). 1041, y, = g ctg t (0 < ltl < ). 1042. y, = [-; cth ¢ (¢] > 0).
[’

1043. ! —ftgt[ ¢ 2

n k— U,enoe 1. 1044. y. =ctg % (t # 2kn, k —

uenoe). 1045, y, —tgt - tg\ % + k1 75 + knt ) 1046. y, =sgnt

(0 <t] < +00). 1048, y' = l;“—‘ﬂ 3 . 1049. E .1050. -2 1051. —Ji

1052. ~3ﬁ. 1053. £1¥ . 1054. a) tg (¢ + arcig ¢); 6) ctg i;E L(p?‘—O,
X x-y 2

(p;ti%’—rj; B)tgf<p+arctg»1—). 1055.a)y:fi/4(x+1); y:f%.g(x-kl);
' m

B)y=3,x—2;:8)x=3,y=0.1056. a)(% %) 6) (0, 2). 1058. || < I u

23’_‘ < |x| < n. 1089. max |y, - y| = 10n = 31,4. 1060. § . 1064. a)2arctg%,
‘a)
ye 2
6) X. 1066. 1069. L2, 1071. b - 4ac = 0. 1072. ) +(4) =o.
2 n lal \ L2
1073.a:2i. 1077.2)3x — 2y =0, 2x +3y=0; 6)3x-uy—1-0,
4
x+3y-7T=0.1078. a)y =x,y=-x;6)3x-y—-4=0,x+3y-3=0;

B)y =-x;y= x. 1079. y - 2a = (x — aty) ctg t—é—“ KacarenpHaa K

LMKJIOUJE TIEPHEHAUKY.IAPHA K OTPE3KY, COeMHAIIIEeMY TOUKY KAacaHUs ¢
TOUKOU CONpPUKOCHOBEHUA KaTsierocss kpyra. 1081. 3x + 5y — 50 = 0,
5x - 3y — 10,8 = 0. 1082. x %21/73—0 2x -y~ 1=10.1083. Af(1) = Ax +
+ 3(Ax)? + (Ax)*; df(l) = Ax. a) 5, 1; 6) 0,131, 0,1; =) 0,010301, 0,01.
1084. Ax — 20At + 5(At)?, dx = 20At; a)25m, 20 mM; 6) 2,05 M, 2 m;



468 OTBETBI

1087.

x2 z~a

5) 0,020005 M, 0,02 M. 1085. ~4§ (x # 0).

(Ix] = |al). 1088. . 1089. Sf“a dx (jx} <lal). 1090. a) (1 + x)e*dx;
2ra Ja
: 3d . -1 . d R d
mxmx“”%?%”¢””zﬁ%““>”“W%%TQuj$
(e < 1390 -2 (o] < 15 9) L (> 15 m) 25 (w2 E 4 in

k— uenoexj. 1091, vw du +uw dv + uv dw. 1092, LLE=2Ldl () = ),

1003, ~#44rvdl (2 4 p? > 0). 1094, MILZBD (2 4 2 > 0),
+ U :
(u? (»v‘*)2

1095. udu+vdv (u? + v? > 0). 1096. a) 1 — 4x° — 3x5; 6)—(COSx 51;1x),
u + U

B) —ctg x (x # kn, k — uenoe); r) -tg? x (x Z g + kn, kB — uenoe!) ;n) -1

(x| < 1). 1097. a) YBeanunrca Ha 104,7 cm?; 6) yMeHbIIUTCA Ha 43,6 cm?.
1098. ¥Yeenuuute Ha 0,0223 M. 1099. 1,007 (mo Ttabaunam: 1,0066).
1100. 0,4849 (o rabauuam: 0,4848). 1101. -0,8747 (10 Tabnuuam: —0,8746).
1102. 0,8104 = arc 46°26 (no ra6auuam: arc 46°24"). 1103. 1,043 (110 Tab-
armam: 1,041).1104.1. a) 2,25 (o rabnunam: 2,24); 6) 5,833 (1o rabaunnam:
5,831); B) 10,9546 (1o rabnuuam: 10,9545); 1105. a) 2,083 (o Tabnuiam:
2,080); 6) 2,9907 (o Tabaunuam: 2,9907); B) 1,938 (110 Tabauumam: 1,931);
r) 1,9954 (no rabauuam: 1 9953) 1106. 0,24 Mm%, 4,2% . 1107. 5, <0 33%.
1108. a) 8, = 5;; 6) 8, = 28,. 1109. 0,435. 1111. ;‘_QM 1112.

2)3/2

(1-x7)2

(x| < 1). 1113. 2¢~* (22% - 1). 1114, 28002 [x 2z 2itly p—o, 41, )
cosdx 2

1115. iix_2 + 2 arctg x. 1116, — 3% _ 4 (I+ 2x%aresinx g1 3y 3777, 1
+ X X

(1 2)2 (1 _ x2)5/2
(x > 0). 1118. _(ﬁf-%‘)ufz—) (f(x) > 0). 1119. —% sin (In x) (x > 0).
1120. y(0) =1, 5/ (0) = 1, y"(0) =0. 1121. 2(uw” + u’?). 1122. ‘”‘"u; Wt "”"v; v?

2 - Y2 ’ v
(v > 0). 1123, &2+ Y X““(u*fzz));z(“ v uv)® (2 4 p? > 0). 1124, i = u’ x

2 1,1
v— Fuing ) +odow? o 200 e ]l 1125, 7 = 4 (xR +
U u? w y

+ 27 (x2); y” = 8x? f(x?) + 12x F7(x%). 1126, y” = % f@ +% f@

A - 2 - S ven v e oren
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Y= e + e e + e (e). 1128,y = L[(n 1) — £(n D));

= xls [F(In x) = 3f"(In x) + 2f(In x)]. 1129. 5" = @"*(x)f"(p(x)) + ¢"(X)f (9(x));

¥ = @) (@(x)) + B (x)9" (X)f (@) + @ (x)f (9(x)). 1130. a) e* dx?;
6) e(dx® + d?x). 1131, —4X° 1132, 2Inx-3 5.2 (45 ).
(1 + x2)3/2 x3

1133, x* [(1 +1n x)? + l} dx®.  1134. u d? + 2 du dv + v du.
X

1135. (vd?u - ud?v) - zdv(vdu—udv) (v>0). 1136. u™ "~ 2 - 2{[m(m_1)v %
v

x du?® + 2mnou du dv + n(n — Du? dv?] + wo(mv d?u + nu d?v)}.
1137. a* In a(du® In a + d?u). 1138. [(v* — u?) du® — 4uv du dv + (12 — V%) dv? x
x (W + v)(u d?u + v dP)(u? + vH) P w? +v?>0). 1139.[-2uv du® +
+ 2(u? - v¥) du dv + 2uv dv® + (u? + v?‘)(v d%u — u d?v)](u?® + v?)?

24 02> 0). 1140, y" = —3 ; y"=—3 _(t#1). 1141 y" = ——1

U +v7>0) 0-v =i 'Y T e t)’( )- V= e
1 COSi

y” =35 (4 hn, kb — nence). 1142.y" = - g oy — 2
a*sin’¢ soqt 2aintl
4asint~ 4a2sin7=

2 2

(t = 2km, k — uenoe). 1143, y" = —C ;7 = €X(2sint+ cost)
20053( g) ﬁcos5(t+§)
t¢’£+kn,k=o,¢1,¢2,...).1144 =L =0 (=0
(1= V= s v = L8 w0,
1145. x/zl' =_L x lvgn;_3guz .xIV:_‘y’ZyIV ].Oy’ u /u+15yu3

y;’ y/g’ y:5 y'7

S+ 0). 1146, % 25 _Tx 3 25 225 yy40 p _pt 3p3.
(v #0). 1146 %, -2 Tox 3 28 25 yi47.0, -0 32

114 _ x-y 7 6 , 1 _ 54x . 1149. ’_ 2x3g;
SV VT G VT Gy STy

’” 2x y 1+ 22+ 1__ X . . Xty. u=2!x2+22!.
y (1+ % ~[3( y°) 2x ( ). 1150 y P y TEL

1151. a = —;—f”(xo); b= f(x); ¢=flx). 1152.20 — 10¢, —10; 0, ~10.

2na 27 4n2a 27
1153. v = —=== sin =1, = — cos =t. 1154. x = vyt cos Q,
53 T T w T2 T 0
5 E 2
y:votsina—g—t—z;v:Jué—ZuOgtsina+g2 t2;w=g;y=xtga—#———:
2 2vgcosia

2
vl sin o, Ug

5 sin 2a. 1155. x2 + y? = 25; 5|, 5w 1156. ' = 4 - 6!; y'” = 0.

_am(m+1)(m+2) ” (o) _ _ 17! > n
1157. y” pore (x #0). 1158. y —21°x9ﬁ (x>0),rnen
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ofoaHauaer Npor3BeaeHe HATyPaIbHBIX UUCe, He TIPEBBIIAIOLUX YUCIA 1T, |

0AMHAKOBOM YeTHOCTH ¢ HUM, T. e. 17! =1-3-5 ... 17. 1159, y® = (1?—;)9

100) _ 1971(399 - x) 20) 920 2x,
(x=1). 1160. 3! 2100(1_”100@ (x <1). 1161. y2 = 222%(x? 4 20x + 95).

0 .
1162. 19 = ¢* Z 1)‘ , The A5y =10-9-...(A1~i) un A% =1.
_6_

(x > 0). 1164, y® = % - 13(260 Inx (x> 0).

5
1163. y® = - por
1165, y®» = 250 ( x? sin 2x + 50x cos 2x + ==£2 1225 sin Zx). 1166. y =

= 27(1-3x)"- 36 27_36 sin 3x — 20(L-3x)’ 28 2);28 cos 3x (x¢ %) . 1167, yt9 =
(1-3x)3 (1-3x)%
-28 sin 2x — 2" sin 4x + 28 - 3'%sin 6x. 1168. y'%9 = x sh x + 100 ch x.

1169. y'V = —4e* cos x. 1170, y(® = ‘% + (_1_;_1; - % + %) sin 2x +

+(8 - 18 + 120 4 321nx ) cos 2x. 1171.120dx. 1172~ 15 ax?
x x x? 8x3 Jx

(x> 0). 1173. -1024(x cos 2x + 5 sin 2x) dx'°, 1174, ¢* [ln x+ % -5 4

xZ
+ x% - ;fi) dx!. 1175.8 sin x sh x dx®. 1176. 2ud"u + 20 du d’u +
+ 90 d?u dPu + 240 d®u d"u + 420 d'u du + 252(d%u)?. 1177. e“(du’ +

+6du® d’u + 4 du d’u + 3 dPu?+ d'u). 1178, 24yl _ 3dudiu  du
u 173 u

1179. d?y = y” dx® + y’ d%x; dy =y dx® + 3y” dx d’x + y d*x;

d'y = yVdx' + 6y dx?d’x + 4y” dx d’x + 3y” d’x® + y d'x.

dx dy dx| 4% dy |_ 342, dx dy
dixdry| . | dxddy d2x dzy D ot
1180. y T ; P 1187, PP(x) = a,n!
1188, L)-tnlen-t(ad - be)  qqgg. n![ﬂﬂ + __1__} 1190. (-1)"n! x
(cx+d)'”1 x:Hl (1~x)I141
1 1 1.3...(2n-1 1
- - . 1191. x < =
o= ~ &5 =R [xo< )
- 2) -1 02}

(1)"1.1-4..(3n-5)3n+2x) -1
1192. Tyt (n>2;x#-1). 1193, -2 cos( 2 +2F).

o1 + oy ,§~( M)_Q-( y_t)_
1194. 2 cos[Zx 2) 1195 4sm x + 3 n sin { 3x + 5

1196.% cos(x+ -”2—n) +§4—" cos[3x+ ”7“) . 1197. Q——Z—QX cos[(a—b)x+ %‘} -
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_(a+ b)) nn (a-b)" _ nn (a+b)n
5 cos[(a+b)x+ 2:|.1198. 3 cos[(a b)x + 2} + 3 X

X COS [(a+b)x+%‘] 1199. @ sin [(a_b)erpz_n] N a+2bnx

. nn b np) _ (2a-b)" - nn)
><sm[(a+b)x+ 2]1200. 5 cos(bx+ 2) 1 cos[(Za b)x + 2}
~ 2arb) g [(Za + bx + M} 1201. 4"~ ! cos (4x + ﬂ)

4 2 2
n nn n=1 g nn nl[,.2_nn-1)
1202. o xcos(ax+ 2) + na sin (ax+ 2). 1203. a [x p }x

X sin (ax + %T) - 2na"" ! x cos (ax + %I) . 1204. (1) [x? - 2(n — D)x +

+ (n - 1)¥n - 2)]. 1205. ¢~ {l + i(~1)k "("—1)“‘("—“1)},
* k=1

xk+1

1206. ¢* - 2%/2 cos(x + %—T) 1207. ¢ - 27?2 sin (x + %T)

a

b)'

1208, =D r 4 opyy 4+ (1)@ - bx)7] (le <

(aZ - b2x2)n

1209. ¢ [a"P(x) + Cla" 'P/(x) + ... + P"(x)]. 1210. %{[(x + n) -

- D)"x-n)]chx +[(x+n)+ (-1)(x—-n)]shx}. 1211. d"y = e* [ x" 4+

dx"

2!

I B L (/8 VLW R S +n!:| dx". 1212. giL’”{lnx— il.
xn*l 1

i=1

(x> 0). 1214. a)(a® + b2)g . [cos (n(p - 9—27—[) ch ax cos (bx + pz_n) -

- sin (n(p - %t) sh ax sin (bx + Mﬂ ; 6) (a?+ 122)g [cos (ng — %T) ch ax x

2
~ AT 4 - nm nn -_=a
X sin (bx+ 7) +sm(n(p 3 ) sh ax cos (bx+ 5 )],mecoscp ="
-1
i = b ) =E _ + kon-2p+1 RV AP 9p —
sin ¢ = ——2—. 1215. f7(x) (-1p **2 (p = K" C3, cos [ (2p

0

k=
- 2k)x + 2F). 1216. a) i (_1),;”@-_223;12 Chp. 1 sin |:(2p -2k +
k=0

-1
+ Dx + 55 6) E 2% N p — B)"Cy, cos [(2p - 2R)x + %‘}

k=0
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92p

P n n
“>Z |Mczp,lcos[(gp o+ 1w + L H 1218, G- 1t

(14 22y
< sin (n arcetg x) (x # 0). 1219. a) L2 4 (1) 6) E%L (n>1).
1220. 2)n(n - Da" "% 6) f“"’(O) =0, 2 D0) = (-1)H2k) (=0, 1,

2. .00 B) fEN0) =0, f2 D =(0)=[1-3 ... (2k- D (k=0,1,2,..).
1221, a) /79(0) = (=1)'m? (m? = 22) ... [m® — (2k ~2)*], f =1 (0) = 0;
6) f12°(0) = 0, (0) = m, [@*1(0) = (=1)'m(m? = 1%)...[m? ~ (2k ~1)?]

, 2% {13k, _ 1 1
(h=1,2,..). 1222.a) f29(0) = (-1)* "' - 2(2k 1)!(\1+3 +...+_2k—1),

FET0) =0 (R =1,2,..; 6) f(0) =27 [(k- DI, f#7D(0)=0
(k=1,2,..). 1223. nlg(a). 1228. L,(x) = (-1)" |:x'" - mixmh 4+

m

PR et () ml] 1281 H

o ()= @0 - 2oL a2 4

pomdm - 1)(”21' 2)(m - 3)(2x)m =1 — .... 1236. IIpu x = 0 He cymecTByer

KoHeuHo# npoussoaHoil f(x). 1244. A (-1, -1), C (1, 1). 1245. He BepHa.

1 }x2+xAx+l(Ax)2—x
1246. 2) 0=2; 6 0 = 3 (x > 0, Ax > O);

B Ax

_x Ax ¢ ) R -1 e
n)an_;( 1+ - 1) (x(x +4x) > 0); 0= In

2. 1250. Boobime rosops, Her. 1261. f(x) = ¢y + ¢;x + ... + + ¢, _;x" "1,

*1. 1248.c:% WU

raec, (i=0,1,...,n- 1)nocrosuusl. 1268. TIpn —00 <x < % (pYHKIIUA BO3pACTaeT,

api % < x < 400 y6piaer. 1269. Ilpu -0 < x < ~1 QpyHKIMA yOBLIBAET, IIPU

-1 < x < 1 Boapacraer; npu 1 < x < +20 y6pmsaer. 1270. TIpu -0 < x < ~1
Qvuking y6umaer, upu —1 < x < 1 (pyHKUUA Bosdpacraer; npu 1 < x < +00
yoemaer. 1271, IIpn 0 < x < 100 pysknua soapacraet; npu 100 < x < +00

vorBaer. 1272, dbyukuusa soapacraer. 1273. B npoMeskytrax (%’—t , {ez_n + g)

kno x. ko4 g) yowiBaer (B =0, t1,

(OVHKLI15 BO3PACTAET; B [IPOMEXKYTKAX (—Z— 33

1 [ 1 1
12 ) - - j
..). 1274. B npoMesxyTKax \ 2}» AT ( i1l 72 QyHKIUA

1 1 1 1 j
BO3DACTACT; B [TPOMEHK Kax 5 u =, T GBIBae
03t p yr (2k+2 2k+1) [ 2% 2hs1) Y T

(k=0,1,2,...). 1275. IIpu —~o© < x < 0 Qpyuruuda yboisaer; ripu 0 < x < T%—Z
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BO3PaCTaeT; [Ipu 12_2 <x <4ooypbiBaer. 1276. [Tpu 0 < x < n QyHKIUA BO3pacTacT;
n

npu n < x < +00 y6pisaer, 1277. YobieaeT npu ~00 < x < -1 u 0 < x < 1; Bospacract

n 13n
- o5+ 2km = ¢ 2Zki
mpu —1 <x <0nl <x <400, 1278. B npomeskyTKax ( ¢ 12 , e 12 ‘
\ ,
_13‘11 r 2hT m ~ 2kn
(PYHKIUA BO3PACTALT;, B IIPOMEXKYTKAaxX (e 12 , e 12 ijbIBBET

(k=0, %1, £2,...). 1283. He o6a3arenpno. 1298. B rouke A KpuBas BOTHY ra
BBEpX; B Touke B BorHyra BHu3; C — Touka neperunba. 1299. I'padur npn
—00 < x < 1 BoruyT BBepx; npu 1 < x < +00 porHyr BHU3; ¥ = 1 — TouKa

neperu6a. 1300. IIpu x| < L — poruyrocTs BHU3; npu || > L — BorayTOCTE
J3 NE:
BBEDX; X = i% — rtouku neperu6a. 1301, ITpu x < 0 — BOTHYTOCTH BHUS;
3
1pu x > 0 — BorayrocTs BBepx; X =0 — rouka neperuda. 1302. Boruyrocts

peepx. 1303. Ilpu 2kn < x < (2k + 1)@ — BOIHYTOCTb BHI3: MNpl
(2k + 1)n < x < (2k + 2)m — BOTHYTOCTB BBEPX; ¥ = kT — TOUKU neperuda

(k=0, 1, 22, ...). 1304. Ipu |« < AE — BOTHYTOCTbL BHM3; IPH |x| > Jg -

BOTHYTOCTh BBEPX; X = iA/% — rouku neperuta. 1305, Ipu |x} < 1 —-

BOPHYTOCTH BBEepxX; npu |x| > 1 — BorHyrocts BHU3; x = ~1 — TOUKU
2hm - 32 2km 4 T
nepern6a. 1306. Ilpu e b <x<e 4 — BOTHYTOCTBH BBEDPX; Mpil
2kn+ 0 2km s 28 .
e <y <e ¢ — BOTHYTOCTbH BHH3; X = ¢ + — rouKy

neperuda (k = 0, £1, £2, ...). 1307. Borayrocts BBepx mpi 0 < x ~ 40X,

1309. 1 = Jf— 1310. BormyTa sEua (npn a > 0). 1318, % 1319. 1.
o2
1320. 2. 1321. -2. 1322. % 1323. —%. 1324. % 1325, % 1326, é
V2
1327.1.1328. =% 1329. 1 1n 4. 1330. -2. 1331. 1. 1332. (9) .1333. L.
3ab 6 b G

1334. g 1335. 1. 1336. 0. 1337. 0. 1338. 0. 1339. 0. 1340. 0. 1341. 0.

1342. 1. 1343. 1. 1344. —1. 1345, ¢*. 1346. ¢™". 1347. c7. 1348. ¢

1349. 1. 1350. 1. 1351. 1. 1352. ¢oni (a - "2”, k — ueoe |

%(Inzn - InZb)

1353. ¢ . 1354. % . 1355. % 1356. 0. 1357. w% . 1358, a’(ln a - 1).

1 1 1 1

.1362.1. 1363.a)eb;6) e 6;B)etir) e ¥

.2
n

1359. —Eé . 1360. 1. 1361. ¢
a
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Bl 1 2
K) e 6.1364. ¢ 2. 1365. ¢ . 1366. ¢-'. 1367. . 1368. a) Je; 6) 0.

1 : =_L =1 1
1369. -1. 1870.a. 1371 tga. 1373.2.f(0) = -5. 3.y €(x+ 2).

1374. a) IIpasuno Jlonmuransa HellpUMEHUMO, [1peses paBeH HYJ10; §) npa-
BuJjo JlonuTans HeIpUMEHUMO, IIpeses paseH 1; B) QopMaJbHO NPUMEHEH~
Hoe npasuJo JlomuTana gaer HeBepHBIN peayiabrarT, pasHblil 0, npesxen He
CYIIeCTBYeT; I') npuMeHeHHUe lpaBuia JlonuTansa HE3aKOHHO U IPUBOAUT

K HEeBEPHOMY Pe3yJIbTaTy, PABHOMY HYJIO, ITpejen He cyiecrsyer. 1375. 4 .

3

1376.5 ~ 13(x + 1) + 11(x + 1) - 2(x + 1)% 1377. 1 + 2x + 2 — 2x* + o(x");

~48. 1378. 1 + 60x + 195027 + o(x?). 1379. a + 2 - (M- Dx? 4 2
mam— 2m2a2m—-1

1380. x +x* + o(x®). 1381. 1 + 2x + + 2 —§x3—2x4—1—15x + o(x%).

X oy o2  xt 1 _oxt o xi8 13

1382, 1 5 + 1z 755 + o(x"). 1383. x B 3510 + o(x').
— X oyt L a0, 2

1384. 5 13 + o(x®). 1385. x 3 + o(x?). 1386. x + 3 + 15 + o(x5).

_xr o xt xf 6 1y L, 1y Y

1387. G 180 3833 + o(x"). 1388. 1 + 2(Jc 1) 8(Jc 1%+ o((x — 1)°).

1389. (x — 1) + (x — 1)% + é(x 1)+ o((x — 1)%). 1390. y = a + g?i + o(x2).

1 1 1 h h? -1 h"
Vo — — ~].1 . L - . —1yr-1 A ny.
13912 83+O( 3) 392 lnx+x 22+ +(-1) nn+o(h)

1394. a) MeHb1re 6) He IpeBbIIAeT B) MeHsme 2 - 107%;

3 . 1 .
(n+ 1)’ 3840°
I') MEHbIIIe % .1395. 1. [x] < 0,222 = arc 12°30". 1396. a) 3,1072; 6) 3,0171;

8)1,9961;r)1,64872;1)0,309017;¢)0,182321;:x)0,67474=arc38°39'35";
3)0,46676 = arc 26°44°37”; u) 1,12117. 1397 a)2,718281828; 6)0,01745241;

1) 0,98769: r) 2,2361; 1) 1,04139. 1398. —-L . 1399. 1 . 1400. 1.1401. l.

1402. 1 1 . 1403. 1n? a. 1404. 1 1 . 1405. 0. 1406a)l 6) 19, )—,r) L 1407. g;

1408.x.1409.’_‘.1410.1.a:5;b=—1.2.A=-_;B= .3.A=1,
2 3 5 15

5

WIN Dol =

C=-1, D=L 110 &6 inn 40 D 14120

12 100

B= 1 .1413. 1(20 rJIe oL — MOJIOBUHA IEHTPAILHOrO yraa ayru. 1414, Makcumym

y= ZZ Ipu x = § . 1415. 9xcrpemyma Her. 1416. Munumym y = O nipu x = 1.

1417. MunumyM y = 0 npu x = 0, ecau m — yeTHOE, ¥ SIKCTPEMyMa HeT I1pu

— . _ mm™n" _m
x=0, ecnau m — He4YeTHOE; MAKCUMYM J = m npux=
m+n m+n

s MUHUMYM
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y =0 npu x =1, ecniu n — yeTHOE, U 3KCTPEMYMa HeT 1pu x = 1, ecid n —
meuerHoe. 1418, Munumym y = 2 npu x = 0. 1419. Munumym y = 0 opu
x = —1; MaxkcumyM y = 10'%° = 1 234 000 npu x = 9. 1420. Makcumym
y =1 npu x =0, eciu n — HeYeTHOe, ¥ 3KCTpeMyMa Her Iipu x = 0, ecau nn —

yetHoe. 1421, Munumym y = 0 npu x = 0. 1422. Makcumym y = é 3/4 = 0,529

npu x = %; muaumMyM y =0 mpu x = 1; akcTpemyma Her npu x = 0.

1423. Munumym f(x,) = 0, ecnu ¢(x,) > 0 u n — yeTHOe; MakcuMyM f(xy) = 0,
ecau O(xp) < 0 u n — 4derHoe; f(x,) — He BKCTPEMYM, €CJIU n — HeUeTHOoe.
1425. Her. 1427. a) Murumywm f(0) = 0; 6) muaumym f(0) = 0. 1428, MuHuMy™M
7(0) = 0. 1429. IIpu x = 1 makcumym y = 0; npu x = 3 MuHUMyM y = —4.
1430. MunumyMm y = 0 npu x = 0; makcumym y = 1 ipu x = =1, 1431. IIpu

5-./13
6

= (0,23 MuHHMyM y = -0,76; npu x =1 makcumym y = 0;

x =
pyu x = éié@ = 1,43 muanmym y = —0,05; npu x = 2 sKcTpeMyMa HeT.

1432. IIpu x = —1 makcumym y = ~2; npu x = 1 Mmunumym y = 2. 1433. Ilpu

x = -1 MmurumyM y = —1; nupu x = 1 Mmakcumym y = 1. 1434. Ilpu x = 1

=

o

MUHUMYM Y = —2%4 . 1435. IIpu x = 0 u x = 2 — kpaeBoit MuHUMYM y = 0; 11pu

x = 1 maxkcumym y = 1. 1436. IIpu x = i- MHHUMYM Yy = —g 3/2 = -0,46;

npu x = 1 sxcrpemyma Her. 1437, Ilpu x = 1 makcumym y = ¢! = 0,368.
1438. Ipu x = +0 xpaesoit maxcumyM y = 0; npu x = ¢ 2 = 0,135 MUHUMYM

y = ~2 = 0,736. 1439. Ipu x = 1 Munumy™ y = 0; npu x = e? =~ 7,389
e

MaKCUMyM Y = 6—42 ~(,541. 1440. IIpu x = kn (k =0, 1, +2, ...) MakcumyM

y=(1)F+ é; npu x = i%’-‘ + 2kn (B =0, £1, 2, ...) MUHUMYM y = —% .

1441. TIpu x = kn (k= 0, +1, 2, ...) Maxcumynm y = 10; npu x = n(k + %)

(=0, %1, 2, ...) musumMyM y = 5. 1442, IIpu x = 1 MaKCUMyM | =

w1

- % In2=0,439. 1443. Tpux = ~% + 21k (k =0, £1, £2, ...) MusmMyM

_n,
y= —-“/2—5 e 4 m; npu x = 3—4’-‘ + 2k (K =0, x1, £2, ...) MakcUMyM

rn,
y= g et an. 1444. TIpu x = —1 makcumyM y = e™2 =~ 0,135; npu x = 0

MunumyM y = 0 (yruosas touka); npu x = 1 makcumym y = 1. 1445, é 3 32,
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1446. 2; 66. 1447. 0; 132. 1448. 2; 100, 01. 1449. 1; 3. 1450. 0; lgﬂ ~ 36,8.

_3n
1451. 0; 1. 1452. 0; %(1 +.J2)=1,2. 1453. -—“/2-§-e 1 =-0,067; 1.

1454. 1. m(x)=—l, ecau —0 < x < -3; m(x) = 1+ x , ecan ~3 < x < ~1;
6 3+ x?
m(x) =0, ecnu —1 < x < +00; M(x) = %,ecnu—OO<x<1;M(x)=%,
+

1410 2107 6) L. ~
ecnm 1 < x < +oo. 1455, a) o = 1,77 107 6) 505 8) J3 = 1,44,

1457. 9_**46—@ ~4,85. 1438.q = —%. 1459. 217. 1460. g(x) = (x, + x,)x —

- %(xf + xg +6x;x5); A= %(x1 - x5)%. 1461. % . 1462, OuH Kopens: (3, +00).

1463. OxuH KopeHb: —© < x; < —1, ecnu b > 27; Tpu KOpHA: —00 < x| < —1,
-1 <x2,<3u3<x; <400, ecau -5 < h < 27; ouH KOpeHb: 3 < x3 < +00,
ecnu h < —5. 1464. JIpa xopHa: —© < x; < -1 u 1 < x, < +0c0, 1465. Oaun
KOpeHb: —0© < x; < —1, ecnu -00 <a < —4; Tpu KOpHA: —00 < x; < —1,
“-1<x,<1ul<x;<+, ecnu —4 < a < 4; oquH KopeHs: 1 < x; < +00,
ecau 4 < a < 400, 1466. Onqun xkopenb: 0 < x; < 1, ecau —°0 < k < 0; aBa

}copuﬂ:0<x1<i I/I% <x, < +00,ecnu 0 < k < l;}copHef/'n-IeT, ecmn k> 1.
€ e
2

1467. KopHeii Het, ecnu a < 0; ofMH KOpeHb: —00 < x; < 0, ecan 0 < g < % ;

2
Tpu}copm{:—oo<x1<O,O<x2<2u2<x3<+00,ecnu% <a <+,

1468. Ilpa xopua npu la| < 3./3 /16; Her kopHeit npu |a| > 3T—“é§ . 1469. IIsa

KopHaA: 0 < |x,| <& u& < |ay| < +00, rre &= 1,2 — nonosuTENBHBIN KOPEHD
ypasHenusa: cth x = x, ecnu || > sh & = 1,50; xopneit Her, ecnu k| < sh &,

1470. a) QL; + i—g > 0; 6) QL; + i—g < 0. 14719, CuMMeTpus OTHOCUTENBHO
Hauana KoopauHat. Hyau dyukuum: x =0ux = £ = J3 +1,73. Munumym
y=-21pu x = -1; makcumyM y = 2 nipu x = 1. Touka neperuba x =0, y = 0.
1472, CummMerpuda oTHocurensHo ocu Oy. Hynu x = 41+ J3 = +1,65.

Munumym y = 1 ipu x = 0; MakCUMyM ¥y = 1% npu x = +1. Touku neperuba:

x= i% =+0,58;y=1 % . 1473. Cummerpus orHocuTenbHo Touku A (1, 2).
3
Hynu: x = -1 u x = 2. Mudumym y = 0 npu x = 2; maxcumym y = 4 npu

x = 0. Toura neperuba: x = 1, y = 2. 1474. CumMmMerpusa oTHocUTeNBHO ocK QY.

U K 3agauam Ha nocTpoeHue rpad)MKOB HE Beaje NAOTCA [I0JHbIE OTBETHI.
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Hynu pyarnun: x = £./2 = +1,41. Makcumym y =2 npu x = 0; MUHUMYM
y=1- iz-g =~-0,12npux = im = +2,06. Toukn neperuda: x; , = *0,77,
Y12 = 1,045 x5 4 = *2,67, y;, = —0,010. Acumnrora y = 0. 1475. Touxnu
paspbiBa: x = 2 u x = 3. Hynu: x = +1. Munumym y = —(10 - J96) = -0,20
npn x = ks—m =~ 0,42; maxkcumym y=—(10 + J96) =~ -19,80 npu

x = 7;:/—271- =~ 2,38. Touka neperuba: x = —0,58, y = —0,07. AcumMnToTHI:
3]

x=2,x=3uy=1.1476. Touku paspsiBa: x; = —1 u x, = 1. Hyns dyHxnuu
x = 0. Touex skcTpemyma Het. Touka neperuta x ~ -0,22, y~-0,19. Acumn-
Torel: x = -1, x = 1uy=0.1477. Hynps pyuxnuu x = 0. Touka paspsisa

x =-1. Musumym y = 0 ipu x = 0; MAKCUMYM Y = ~9-12-% npu x = —4. Touek

neperu6a Her. AcuMnrorsl: x = -1 u y = x — 3. 1478. Munumym y = 0 npu

x = —1; Touka neperuba x = -4, y = 6871" . AcumnroTel: x =1 u y=1.
3]

1479. MakcuMyMsl iy = _% = —8,82 npu x = —-3+—2“/E = -3,56 u

y =0 nopu x = 0; MUHUMYM Y = 24—“/1-—;%_—& =~ —(,06 npu x = @ = (,56.

Touka mneperuba x = -51;, y= *11—5. Acumnrorer: x = -1 u y=x - 3.
1480. CuMMeTp U OTHOCUTEIBbHO Havaa KOOpANHAT. ToUYeK 9KCTpeEMyMa HET;
Touxka nepermba x = 0, y = 0. AcCHUMITOTH!: =-1, x=11n y=0.

1481. MunumMyM y = 13% 1py x = 5; ToukH rieperuba: x =—1, y = 0. ACUMIITOTHI:

x=1uny=x+5.1482. MusumMym y = 2% Ipu x = 2; MaKCUMyM y ~ -3,2
npu x = —2,4; touka neperuba x = 0, y = 8. AcuMnrToTsl: X = ~1 u y = x.

1483. CummMerpus otHOcUuTensHO ocu Oy. Hynu GyHruumn: x ==+ -“/%_0- =+0,79.

Touek sxcTpeMyMa HetT. T'ouky nneperuba: x = i«/g =40,71,y=-2 g . AcuMmToThI

x=-1,x=0,x=1uy=0. 1484, O6snacTs cyuecrpoBanua: 0 < x < +00,
Hynu: x = 0 u x = 3. MuHuMyM y = —2 1pu x = 1; kpaeBoil Makcumym y =0

1pu x = 0. Borayrocts Beepx. 1485, a) OBacTs cyruectBosanua: x| < 2./2 = 2,83,
CuMMeTpusA OTHOCUTENBHO Hayajla KOOPAUMHAT ¥ Ooced KoopauHaT. Hynu:

x=0mnx=22/2. Makcumym |y| = 4 npu x = +2; muxuMyM ly| = 0 upu
x = 0; KpaeBoll MUHUMYM |y] =0 npu x = +2./2 . Touek meperu6a Her;

6) Hynb Qyukiny x = 2. MUHUMyM § = — JB =—2,24 npu x =—0,5. Touxa neperuda
X, = ~§iéj-4~—1 ~1,18; y, =~ 2,06 u x,= __ﬁ%:é ~0,42; y,~ -1,46.
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Acumirrorsi: y = ~1 npu x — — u y = 1 npu x — +°. 1486. O6nacrs
cymectsoBaHusa: 1 S x < 2u3<x <40, Hymx=1,x=2nx = 3.

Makenmym y = 51) Y12 ~0,62npnx = 9—%‘—/—3 =~ 1,42; kpaenvie MUHUMYMBI
yl=0 mpa x=1,2u8. 1487. Munumym y =0 npu x = 1; mMarcnmym

y = g 3/4 =~ 1,06 mpu x = -% ; Touka neperu6a x = -1, y = 0. Acumurora:

y=x- % . 1488. Cummerpus otHocurepio ocu Oy, Munumym y = —1 npu
x = 0. BoruyrocTs BEUa. Acumirora: y = 0. 1489. CuMmmerpusa oTHOCUTEBHO
Hauasna KoopauHar. Hyne ¢pynrnuu: x = 0. Munumym y = —3/16 = -2,52

npu x = -2; makcumym y = %16 npu x = 2. Touxa neperuda: x =0, y = 0.
Acumnrora: y = 0. 1490. Cummerpusa orHocnTensHo oc Oy. MuruMyMm

y= 3/4 =~ 1,59 upu x = +1; MakcHMyM y = 2 npu x = 0. Boruyrocts BHU3.
1491. CummerpuAa OTHOCHTEJIBHO Hauana KoopauHar. Touka paspniBa:

x = *+1. Hyas dyERnnu: x = 0. Mudumym y = “—/_-g— =~ 1,38 npu x = J3;

12
3

MaKCUMYM Y = *;/;— IIpu x = - /3. Touxu nepernba x; =0, y, = 0 1 x, , = +3,
M2

Yoz = il%. 1492. O6aacrs cymecTBoBanusa GyHKuMu: x| > 1. CuMmerpusa
orHocutenbHo oclt Oy. Kpaesoit murumym y = 0 npu x = +1. Boruyrocrs

BHU3. ACHMTITOTBI: i = %' npux — +00ny = ~§ npu x — —o0. 1493, O6nactb

cyutecrpopanua GyHruuu: x > 0. Munumym y = —g J3 = 2,60 npu x = %

BoruyrocTts BBEpX. ACUMIITOTHL iy = x + 3 ux=0.1494. O6nacrs CylecT-

-

BoBauusa: ¥ 2 0 u x < -3, Hyans QpyHKUUU X = 2—":5“-/-_‘1—3 = 4,30. MuEUMYM

y = 13 pu x = —4; kpaeBoil makcumym y = 1 ipu x = 0. Boruyrocrsb BBEpX.
<

Acumnrorsr: y = % -~ 2x npu x — —9;, y = —é npu x — +00; x = -3 npu

x - -3 — 0. 1495. Musumym y = 0 npn x = 0; MakcuMym y = 44 = —1,59
npu x = 2, Touxu neperuda: x; = —(2 ~ J/3 )= -0,27, Yy =3 Q%—_S = 0,46;

x, = —(2 + Jﬁ) = 3,73, Yy = —s %—@Z = ~1,72. Acumnrora x = —1.

1496. Cummetpus orHocHTEAbHO ocu Oy. DyHKIUA HOJI0KHUTENbHAA. MaKkcCUMyM
y= Jg = 1,73 ipu x = 0; MITHIMVM Yy = J2 =141 1pu x = *1. Touku neperuba:
X1 = 10,475 Yy, = 1,14 u x5, = *+4,58, y, ; = 4,55. Acumnrors! y = *x.
1497. Tlepuoa dyskiuu: T = 21; ocHosHada obsacts 0 < x < 21, Hyau GpyHKIN:
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x, =1 + arcsin “/——5211 =~ 1,21nu xy = 21 — arcsin “/——5211 = 1,79n. MUHUMYMBI

y=1 npnx=’—2‘ uy=-1 le/lx=3?n;MaKCI/IMyMy=1l pu x = u

oA

1+“/_~0321ry1 19*33éﬂ~113

@ ~1,20m,

x= %’t . Touxu nepernba: x, = arcsin

1+J_3 ~ 0,687, y, _19+3./33.

X, =T — arcsin ——2=°2
2 32

; X3 =7+ arcsin

LE 3“/_~0055x4 SB-1 1 80r, y, = 193433
32 32
1498. Tlepuoy Gynruuu: 21; ocHoBHad obnacte —n < x < M. CUMMeTpUA
OTHOCUTEJNBHO Hauaja KoopauHaT. Hym: x;, =0 u xp, = tn. Munumym

Ys = = 2x - arcsin

y ——185 15 =-7,3 npux=~arccosi = —0,42m; MakcUMyM y = 18—5 J15 =73
npu x = arccosi =~ 0,42n. Touxku 1eperuba: x; = 0, y; = 0;

X, 3 = tarccos (—g) = +0,84n, y,; = i 21 J_5 =42,54; x45=72m, y,5=0.

1499. Hepnoa pynaxuuu: T = 21; ocHOBHaA obnacTh: ~71 < x < 1. CuMMeTpusa
OTHOCHTENbHO Havana KoopauuaT. Hymu: x; = 0 u x5 3 = I MuHuMyMbI:

y=—§f2— 3—0,94npmx=—%7r ux=- ,y=gnpﬂx=n

3 s MAKCMMYM

[\e1)

U x = %ﬂ Touxku mneperuba:

W g 1R

-2 =% =2 -
y 3 pm ¥ 50 Y73 J2 npu x
x, =0, y; =0; x,3; = tarcsin J% = 140,371, y,3 = i J_f) = +0,81;
Xy5 = i(n —- arcsin Jé) = +0,631, y,5 = i JT) Xy = Im, yer=0.

1500. ITepuox Qpyakuuu: T = 271; ocHOBHAA oGnacm [-m; nt]. CuMMeTpusa
otHocurenbHo ocu Oy. Hynu Qyaxnuu: x, ; = farccos 1”—2“/_3 ~ +0,62n.
M R | -0y - 1 — are ., = 3

HUHUMYMBI: = 3 npu x =0; y = *15 IIpU X = 171, MAKCUMYMBL: §j = 1
pu X = ig . Touxkn neperuba: x, , = *arccos L}ﬂ = +0,187n, y, , = 0,63;
X34 = *arccos %ﬁ = +0,70n, ys4 ~ —0,44. 1501. Iepuon pyHKIUU:
T= g ; OCHOBHAA 06J1aCTh [—g , ﬂ .CumMerpusa oTHOCUTEABHO 0Ocu Oy . PYyHK-
uua NoJoxuTeapHasa. Makcumym y =1 npu x = 0; MUHUMYM y=% npu
x ==

. Touku neperuba: x, , = + 1502. ITepuon byHKIMU:

L]

m n _
1 éay1,2-
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T = 7t; ocHOBHAA 00JaCThb [ g 5} Cumwmerpua otHocuTessHO ocut Oy. Hymn
bysromn x; =0 ux, , = g Munumymbl y =0 npux=0uy=-1n0pux = +§

MaKCUMyM Yy = —19(—5 npu x = Tarccos i = +0,21n. Tourn mneperunba:

Xy = +1 arccos 1129 ~ 40,117, Y12 ==0,29; x34 = +1 arccos 124129 ~
' 2 16 ' : 2 16
= 10,361, y; 4 == —0,24. 1503. Ilepuox Qpyrruuu: T = 1; 0CHOBHAA 06J1acTh

0 < x < n. Touka paspblBa: x = ?% Hynu: x; = 0, x, = 1. DKCTPEMyMORB

~ 2

s Y= AcumnTora

I

w13

Her, GyHKUUA Bogpacraer, Touka neperuba: x
x = —4— 1504. a) Iepuox dyaknuu: T = 2r; ocHoBHaa obsaacth [-T; 7).

Cummerpus oTHOcHTeNAbHO ocH Oy, Hynn QyHKuUUN: X, = . Muaumym

+T
T2

y = 1npu x = 0; makcumym y = —1 npu x = *=n. Touxu neperuda: x, , =

’

oA

Yy 2=0. Acummrorsr: x = ig nx=x= 3-5 ; 6) mepuon Gyuknuu: T = 27, OCHOBHAA

obnacth ~T < X € . PyHKuUA HeverHad. MUHUMyM y = ——“/3-_?3 ~ —0,58 npu

2

x = —%n ; MAKCHUMYM Y = %3 = 0,58 npu x = ?n Touka neperu6a: x, = 0,

Yy, =05 x93 =10, Yy 3= 0. 1505. LienTpsl cummerpun (kr, 2km). Hynu Gysxipm:

x,=0mux,;~10,37n, ... . MakcuMymMsl y = g -1+ 2kt upu x = g + km,

MUHUMYMBL Y = —(7—2[ -1+ 2kn) npu x = —(g + kn) . Toyku neperuba:

n (k — nenoe). 1506. Cummerpua

x = kn, y=2kn. AcuMnrorsl: x = 2}";

OTHOCUTEJBHO IPAMON X = 1. PyHKNUA NoNoxKUTEIbHA. MaKCUMyM § = e
npu x = 1. Touxu meperuba x; , = 1 + 2 s Y2 = Je = 1,65. Acumrrrora y = 0.

2

1507. CummeTpuda oTHocuTenbHO ocu Oy. PyHKNIUA HoMoKUTe bHA. MaKCUMyM
B
=1 npu x = 0. Touxu neperuda: x, , = t@ = +1,22, Y5 :g e ? = 0,56.

Acumnrora y = 0. 1508, dyHKuua nojgoxurensia. MuHumyM y = 1 1npu
x = 0. BoruyrocTts BBepx. AcuMIrTora i = x rpu x — +00. 1509. a) ®yuxuus
HeoTpunarenbHad; Hyap x = 0. Munumym y =0 npu x = 0; MakcumMym

_2
y= ;1/‘:—; e 3 =0,39npux= % . Touku neperuba: x, = 2—‘-3—“/-—6 =-0,15, y, = 0,34
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X, = &1—3“/6 =~ 1,48, y, = 0,30. Acumnrora y = 0 nupu x — +09; 6) PyHKUUA

Heorpunarenbiad. Musumym y = 0 upu x = kn (k =0, 1, £2, ...); makcu-

. 13
_ 1 ~[8k¢§Jn om _ LT
MYyMBI iy = = ¢ nmpu x = - + ka. Touku neperuba x, = (-1)*= + kn,
! 3 4 k 6

1 &
2k 2-1)F|n
Y= i e [ 8 ] . 1510. Dyuxuua nonoxureNsHa 1pu x > — 1 HoTpuiiaTeasHa
npu x < —1. Musumym y = 1 npu x = 0. Borayrocrs BBepx npu x > —1 u
BOTHYTOCTB BHU3 11pu X < —1. 151 1. CuMmeTpus oTHOCUTENBHO ocu Oy . DyHK-
LUA HeoTpuLaTeabHadA; Hyab ¥ = 0. Muaumym y = 0 (yraoBas Touka) npu

x = 0. Borayrocts Baus. 1512. O6nacts cymecTpopania Gyakunu: x > 0.

Hyne Gpynxnun x = 1. Makcumym y = 2 ~ 0,74 pu x = ¢* = 7,39. Touka
e

ricperuba: x = e =~ 14,33, y = E—; e™V3 = 0,70, Acumnrors: x = 0 npu x — +0

ny=0upux — +00, 1513, CumMMeTpus OTHOCUTEJLHO Hauajla KOOPAUHAT.
Hyan x = 0. Touek sxcrpemymMma HeT; QyHKLUA BO3pacTaromiad. Touku mne-
peruba: x = 0, y = 0. 1514. CuMMeTpua OTHOCUTENHLHO HAUala KOOPAUHAT.
Hynrn Qpyuaruuu x = 0. Pyskuus BozpactaeT. BorHyTocTs Beepx npu x > 0
¥ BOrHYToCcTh BHU3 npu x < 0; O (0, 0) — Touka neperuba. 1515, O6aacts
cymecTsopanua GpyHkuuu: [x| < 1. CUMMEeTpUA OTHOCKHTENBHO Hauaaa Koop-
auHatT. DyHKIUA MOHOTOHHO BO3pacTaeTr. BOrHyTocTs BBepX npu X > 0 u
BOTHYTOCTb BHU3 npu x < 0; Touka neperuba: x =0, y = 0. ACUMITOTHI:
x = +1. 1516. CummeTpHa OTHOCUTENLHO HaYasa KoopAuHat. Hyab QyHK-
puu: x = 0. Touek sxcTpeMyMa HeT; (PyHKIUA BodpacTatoniad. Touka mepe-

1"1/163:x=0,y=0.AcuMnT0Tm:y=x—gnpux*»—oouy=x+-g npu

x — +00. 1517. Hyns Pyukuuu ¥ = —5,95. Munumym y = = + = = 1,285

B |-

T
4

437 = 1,856 npu x = —1. BorayrocTs BBepx

mpu x = 1; MaKCUMyM Yy = — y

[SRY

npu x > 0 u BorayrocTs BHU3 nupu x < 0; Touka nepernba x =0, y =

AcuMnToTsl: y = %C +Rnopux — -Ouy= g npu x — +00, 1518, Cummerpusa
OTHOCUTENBbHO ocu Oy. PyHKUUA HeoTpularenbHa; Hyas x = 0. Munumym

29

2x—1rxpux—’—00

y = 0 npu x = 0. BoruyTocTsb BBEpX. ACUMITOTHL: Y = —
u y= gx -1 mpn x — +0o. 1519. CuMMeTpua OTHOCUTENLHO Havdasa

xoopausdar. Hyas @ysaxuuu x = 0. Musumym y = »g (yrioBas TOYKA) npu

x = 1; makcuMyM y = = (yriosas Touka) npu x = 1. Touxa meperuba x = 0,
Y= 3

y =0. Acumnrora y = 0. 1520. CummeTpua oTHOCUTENBHO Ocu Oy. PyHK1UA
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HeoTpuuaTeabta; HyJab x = 0. MuhumMym y = 0 npu x = 0 (yriosasa Touka).
BorayrocTs BHu3. Acumnrtora y = nt. 1521. Touka pasprsiBa dyHKiuu x = 0.

Hyan pyHruuu x = —2. MuHumym y = 4.Je =~ 6,59 npu x = 2; MaKCHMyM

_5

y = 1= 0,37 nmpu x = —1. Toura neperuba x = —-25-, y = ge 2 = (0,13.
e

Acumnrorsl: x = 0 u y = x + 3. 1522. O6snacTs cyliecTBOBAaHUA (DYHKIUU

l#| > 1. Cummerpus oTHocuTenbHO ocu Oy. Kpaesoit Makcumym y = 2 /2 = 2,67

npu x = *1, BorayrocTs BBepx. Acumnrora y = 1. 1523. O6nacts cyugecr-

poBaHua PyHKnuu x < 1 u x > 2. Touku nepeceueHud ¢ OCAMU KOOPAUHAT

0,In2)u (% y 0). Makeumymy = 1,12 npu x = 153@ = —0,72. AcuMOTOTHI

x=1,x=2uy=0.1524, 06nacts cymecrsoBauua GpyHxuuu |x| < a. Touxn
nepeceveHun ¢ ocamu koopaunat: (0, —a) u (0,67a, 0) (npubnusurenso!).

. T
DyHKIUA MOHOTOHHO Bo3pacTaer. Kpaesoli MUHUMYM y = ~ZanupHXx =-a
¥ KpaeBoH MaKCUMyM Y = g a npu x = g. BOrHyTOCTh BBepX. 1525, O6nacTsn

cymecrroBanua Qpyskpun: x <0 u x 2 5. Kpaesoit musumym y =0 npu

it

x = 0; KpaeBOH# MaKCUMyM Yy = T IpH X = g- . BorayTtocTs BHU3 npu x < 0 u

BOTHYTOCTH BBEPX NpPH X 2 % . AcumnroTa y = - . 1526. O6nacts cyniecTBo-

I
3

1
paHusa: x > 0. QyHKyua nonokureabua. MUHUMYM Yy = (%)” =~ (0,692 npu

x = 1z 0,368; kpaesoit makcumyM y = 1 npu x = +0. Borayrocrs BBepx.
e

1527. O6nacrp cyuiecrsoBanus GyHkuuu x > 0. Kpaesot munumyMm y = 0
1

npu x = +0; maxkcumym y = e = 1,44 mpu x = e. Acumnrora y = 1.

1528. O6sacTs cymecTBoBanusa: ¥ > —1, x # 0. OyHKyUA DOJOMKUTENbHA.

Yerparumas Touka paspeiBa: x = 0. Touek akcrpemyMa Het, QYHKIHUA yObI-

pawomana. BoruyrocTs BBepx. AcuMntorel: X = —1 u y = 1. 1529. Oyuxuus

mouoronHa npu x > 0. Kpaesoit munumy™M y = 0 npu x = +0. Acumnrora

y= e(x - %) . 1530, Dyuxyna nonoxurenbHa. CHMMETPUA OTHOCHTEILHO

ocu Oy. Touku paspsiBa: x = 1. MunumMym y = e upu x = 0; makcumym

=1 = 0,15 mpu x = +.J3. Yernipe TOUKH neperuba. ACUMOTOTHE: X = —1
npux —> -1+0;x=1npux —1-0uy=0npux — co. 1531. dyurnuu
X M Y — HEOTPHUATENbHDL; Xy, = 0mput =15y, =0 nput = 1. BoruyrocTsb
BBepX npu ¢ > —1 U BOrHyTOCTH BHU3 nipu ¢ < —1. 1532, Touku nepecevueHua

¢ ocamu Koopauxat: (0, 0) npu ¢ = 0; (#2.4/3 -3,0) nput = £43 u (0, -2)
nput =25 Xy =1 ¥ Yo =2 upn ¢ =1 (TOuKa BO3BpATA); Yy = —2 IIPU
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t =—1. BorayrocTs BBEpX npu ¢t < 1 1 BOTHYTOCTL BHM3 ipu £ > 1. 1533. Touka
nepeceyeHud ¢ ocamu koopauxart: (0, 0) npu ¢t = 0; x,,, = 0 npu ¢t = 0,
Xin = 4 TIpK ¢t = 2; y y6uIBaeT npu Bo3pacranuu t. Touka neperu6a (—0,08; 0,3)
npu t = 0,32 (npubnukenso). Acumnrorsl: y = 0, x = —% ny= g - %
1534. Touka nepecedenua ¢ ocnto Oy: (0, 1) npu t = 0; TouKa mepeceueHns
¢ ocsio Ox: (-1, 0) npu ¢t = ©0. KpaeBrle akCcTpeMyMBL: X, = O Ky, = 1
npu t =0; x,,, =11 y,;, =0 npu ¢t = 0. Touex neperuba HeT. ACUMITOTA
y= % . Boruyrocts Bmepx npu [t > 1 n Bormyrocrs BuM3 mpum |t < 1.
1535. Oyuruuu X U y — HOJOKUTENBHBIE; Xy = 1 U Ypin = 1 ipu t =0
(Touka Bo3spara). IIpu t < 0 — BOrHYTOCTH BBepX; npu t > 0 — BOTHYTOCTH
BHM3. AcuMnroTa y = 2x npu ¢t — +00. 1536. OcHoBHada obuacts: [0, 7).

Touku nepeceueHusd ¢ OCAMU KOOPAUHAT: (% , 0) nput="1; ( 0; —i) npu

6 J2
t=":(-a,0)nput="1; (0, _a_) nput = 3% ; (9 ,0 ) nput= 2T . DxerpeMyMbI:
1 2\ 5 1 \2 6
Xpax =@ Y Yoy =@ 0pu £ = 0; y, . = —g 1pu ¢ = ;—3; Xpin = ~Q TIpA t = g;
Ymax = @ Tpu t = Z?K 3 Xpmax = @ U Yo, = —0 IpU ¢ = 7. BOTHYTOCTEL BBEDPX HpU

0<t< g ; BOTHYTOCTh BHU3 IIpU g <t <m 1537. PyHKuuH x u y — HEOT-

pUnaTenbHbIE U IePUOAUUECKHEe; OCHOBHAA 061acTsh 0 < ¢ < = . IKCTPEeMyMEL:

[SS3B=]

Xomn =0y =luput=3;x.,.. =1uny, =0nput=0.Borayrocts

I
2
BBepx. 1538. O6nacre cymecrsoBanuda: ¢ > 0. CuMMeTpHUa OTHOCUTEILHO

npaMoit x +y = 0. OKCTPEMYMEL: X, = e -0,37, y=—-e=-2,72 upn
e

t =

N

3 Upax = 1, x=e npu t=e. Touku meperuba: x, = —./2e-+2 =0,34,
e

Y1 =—4«2e =582 npu t=e2 =0,24 u x,= J2¢7, y,= J2e2 nupu
t=e =4,10. pu t = 1_ U3MEHEeHUe 3HaKa BOMHYTOCTU. ACUMNOTOTHI:
e

x=0uy=0.1539. Oysxuuu x u y — nepuoguueckue ¢ nepuogom T = 27;
OcHOBHAA 00sacThs —7 < ¢ < M. CHMMETPUA KPUBOI OTHOCUTEILHO OCel KOop-
auxat. KpuBaa umeer Be BeTBU. IKCTPEMYMBL: X, = @, y = 0 npu t = 0;

min
=—a,y=0nput=in.BomyTOCTbBBepxnpn—n<t<—g nl<t< g;

xmax

BOTHYTOCTH BHU3 ITPU —-g <t<0Ou g <y <n.1540. CuMMeTpUA OTHOCUTEIBHO

ocu Oy; Yin =0, x =0 upu t =0. Boruyrocts Buua. 1541. Ilapamerpuueckue
3at _ 3ai?

, (-0 < t < +00), CuMMeTpHuA OTHOCUTENBHO
1+1¢3 1+1¢3

ypaBHEHUA: X =
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npamoii y = x. Touxa nepeceuenus ¢ ocamu xoopauxar O (0, 0) (apoiinas

TOUKA). X, = 3/4 = 1,59a npu y = a3/2 ~ 1,2a; y,... = a’/4 npu x =a’/2.
Acumnrora x + y + @ = 0. 1542, CuMMeTPHUA OTHOCUTEJILHO HavaJa Koop-
AMHAT, OCeH KOOpAMUHAT U GUCCEeKTPHUC KoopAuhaTHBIX yraos; O (0, 0) —
nsoaupopaHiana Touka. ToOYKHU nepeceueHmnss ¢ ocaMu KoopauHar: (X1, 0) u

(0, +1). [ty = 1 1ps y = 05 ol = 282 = 1,10 mpu g = 1 = 0,71
[Yhin = 1 1 X = 05 |Y]0x = ———“1;‘/5 npu |x| = «/% . 1543. TlapameTtpuueckue
1-43  _1-g

ypaBHEHHUA: X =

et ,rae t = £ (—0co < t < 400, Kpusas umeer
x

ase BeTBU. CUMMeETpUS OTHOCHUTEJBHO IpAMON x + y = 0. OKCTpeMyMEI:

T = 542 = 1,80,y = -3 42 =-2,38 npu t =-4/2 = 1,26, y,.,, =3 42,
x = g /4 mpu t = -;1/% =~ -0,79. Touxku neperuba: x; = 2,18, y, = —4,14 npu
t= —3/%(7+ 3./5) =-1,90; x,~ 4,14, y, = —2,18 npu t = —3%(7-3@ ~-0,53
npu t = *'I/é — u3MeHeHue 3Haxka Boruyrocru. 1544. Kpusas coctour us

1
1 1+ =
npsaMoi y = x u runepbonuveckoi Bersu x = (1 + )¢, x = (1 +1¢) ¢
(-1 <t <+00). (e, ¢) — ABOMHAs TOUKA. BOrHYTOCTH BBEPX NPU X # Y. AcuMi-

ToThl: X = 1 1 y = 1. 1545. O6nacts cylecTBOBaHKA: |x| Zln(1+ J2 ) = 0,88.
CuMMeTpUA OTHOCHTENLHO Oceit KoopauHat. Kpaesoit munumym jy| = 0 npu

x=%In (1 + J/2). Borayroers Bau3 npu y > 0 4 BOTHYTOCTS BBEPX npu y < 0.
AcumnToThl: y = x u y = —x. 1546. O6nacts cymiectBoBaua Qyukuuu: r 2 0,

AY
lol < o, rae o = arccos (~§-’J . Kpusas sgamxHyTa. CHUMMETPHUS OTHOCUTENLHO
7

nosApHoM ocu. MaxkcuMym r = a + b npu ¢ = 0; kpaesoit musumym r = 0 npu

@ = ta. 1547. O6nacts cymecrsosanms: 0 < ¢ < g ; 2311 <p<m 54-33 << %“ .

DYHKIUA I — [MePUOAUYECKAA C TePUOAOM 23——“ . Kpupas zamkHyTa 1 umeer

TPU OJMHAKOBLIX Jernecrka. Ocu CUMMETpUU: @ =

olg
w0
A

>y @ =

oA

1
=
=
)
@
=

Havyano roopaunar O (0, 0) — rpoiiuaa Touxka. [Tpu 0 < ¢ < g

MaKCHUMyM I = a 0Opu @ = u mMudumyM r=0 npu ¢=0 u @ =

(=218

24

1548. Obnacts cymecTrOBaHUst GyHKIUH: || < g us < lol < gn; nepHoA = .

Muﬂmymr=anpu(p=0u(p=i%”.AcquxTOTbI:(p=i7—é,(p=ig u(p=i%.
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1549. Cnupans, UMEIONIaa HAUYaJa0 KOOPAUHAT CBOeH aCUMIITOTUYECKON TOY-
KOH; r MOHOTOHHO yObIBaeT mpu Bo3pacTanuu ¢. Acumnrora @ = 1.

1550. Obnacts cyLIeCTBOBAHUSA I 2 —“/5-5“—1 = 0,62. KpaeBoit Makcumym (¢ =1

npu r = “/52“ 1 ; MUHMMYM () = arccos i =~ arc 75°30" ipu r = 2. Acumnrora

recos @ =1 opu r — +00. 1551. CemeitcTBo napa6on ¢ Bepmnaamu (1, a — 1)

(MunmrmMymel). Touku nepeceuenust ¢ ocsiMu Koopaurat: (0, a)u (1 ¥ J1-a,0)
(npu a < 1). Boruyrocts BBepx. 1552. CemeitcTso runepbon npu a #0 u
npaMaa y = x npu a = 0. Munumymsl y = 2|a| npu x = |a| u Makcumyms
y = ~2la| npu x = —ja| (a # 0). AcumnToTel y = x #1 x = 0. 1553. CemeiicTBO
aaauncoB npu 0 < g < +00; cemeiicTBO runepbon npu —© < g < 0; npamas
y = x upu a = 0. Bce kpussle cemMeficTB npoxoaar yepes Touku (—1, —1) u

(1, 1). Ipn y > x umeeM: 1) makcumyMm y = /1 +a npu x =

, ecan
l+a

a > 0; makcumym y = —/1 +a npu x = — , ecnu —1 < a < 0; KpaeBnle

1
Jl+a

MUHMMYMBL § = F1 npu x = ¥1 (a # 0); 2) BoruyrocTs BHU3. IIpu y < x

umeem: 1) Munumym y = —/1+a npu x = - , ecau a > 0; MUHUMYM

l+a

y=4Jl+a npux= 1 , ecnu —1 < a < 0; xpaeBble MAaKCUMYMEL y = +1 pu
J1l+a

x = F1; 2) BOrayTocTs BBEPX. AcumnToTel: y = (1 + J-a)xny=(1 - J-a)x
npu a < 0. 1554. CemeiicTBO NoKasaTelbHbBIX KPUBLIX, ecau a = 0; npamMasn

y=1+ g, ecniu g = 0. Obuaa Touyxka cemeitcra (0, 1). MuHuUMyMbI
y= -21— (1 +1n 2a) npu x = Tn 2a, ecnu @ > 0; y MOHOTOHHO BO3pacTaer,
a a

ecau a < 0. Acumnrora y = % 1555. CemellcTBO KPUBBIX, HPOXOAAIIIUX

yepesd Toury (0, 0) u umeroIux B Hell o61iee KacaHHe ¢ pAMOI y = x. Mak-
cumym y = ae”! = 0,37a npu x = a, ecnu a > 0; MmunuMyMm y = ge”* ipu x = 4@,
ecau a < 0. Touka nepernba x = 2a, y = 2ae”® = 0,27a. Acumnrora y = 0.
1
m+n oy n mn _—
1558, &MU 1559 (m + n) 27 )7 1560, Ocosanue crcremst ora-
(,n + Il)'" tn wmnnn

1
pU(MOB HE JOKHO TpeBbliaTh ¢ = 1,445. 1561. KBaapar co cropoHoi JS.

1562. Octpsrle yrasl TpeyroasHuka 30° u 60°. 1563. Beicora 6anku H = 5 %{

paBHa AUaMeTPy ee OCHOBaHMA; [OJHas TNOBepxHocTs P = 3/64nV2.

1564. cos ¢ = @

cTArMBaeMasa CTOPOHOH npAMoyroabauKa. 1565, CTOpoHsl NPAMOYroasHUKA

, The 200 — Jayra cermedra u 2¢p — Ayra,
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aJ2 ubJ2.1566.Ecnuh>b, to nepuMeTp P BIIMCAaHHOIO0 IPAMOYTOJLHUKA
¢ OCHOBaHHEM X U BBICOTOH y MMeeT KPaeBOU MaKCUMYM IIpU y = h; eciau
h < b, To P umeer kpaeBo#i MuHuUMyMm npu y = 0; ecau h = b, To nepumerp

P nocrosnen. 1567. b = jﬁ s h= dﬁ . 1568. Uamepenusa napainienenuresa
2R 2R 3 2

1569. =L R%, 1570.nR2 (1 + /5 )~ 81% n0BEpXHOCTH LIapa.
BB f f
1571. O6bem koHyca paBeH yjaBOeHHOMY oOGbemy wmiapa. 1572, 2% 3,

9./3
1573. Ecnmu tg o < % , TO MAKCUMYM TOJHOH [TOBEPXHOCTH LUJAUHADPA KOCTH-

R

———— , PAe r — paJuyc OCHOBaHUA LUJUHApa. Ecau
51 tgoy’ N paauy I Ap

raercsd upu r =

tgo> L, 1o npu r = R nmeem Kpaesoii MakcumyM. 1574, p(3/2 — 1

2+§/§
2 2

1575. 1; 3. 1576. Ecau b < 7“_2- , TO MAKCUMYM [AJIHHBI XOpAbl MB = a?z , TIe

= Ja?2—b%? u Touxa M HMeeT KOOPAUHATHI X U Y, NOCTUTAETCS NOPU

3
x=x= Ja?-2b%; y = %; ecau b > —57:, TO KpaeBod MaKCUMyM IJIHMHbI
¢ 2

b
xopasl MB =2b pocruraercampu x =0, y = b. 1577. x = L, y= 2 ab.
|Y p Yy 5 Y 72

1578. MakcuMyM NOBEPXHOCTH JOCTHUIACTCA PpU 1= 1 = alz—: , Tle ' — paguyc
OCHOBaHUS UUIUHAPa U I — ero Beicota. 1579. ¢ = 60°. 1580. Tpaneuus,

OMUCAHHAA OKOJO OKDPYXHOCTH. BokoBbie cTopoHsl AB = CD = a sec? %

1581. o = 27{@ = arc 294°, rpe o0 — LEHTPAJBLHBIH YroJ OCTABLIEroCcsd

1l

cexTopa. 1582. ¢ = arccos g ecnu arccos 1 > arctg .= arctg ¢ ecan
p

— . -1
arccos { < arctg &. 1583, —lev T bulsin®  y5g4 4p7 - (1 + 3/5) .
p b Ju?+v?-2uvcos0 S,

1585. PaccroAanue cBeTANENCA TOUKHU OT LEHTpa 6AABIIEro Hapa paBHO

x=—aL;,ecm/1a>r+R«/E ux=a—r,ecnur+R<a<r+RF,me
r r

2 2

3
@ — paccTOsTHHe MeKAy leHTpaMu uiapos. 1586. % f . 1587. ( iy bg)z.
2

1588.v = 3/; rae k — xko3dduuueHT nponopuuonansHocTu, 1589, arctg k.
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1590. IIpu I < 4a yron HAKJOHA CTEDXKHA ONpPeAeNsaeTcA U3 (POPMYJIb

I+ J12+128a? |

cos (¢ = 6 ; pu | > 4a nonosKeHust pasHosecusa Het. 1591, k = -3;
a

2

le"o;bze‘o(l—xo);c=e‘o(1~x0+"_2°).

b=3;y=3(1-x).1592.a = 3
1593. a) Ilepswiit; 6) BTOpOIL; B) BTOpOi. 1595. a) J2, (2, 2); 6) 500 000,

3
) 3
(150, 500 000) (mpuGausurensuo!). 1596. p(l + Ei‘)z. 1597. az—ﬁbzxz 2,
p a

3
TRy 242 _ 42)2
rge € = ¥4° 97 bt _ JKCUEeHTpucHuTeT 3aiautca. 1598, Se—xizL, rre
a
2 3
ea-—-—““(;b — 3KCUEHTPUCHTET repGosnl. 1599, 3|axy|’ 1600. & (1 e?cos?t)?,

3

rfie € — SKcUeHTpHCHTer aummca. 1601. 2./2ay . 1602. at. 1604, (0%

r2+ 2r2-ppj’

3
(@?+ r)? 2 2 a? 1 ___1’12)
1605. L—11) .1606.rJ1+ m .1607. 2 /2ar . 1608. 3r.1609.(ﬁ, 12).
1610. x, = 680 m. 1611. IToaykybuueckas napa6ona 27pn? = 8(§ — p)*.

4

2 2
1612. ACTpOI/uIa (a<§)3 + (bn)? = c?, rae ¢ = a® — b%. 1613. Acrpounga

(é+n)* + (€ - n)3 =2a

2
3

. 1614. IlenHasa nunus N = q ch§ . 1615. Jlora-
a

pudMuUeckass cnupans p = ma em(w?g) . 1616. &= na + a(t — sin 1);
n=-2a+a(l ~cos1t), raet=1=¢—m 1617. x, = —-2,602; x, = 0,340; x, = 2,262,
1618.x, =-0,724; x,=1,221. 1619. x = 2,087 = arc 119°35". 1620. +0,824.
1621. x, = 0,472; x, = 9,999. 1622. x, = 2,5062. 1623. x, = 4,730; x, = 7,853.
1624. x = -0,56715. 1625. x = +£1,199678. 1626. x, = 4,493; x, = 7,725;
xz = 10,904. 1627. x, = 2,081; x, = 5,940.

Pasgen II1

B oTBerax 3TOro pasgesa pagyd KPaTKOCTU NPOU3BOJLHAS aAAUTHUBHANL
nocroaxdHaa C omyueHa.

1628.27x—9x3+§x=’> 7x 1629. 625 ~125x* +30x° ~ 3 S+ 1

7
1630. x — 3x2 + L1 53 — 3 54, 1631.x—1 ~21In|x. 1632. ¢ In x| - & - 2,
3 2 x 2x2
1633. -z-xJ;c + 2Jx.  1634. ixifx - —x%ﬁ + %vx‘a

1635.— (1+ x— 3x2+ x3) 1636. 422+ 1) 1637. 9%~ 12672x5+ 3/0x2.
J; 2 7& 2
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1638.1n [x| - -1 . 1639. x — arctg x. 1640. —x+ 1 In 1 x-1
4x14 2 - x+1|
1642, arcsin x+In(x + /T + x2). 1643. In|x+ /22 - 1) 144, 42 0. 6% 4 O

ln4 1116 In9°

x+Jx2+1
2 (n 1 Ly 1 0c _pr _ -
1645. 1n5(5) + ) \2) . 1646. 5 e ¥ + x. 1647. x — cos x + sin x.

1648. (cos x + sin x) - sgn(cos x — sin x). 1649. —x — ctg x. 1650. —x + tg x.
1651. a ch x + b sh x. 1652. x — th x. 1653. x — cth x. 1655. In ]x + al.

1
1656.515(2x—3)“.1657.—i(1—3x)3.1658. 2 /2= 5x.1659.- .
15(5x - 2)2

1660. -2 W(l-x)2. 1661, -——-arctg f}: . 1662. = In 2+x.3 .
2 J6 ( 2,) 2./6 Z-<J3

1663. L arcsin (x Fj 1664. i Infx/3 + /337 2|. 1665. (e~ + T ).
/3 2 2
1666. —x sin 50 — 5 cos 5x. 1667. —_ ctg (2x+ ) 1668. tg . 1669. —ctg
1670. tg (g - ’5‘) 1671. %[ch (2x + 1) +sh (2x - 1)). 1672 2th I.

4
3

1673. -2 cth 5. 1674. ~J/1- %% . 1675. _(1 +x% 3 1676. —i I3 - 2x2.

1 4_ [
1677, ————— 1678 = tg — . 1679. —— In |X . 1680. 2 t .
TR arcg 8ﬁ n = arctg Jx
1 _In |1+ ) reain L x
1681. cos Z 1682. —In = 1683. —arcsin R 1684. =

1685. -

1686. %3./8x”+ 27. 1687. 2 sgn x In(JJx] + Jx+1])

x2~

(x(1 + x) > 0). 1688. 2 arcsin Jx. 1689. -% e**. 1690. In (2 + e).
1691. arctg e*. 1692, —In (¢™ + J1 +e-27). 1693. % In* x. 1694. In [In (In x)|.

1695. 1 sin® x. 1696. —2_. 1697. -Inlcosx. 1698. In |sin x|.

Cosx

: - /\/‘.—-—.—“_T . .
1699. g'l/l ~ 5in2x. 1700. a) _ﬁ%;_bl;%wc (a® #b%); 6) *ﬁ In|/2cos x +

+ Jeos2x|; B) % arcsin (J/2 sin x); 1) % In (42 ch x + Jch2x).
4y 3 1 tex X4z
1701. -4 4/ctg’x . 1702. 5 arcte ( o j 1703. In ltg(z + 4).

. 1706. 2 arctg e*. 1707. — ln( ch2x + JJshix+chix )
2[ J2

1705. In ‘th z
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2
1708. 33/thx . 1709. % (arctg x)2 1710. — .1711. § Ind(x+ J1+x2).

arcsinx

1712, L arctg 221 1713, L g 2oxlZ41oqgyy L
ﬁ 2 2./2 2+ xd2+1 15(x%+1)3
nt2
1715. — In (x 2 4+ Jl+x*2)ynpu n # —2; :-/1: In |x| mpu n = -2.
+ 2

12 lex 1 aresin { E s 1 z
1716. § n? {5 4717, 2 arcsin (ﬁ smx). 1718. 1 arctg (1% »).

.1720. 241 + J1 + x2.1721. a)-x~_x +§ X

6) -4 ‘If)” +( ‘1;‘)” .1722. —x ~21In[1 - 1723. Ly —x)?+1njt + 4.

3r -2~
34+ 2~

1719. — 1 1
2(In3-1In2)

3

1724. 9x - Sx* + :},;x-* - 271n|3 + x. 1725. x + In(1 + x?.

ﬁ+x

J2-x

1 1 1

+2In|2 - x4~ x. 1727. - + _.
99(1- x)® 49(1- x)*  97(L - x)°

3
1726. = In
J‘

3 3
x! x?! x3 x? 1 3 >
728. X x4 X X + 1. = 2 _ — 1Dz,
1728 s 7 3 5 +x~1In lx 1| 1729 3 |:(x + 1) (x—-1) }

7
3

3 3
_8+30x,5 5 142x .4 35 3 27
1730. 375 (2-5x)2.1731. 0 (1-3x)2.1732. ——14(1 + x%)

4
~§(1+x2)3.

1 -1 1 -1 1 x
1733. = In (X . 1734, < In (X220, 1735. ct - = tg —.
2 = 3 = arctg x % arctg 5
1 f |x+3]3 1 x2+1
1736. —— — arct — .1737.1n .1738. = In
10J§ ‘ £ J§ (x+2)% 2+ 27
2x+a+b 2 1 1 x
- + In |x+a|. . 1 x _
1739 (a-b)*x+a)(x+b) (a-b)} n x+bh 1740 a?- b? (b arctg b

1 X X 1 . x 1 .
= pod = . .= - = . . = = .
" arctg a) (la| = |p). 1741 5 Y sin 2x. 1742 5 + Y sin 2x

1743. ’5‘ oS O — i sin (2x + ). 1744. i sin 2x — % sin 8x. 1745. 3 sin £ +

6
3 gip 2% —_. _“_ 1 on —
+ z sin . 1746. cos( 5x + 12) + v cos ( x + 12) 1747. —cos x +
1 3 : 1 1 .. 1 .
= . i - = Sy — 2 + = .
+ 3 cos’ x. 1748. sin x 3 sin® x. 1749. x 1 sin 2x 33 sin 4x

1750. —x+ Z sin 2x + 55 sin 4x. 1751. —x - ctg x. 1752, = tg x + In |cos x|

3 1 3 1
-3 2x - = 4x + — 6x + — cos 8x + — cos 12x.
1753 16 cos 2x o cos 4x s cos 6x 198 cos 8x To3 cos 12x

1756.

1754. tg x — ctg x. 1755. ‘-Tx +1In ltg 5 + J +1n tg .
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1

1757. In [sin x} — = sin? x. 1758. tg x + 3 tgd x. 1759. x ~ In (1 + ).

1760. x + 2 arctg *. 1761. - + 2 sh 2x. 1762. % + l sh 2x. 1763. 2 3 x.

1764. i sh 2x + é sh 4x. 1765. —(th x + cth x). 1766. ‘1713(9 + 12x +

1
3

1767, 125522 (1 _ 54211 1768. ——-(32+8x+3x2)A/2 x.

2 —
+ 14x?)(1 - x) e

5
3

1769. —1—15(8 + 4x? + 3xh)J1-x2. 1770. —6102050"3 (2 - 5x%) 3.

1771. (§- - % sin® x + % sin x) Jsindx . 1772. *% cos2x+% In(1 + cos? x).

1773. 1 tg? x + 1 3 te” x. 1774, -(—2+ln X)J/1+Inx. 1775. -x — 2e 2 +

+2In(1+ ot ). 1776. x — 2In (1 + /1 + e* ). 1T77. (arctg /x )% 1778,

1-x2

1779. 2 ./x7=2 +Infx + JxF-2).  1780. £./T-%* + % aresin X,
a
1781. — X . 1782. ~.Ja? — x? + q arcsin X.1783. v?’“—;ﬁ Jx(2a-x) +

ot att 2t
+ 8a? arcsin [5% . 1784. 2 arcsin [X=% . 1785. .Z_x—'{f_*_bZ Jx-ayb-a) +
+ ﬁb‘T“Z arcsin ’;_Z. 1786. ’—ZCA/a2+x2 + %2 In (x + JaZ+ x2).

1787. g Jaz+x?2 — 92—2 In (x + Ja?+x2), 1788, J/x2-qa2 ~2aln(Jx-a +

+x+a),ecmmx>a;-Jxt-a? +2aln(J-x+a + J-x-a), ecmu x < -a.
1789.2In (Jx+a + Jx+b)ectux +a>0ux+6>0;-2In(J/~x-a +

+J~x-b)ectux+a<0ux+b<0.1790. 2—’f*iT‘H—l-’A/(x+a)(x+b) -
—M In(Jx+a + Jx+a),ecmux+a>0ux+b>0. 1791 x(In x — 1).

xn+l _ 1 _ _l °
1792, X (m x _,Hl) (n = -1). 1793. -1 (n% + 2Inx + 2).

1794. 2 (1n x - 41nx+ ) 1795. —(x + 1)e™*. 1796, ~ L2 (x2+ x+lj.
2 2
1797. —1‘2;1 e-**. 1798. x sin x + cos x. 1799. ~2—x4_‘1 cos 2z +  sin 2z.
_ x? 2x _ (x? 2
1800. xch x — shx.  1801. (3 + 9) sh 3x (3 + 27) ch 3x.
1802. x arctg x — % In (1 + x%). 1803. x arcsin x + /1 - x%. 1804, —
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+ 1+2x2 arctg x. 1805. ~2%Cf J1-x2 + %3 arccos x. 1806, —rcsinx _
x

1+ J1-x% 1807. xIn(x+ T+ x2)— J1+ x2.1808. x — I‘sz In 1tx
X

~1In
1-x

1809. —./x + (1 +x)arctg Jx. 1810. In tg % - cosx * Intgx.

1811. %(x" - 1)ex*. 1812. x(arcsin x)? + 2./1 - x? arcsin x — 2x.

1813. 1 +2x2 (arctg x)? — x arctg x + % In (1 + x?). 1814. ~% x? - % Inj1 — %+

+ 2 I {lox. 1815 ST+ % In(x + JT+22)~x. 1816. ——X _ +
1+x 2(1+ x?)
1 X 1 X x
+ 5 arctg x. 1817, Saial T EY) + 3. arctg - (a = 0). 1818. 3 Jaz—x? +
+a§ arcsin (a = 0). 1819. 3_26 x2+a + % In [x + Jx2+al

x

fal

1820. ﬂz";JQ Ja?+x? - ‘—18—4 In (x + JaZ+ x2). 1821. 54—4 - JZC sin 2x —

- 29%.1822.2(J;—1)eﬁ. 1823.2 (6 - x).Jx cos Jx — 6 (2 — x) sin J* .

1824, (Lo X)erer - ygon (1+ X)e"™¥T - 1896, L [sin (In x) — cos (In x)].
2./1+ x? 2./171 x? 2

1827. X[sin (In x) + cos (In x)]. 1828, 4cosbx+bsinbx jax
2 a?+ b2

1829, asinbx-beosbx ,ax 1830 2 (2 —gin 2x ~ cos 2x). 1831. £ + 1 sin 2x -
a?+ b2 8 2 4
—e*(cos x + sin x) + %ez". 1832. —x + % In (1 + &%) — e7* arcctg (e*).

ex

1833. -[x + ctg x * In (e sin x)]. 1834. x tg x + In |cos x|. 1835. ——

Jlal + x J[b]

Jial-x o]

.1839. L 1n
4.2

1836. 71: arctg ( xA/g ) , ecan ab > 0; SBRE |n , ecau ab < 0.

ab 2.J-ab

x-1
x+1

2 2x-1 1
1837. = arctg ==——. 1838. - In
J7 J7 4

xZ—(Jéu).‘
x4 (J2-1)

1 2 1 2x+1 1 2
1840. = In(x*+ x + 1) + — arctg 22=—= . 1841. = In (x* ~2x cos o+ 1) +
2 7 7 2

XZCOSU(y o ki, k — nenoe). 1842, = In (x? — x* + 2) +

+ctg o - arctg o
sin

[T o

1n |3sinx - Scosx|
sinx - cosx

1 2x*-1 1 3 3 _09y2
+ 27 arctg 7 . 1843, §ln{|x + 1|(x® - 2)?}. 1844.

(1541

1845. arctg —— 1846. % In (x4 + Ja+bx?), ecau b>0;
b
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1 . b sox+1 i
— arcsin | x [-2], ecnua >0 ub > 0. 1847, arcsin Z2— . 1848.In | x +
~b ( a) o J2 '
+1 A/x2+x‘.1849. 1 ln(x—l + }x2—1x+1).1851.~ Bra—x? +
2 )2 4 2

1 .o 2x-1 1 g 1 -

- C . 1 . 2 - + - 2 .
+qucsm — 852. Jx?+x+1 +21n{x 2+ x+x+1)

1 s 4x2+ 3 . 2sinx -1 1 ;

93. — _ c 222 - 1854, - -2x%2-1 +
1853. a) 5 arcsin Wit 6) arcsin 3 5 x2-1
-1+ Jrrr2x2-1. 1855, -1 Txi—xt + 3 arcsin 22221,

2 2 1 7
1856. ~In x+2+2‘x ta+l) gy dxira-igl arcsmx 2(‘x+ll>£j.

PPl
1858. - L in [lzx+rJ2(L+x%)| 1859, arcsin —X=2_ (x| > J2).
J2 1+x lx - 1142
1 [x2+2x-5 1 : x+ 7
1860. Txtex-o 4 1 gresin 21 (x + 1] > J6).
5 X+ 2 5.5 fx+2|ﬁ l I
1861. 2-3‘—4“—1 2+ x—x2 +%arcsin 23—3“—1 1862. Ziz—l 24 x+x2 +

1 1 2 x*+1 4 i1 -1 2
+81n(2+x+ 2+x+x ) 1863. *——= Jxt+2x 21n[x+
+1+A/x4+2x2—1[.1864.—41+x—-x2+%arcsin1:/3x—ln 2+x+2vx1+x—x2

5
f:-“x— Jx1+ 1) 1866, In |x — 2] + In |x + 5].

(x+2)1

1867. (x+ )(x+3)3°

(’x—%) < %’) 1865. In
3o

9 8 3x7 __ b5xf 11x% _ 21x¢
1868. L ~ £ 4 2L + 2 +
868 9 8 7 6 5 4

4827 85x% oy L |_x=1 | 1869. x4+ 1 lnlx[ 91n|3c—2]+
3 2 3 |xrymm
2 x-1
1 3. 1870. x+—art x— 8 arctg £.1871.- +2 In (X .
k-3 clgx— 5 arcte g o s M
1872, L 4+ 1 2 1. . -Dx-6 x-1]
8 x+1 2 In |x 1 1873 T + 4 In =
1874 9x?+ 50x + 68 +l In |G+ Dix+2)10 1875. — 3x2+3x-2
T4(x+2)(x+3) 8 (x+3)7 | T B(x-1)(x+1)2
3 In |x+1], 1876. arctg x + 2 ln +1 L1877, = arcctgx+ 1, e D
x-1 6 x2+1
1878. - L - ~2).1879. - ———+ L In ML—Aﬁ tg (x -+ 1).
Tz cte (-2 18T gt I e T T arctE et D
_ 2 1+2x 1 (x+1)2 1 2x-1
1880. In = arctg .1881. = In =—~— + — arctg .
x+1l 3 J3 ERE S NE]
1 (x-1)% 1 2x+1 1883, 1 x-1 _ 1
1882. 5 In e 7 arctg 7 2 In — 5 arctg x.
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1884. Zl/—é In i——j{—:—’———z—% + # arctg 1x:/ff 1885, i In % +
+ z_f/ﬁ arctg xx&ﬁl . 1886. :1.:1/—3 In % + % arctg x + é arctg x°.
1887. _6_(11+—_x) + é In % + % arctg x — 5}7—5 arctg 2x_1,
1888. é In %}1 - % arctg Zx_J%l 1889. §. In x_zz_tﬂil_z +
Xrxts
+ & arotg (x + 1) - 2 arotg (22 + 1) 1890. a +2b + 3¢ = 0.
1891. 7#2;31)2 L e R ot Ly
+ jﬁ arctg ~2-—Y—33—-1 1893. -‘é—((i%“‘li’l) + g arctg x. 1894, ;—:—z-l-m
+ arctg (x + 1). 1895, X 48 qp Xt xJ?+ 1.3 arctg rf
4(xt+ 1) 16[ x2-xJ2+1 842 -1
1896, ;22 L LUy ﬁ arctg 2’;% R
+ g5 I [T 5] arctg x. 1898, AT 2 - 1899. —___—8;‘;253’;2;;“1‘);1.
1900. _xT:x;ﬁ (Bech unTerpain!). 1901. 5—(;22?;—11) + ﬁ arctg 2_xJ_;_1 .
1902. ay -+ cor = 26f. 1903. 7o 1_1)% - 97(x3_ " gEr e gg(xl_ ek
1904.% ln’%l —Z arctg x%. 1905. —:/_5 arctgf 1906. — l In {xj—;}% +
+ % arctg x* + -z—lﬁ arctg xjg_ 1 1907. g In x"x:Z - In 1'Y_+‘1
1908. —100( e+ zjﬁ In xs;g J. 1909 Z 4 1 (;‘":2‘.).1.

x?+ 2 1 5 1
S ————— . T4 1) 1911, = (x" — "4 = 0).
1910 0G0 2x 73 10 arclg (x ). 19 , (" -Inlx"+ 1)) (n 2 0)

1 1 1
— - z ——e——
1912. 5 (arctg x" o ) (n#0).1913. 111 - 1914, 10(x9+ 1)
1, 1, 1y |xxi=5
+o 0 S 1915. - In Toprys 1916. = In Jﬁ .

1917. L arctg =1 1918, L |n 22X+ (1=/5)x+2 919 1 jpxt-x2/241
J3 xf ﬁ 2x2 +(1+f)x+2 4[ x4+xh/§+l

. +1 3 T = Zax+b +2n-3 . 2a
1920. arctg x 3arctgx 1921. 1, T DMaxtrbrior T ao1 AI"“’
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- —p% I, = 2x+ 1 + 2x+1 +i 2x+1_
rae A = dac = b5 L= e e T A 3J§ aretg =g
_ 1 (l_t)m+n~2 . L(—l _ _ )
1922, 1 TR o dt; 5o >+ 3t 31n Y
x-2 = P (a) PP(a)

e t = —2. 1923. —Z TR Inlx - a.
1924. R(x) = P(x?) + ZZ [ Ay ] rie P — MHOTOWIeH,
1=1j= ((l ‘x) K (ai+x>“]
ta;(i=1, ..., k) — xopuu smamenarensd, A; — mnocroArHble K03(hU-

n

uuenTsl. 1925, -1 Z cos n(2r-1 < In ( 1 - 2x cos M2E-1) xz) +
2n 2n 2n

k=1
1< 12k~ 1) x - cos™ 2213- :
+ = i = n . . - .
- z sin =<2 arctg e 1926.2./x - 21In(1 + Jx)
2n
1927. 3 In _xix -~ 3 arotg a1 998 By
tavia-vre2dn)’ 2T J7 4

3,2 3 15 2 27 2t4+1 _ 3
~st* =S Injt—-1+ = In (@ +t+ 2) - —— arctg ,t=%2+x.
2 4 | | 8 8.7 J7

6 6

1929. 6t — 312 - 2¢° + 2t4 5t"’— 7t7+31n(1 + t?) — 6 arctg ¢, rae

= %/x+1.1930, —2__ .1931. xz _xdx oLy Ly o).
(1+V; 1+‘£/J_c 2 2
1932. - .1933. - + -2 In 1+t_J§+t2 + 4 arctg —t , TJle
T+td 4[ 1-t./2+t2 2.2 £42

t=.

. 1934, ~ b"/f-}g.1935.’-2‘+J}—%A/x(ux)—éln(&h/ux).

1937. - —4xm - %ln(% + x + m)

1988, -In [2x 2t ] 1| . 1939. o /T 1940 R In(x+ 1+

+R) - J/2 In x_+__2i_f_R‘, rie B=Jx2+2x+2. 1941. arcsinli]g%f +

+ In 3+x+2mi 1942, 1=2x ATt - 1L gpegin 1222
1+x 4 8 J5

1943.__1_9_4,536—+zxm —4arcsmf 1944. (256 —1—221§x +

21 9 X 63 a‘x _a?x?
+ 2= + 2~ =2 2). | -
a0 - 2 10) Jive - B+ Jivx) 1945( L Ly
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+ %) Jaz-x? + -;’—g arcsin = . 1946. (i‘_— 1dx +37) Jx?+4x+3 -

Jal 3 3

~661Inlx + 2+ Jrtrdx+ 3| 1947 —51_ 241 + 1 qn Ledxfed
x2

2 [l
1948, 2% +1J— 1.1949. zg(x f)zm_ lAlfhl(x+1)f5+zh/x—z+3x+
1950. 3x+5 Jx2+2x — £ arcsin —1—, rae x < -2 wuau x > 0.

+1)? lx + 1]
1951. 4da(ca; + bb)) = 8d’c; + 3b%a; (a#0). 1952 l‘lg(ix_fz B

-4 In “/2;___— N1+2x-x? .1953. —arcsm -3 _1 In 3x+1-2./x2-
2 1-x 2 lx - IIJ_ 2 x+1
1954, —dx2rx+ 1 +x+ +ln(x+ + 2t x+1 ) w1l loxs2atyxa 1|
2 x+1
1955, ~14% T3 97— %% - 2 aresin 22X — L arcsin 42
3 2 T+
1956-‘————-—‘362_4x+3 - 2 arcsin x<1wmx>3). 1957. L arct x /2 )
- = - 1957. 5 arctg 7
1958. — "ﬁ”xz 1959, — & 4 Ly [fLratex2]
2‘/5 - Jxi- 271+ x? 4.2 J1+x2-x/2
1960 ln(x+dx2 ) arctg Vx +2 1961 1 1n (2x+ 1),\/5+,/3(x2+x_1) )
B lexs ) 2- Bl rx-D
1962. arcsin =1 - 2 arctg J2+2x-xt 1 g, «/_+~/2+2x—x2.
NE 3 (1~x)f J6 J6- 2+ 2x~ x?
1963__2_£x_1)_ 1964, - L arctgdrard 1 1) 2 Bty D]
3Jxtix+1 «/é (x-1)J2 ~/6 x2-x+1
o x +1>0.1965. -1 1nu2x2 2x45)=(x+1) _ 1 ppopg 42072245
J2(2x?"2x+5)+(x+1) 3 x+1

z-1
z

1+41-22-27  yggg, %{é[(z “ 1P+ (- 1))+

X

3 1 24
L —5 42 2 =x + Jx? . 1967. 1
1966 5351 1) 5 In FERSTE raez =x x2+x+1.1967. In

— 2 arctg z, rue z =

+[(z—1)2+(z—1)'2]+[(z—1)+(z—1)“]} +% Injz—1,trez=x+ Jx2-2x + 2.

5 1 3 16 17
. - - + = - - = - T Thoe + s
1969 B D ser D i Inlz - 1| o7 In |z - 2| 05 1P lz + 1]
mez—“x +3x+2 1970M+ In [s—f-1+—22,1*;1e2=—x+
5(1-z2-2%) 5.5 S5-~1-2x
+ ./x(1+x). 1971. E(A/xul + J2E-1) +i In X+ xTe i
x+ Afx2-1
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1972.1ﬁ— 1 (ln 2:f3+ 1227+ 1 ~ 2 arctg 4——-—“1222).mez=1+"‘.
3 3412 203 -41222+ 1 23-1 1-x
1973, Jlrx — J1-x - Jié arcsin x. 1974. Jltx+ 2% +

bl 3 5 5
+1gp La2xa2dlaxy x? .1975.2[(x+1)2 +x2J« [(x +1)2 ~x2]
2 (24»x+2A/1+x+x2)2 3

1976. - -L arcsin x“/é .1977.-L 1 xJ2+ Jxiv 1 1978. 1 arcsin #2121
J2 2 xZ-1 2 x2 2
1 x2(2x2+1+2/x 4 x2+ 1) 1 N3
x| > JJ2-1).1979. = 1In L1981, = J(x+x2)3 —
(i /2 ) 2 X2+ 2+ 2 xt+x2+ 1 3 (
5 1
- 1—+825 x + x? +§ In(J + J1+x) npu x> 0. 1982, gx“ - 4x% +
' : 1
+ 18 x6 +—3’i]- — 21 arctg x%. 1983. 225—223+3z, rae z= A1 +%/x2.
1+x8

2.3 1 22+z+1 1 22+ 1

1984.—z+—z——,r ez=,1~-x2,1985. = In ===~ — — arct, y
37 5™ G-17 7 %7
rx, 1986. 1 In 1

-3 arctg z, rgez =
Caull SR W TN Sk T R0 QR arctg 2

—_ ,rae 2 = §/1+ x%,
zv1 12 D -2+l 33 zf e
2°, rmez= 5/1+l. 1989, 32 _ 1, (+1)"
X

2(23+ 1) 4 z22-z+1

z+1
-1

rae z2 =

!

1987.

1988.

e arctgzi_—l,mez= ¥3x-x' 1990, m =
J§ x

ot S
IS

, rae k= %1, +2,

2
2 k
1
4

1991.sin x — 2 sin® x + L sin®x. 1992. 2 x - L gin 2x + 3 gin 4x +
3 5 16 64

1 .3 5 1 3 _1 x
+48 sin® 2x. 1993. 6x+ 7 sin 2x + 51 5o 4x 75 Sin 2x. 1994,

sindx sin?2x sin®x _ 2sin’x sind x cos2x cos?2x
~ 4 S ex 5. + . .- + -
64 48 - 199 5 7 9 1996 64 96

cos”2x 1 cos? x 3 x
-1 —— 198~— - === 2 tg .
320 997 3cos’x cosx 9 cos X 2sin?x 2 In { g 2

w5 g

2001. -8 ctg 2x — g ctg® 2x. 2002, tg“x itézz.’ﬁ - Ct% + 3 In |tg .

1999, — Cosx % In }tg x|

2sin?x 2

2000. Sinx 4 1 In
2cos?x 2

2003. L +;+1nktg =

cos x 3cos?x

2004. tg4 - % - In |cos x|.

2005. —x — ﬁiiﬁ + Ct_gi‘.’f - ctg x. 2006. % 2007. -2 . Jotgx + % teix
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3 3 _ 2 .

2008. i— In Eit;;?(it;; - g arctg %—JEL' ree ¢ = %fsinx.
22+ 2241 1 2.2 _ 1 (z2+ 1)

2009. — f _—2ﬁ+1 ﬁarctg S ? tgx . 2010. 1 In pY R

+§ arctg 71 tre 2 = Aigx. 2011, [, = -0SXSNx g nody
3

n

3 -1 — . .
K, = —SIxcosm x ”—I-K,,_z; 16=—l cos x sin® x — 2 cos x sin® x —
n n 6 24
35

5 5 1 7
——cosxsmx+—x K, = = sin xcos” x + -& sin xcos® ¥ + =2 sinxcos® x +
16 16 8 8 48 192

35 35 cosX n-2
+ =—sin x cos ¥ + — x. 2012, J, = —— =2 . 4 22
128 128 n (n~1)sin"~1x n-1

K =~ sinx +n—2KA; = —_cosx _3cosx+§1nt1c
" (n-1jcos" ix n-1 "7 " 4sin*x  8sin?x 8 €3

n-25

K;= sinx , Ssinx | Ssinx In tg ( ’—‘) .2013. -1 cos 4x -
6cos®x 24 costx 16 cos®x 16 4 8

- 1—12 cos 6x. 2014. ’—C 4 osinzx  sindx | sinbx gn;5 § cosX - 3 cosi’ic -

8 16 24 6 10

3 Tx 2 llx 1
-2 Ly 2 = - -z +a+
i cos 5 53 cos . 2016. —= cos (a — b) cos x i cos(x +ta+b)+
x o sin2ax sin2bx | sin2(a-b)x
4 8a 8b 16(a - b)

4 sin2(a+b)x  onyg. -3 cos2x 4+ 3 cosdxr + L cos 6x - —— cos 8x +
16(a+b) 16 64 48 128

+-L cos 12x. 2019. — 1
192 sin(a - b)

1
" cos(a - b)

+ 115 cos (83x + a + b). 2017.

sin(x + b)
sin{x + a)

, ecau sin (@ — b) = 0.

cos(x+ b) ,

cos{x +a)

sin(x + a)
cos(x + b)

, ecoit cos (a —b) = 0. 2021._—2——- In
sin(a - b)

x—a cosx—a

sin
ecausin (a ~ b) = 0. 2022, L2 (cos a #=0). 2023. -—1— In
cosa sin

xX+a a xX+da
cos

cos

3tgX+1
cOs X
cos(x+a)

. 1
(sina #0). 2025. — arctg ———
V5 J5

1 (1 - cosx)(2cosx)? -1 g + + 4
2026. 5 In (Teosx)? . 2027. 5( sin x + cos x) 5J5x

(sina#0).2024.—x +ctga-In

arctg( 1-¢ tggj,ecnu0<s< 1;

. 2028. a) iTe

cin g 2 + 2ta2)

1-~¢?

6) —2_ In ErCosx+JERo1siny o061, 2029, x — L arctg (V2 tg x).
e2 -1 1+e€cosx 2
(26%)-12 + 1

(@222 +b2) 2ab? arctg (ab¢0), raez=tgx.

2030. L arctg(atng). 2031.
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1,.: _ _ L x 1 _ cosx
2032. E(sm X — COS X) W In 4tg (2 + 8) . 2033. Tlasinx + boosT) "
2034. 1 In (sinx + cosx)* _ 1 ¢ 2cosx — sinx .2035. 1 t tg2x )
4.~ 1- sinxcosx ﬁ are g( JBsinx ) J2 are g( J2 )
2036. i N2+ 2 arctg —%— ~ J2- /2 arctg — } , rae u = tg 2x.
Ja+ 22 Ja-2.02
2037. In 2= sin2x . 2038. = arctg (sin? x). 2039. arctg (l tg Zx)
J_ J2 + sin2x 2
___z 3 Z = x40
2040. 172 4[ arctg = N , Tae z = tg x. 2041. — In ‘tg (2 + 2)‘ s
a . .
I7ie cos ¢ = usin @ = .2043. a) =% — 3 InJsin x + 2 cos #l;
T T 5 |
6)0,1x + 0,3 In |sin x — 3 cos x|. 2044, g—i‘ + §Z In |5 sin x + 3 cos .
ab,-ab 1 aa,+bb, ’ (x (p) _ a
- . + Injtg(% +¢ =
2045 a?+b% asinx+bcosx (a2+b2)g ne 2 2 1 TAECOSQ faZ+ b2
5tg£+ 1
usin = —2— . 2047.-3% + 4 Infsinx - 2 cos x + 3] - & arctg —2
Jati bt 5 5 5 2

2048.%——tg( 8) z In (/2 +sin x + cos x). 2049—x— lnl3sinx+
ST+ ﬁ(Ztgf—l)

S S P R S S

5./21 ﬁﬂﬁ(Ztgg—l)

+4cos x— 2|+ 2051, —sin x + 3 cos x +

J5—1+2tg12‘

+2.42 ln'tg (’-2‘ + g)

. 2052, l(sin x + 3 cos x) + 2
5 545 J5+ 1—2tg-§

2054. ——j—_ arctg (cosx) -1y, Zrsinx o955 8 arctg (sin x — 2 cos x) +
3

J3 4 2-sinx’
1 i ﬁ+251nx+cosx.2056. 3 ﬁ(sinx+cosx)+1 D W
10./6 J6 - 2sinx - cosx ﬁ(sinx+ cosx)—1 4./6
< In J§+«/§(sinx—cosx) 9 ) 2sinx - cosx 1 In [tg (£+arctg2)l
J3-J2(sinx - cosx) 10(sinx + 2cosx)?  10,/5 2 2
059. - - b - _(2n-3)a - _—__n-2
2059. 4 (n-1)(a2-b2)’ B (n-1)(a?-b2) ¢ (n-1)(a?-b2)
2060. L In 2r/lrsiv’x 906y o fgy - L texedBlexyl
2 leosx| 242 tgx- J2tgx+1

1 J2tgx 1 s sinx - cosx) 1 ,
+ L Natgx 0). 2062.1 sinx - cosx)) 1 +
% arctg ter 1 (tgx>0) 06 2( arcsin ( 7 J 5 In (sin x
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+cosx+4/2+sin2x).2063. ~ esinx +—2 arctg( H—;E tg 5) .

(1-¢2)(1 +ecosx) (1_52)% +E 2
2 x+a\" ox-—a)™"
- . =% . . — -
2064 ncow( cos —— ) (sm 5 ) (cos a #0).2065.1, =21, ,cos a

2sina -1 s ox-a . x+a\! 3¢ x3
I, ,+5===—=t"",raen>2ut=sin (sm ) .2068.6"(——
2 1 A 2 2 3

x2 2x 2 —xp 2 x5 4 x3 24 x
- Ex 2 - . SR LAy £ 2.4 +
3 + 5 27) 2069. —e*(x~ + 2). 2070 (5 55 + 625) cos bx

L(xt_ 1242 24 s _ 2 4y o _ 43
+(5 =3 +~__3125) sin 5x. 2071. (21 — 10x% + x%) sin x — (20x — 4x%) cos x.

~x2
2072. —“—2_ (x® + 3x* +6x% + 6). 2073. 2e'(° - 5t* + 20° — 60¢% +
+120 - 120), rme t = Jfx. 2074 [5- + “052’22‘;24”;21)“2’”].

9 . e [3(asinbx — bcosbx) _ asindbx -3bcos3bx . 2076. ex s _
075 4 [ (a?+ b?) (a?+ 9b2%) ] 7 2 Lx(sin x

- cos x) + cos x]. 2077. %[xz(sin x + cos x) — 2x sin x + (sin x — cos x)].
fx-1 _ x . 1 ; _

2078. ¢ [T m (2 sin 2x + cos 2x) + 55 (4 sin 2x — 3 cos 2x)].

2079. ix‘ + gxz +3x%cos x — x(6 sin x + % sin Zx) - (5 cos x + g cos Zx) -

- Loos? x.2080. £ + 1 /% sin (2.4x) + 1 cos (2.Jx). 2082, x + —1_ -
3 2 2 4 1+ex

~In (1 +e¢". 2083, ¢* ~In (1 +e¢"). 2084. -% + é Injer — 1)+ é In (e + 2).

1
2

2085. x - 3In{ (1 + ed)N1 +e“} - 3 arctg b . 2086. x + 8

x
14+ et
X

=
2087. —2 arcsin Le 2) . 2088. In (e* + Je2x—1) + arcsin (7).
2089. Je?rt+4ex—1 + 2 In (e* + 2 + Je?*+4e*-1) — arcsin Zer-1
e*/5

1 - 1 Arer- D= 1)
2090. - e ¥ (J1+e Jl—e*)+ =1 . 2092.a, +
70 )l (WTrer+ 1)1+ J1-e¥) !

ﬂ a_3 a, — x __é _pmx 1 -X
FE g bk e =0 2093 0 (1 x). 2094. - — i {¢™).

2095. et 1i (271 ~ e? H (2~ %). 2096. ""1. 2097. % ( X%+ 3x+ % -

X +

«—3-2—2) +(64e* +1i (e2*7%). 2098. In"x-nIln"'x+nn-1In""?x + ..
P
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et (-1 n(n-1) ... 21nx + (-1)"n!)]. 2099. J‘ff (1n3 x - % In® x +

8 1nx—32)

xIn(x +8). 2102, x In® (x + J1+x2) - 2.J/1+x2 In (x + J1+x2) + 2x.
2103. —’—zc + xIn(Jf1-x +J1+x) + %arcsin x. 2104, -Xnx .

J1 4+ x2

2100. - (lnx+31nx+3lnx+ ) 2101. In (x + a) x

—In(x + 41+ x2). 2105. -2 +l 1n(x2+zx+z)+x arctg (x + 1). 2106. % +
+1 ln(1+x)+ 2"“/;arctgA/E 2107. - 4 2x — x2 + arcsin (1 — x).

2108. l JE=x + (x — 1) avesin Jx . 2109. - 3R LT + Ef arccos l.

2x%2-3
4

2110. -2 sgn (1 - x) Jx + (1 + x) arcsin 22~ 25‘ L2111, XALCCOSY 1y /1«2,

1-x2

arccosx 1 14+x 1+ x? x
. + . — _ %
2112 -——Jl—z 2 In I 2113. x - arctg x + ( arctg x 2) X

x[xn(1+x2)—1].2114.x—1—‘2ﬁ In ;*x 2115. -In J1+ 2% + x

1+ x2

+ 2. R sh4x. 2117. 3x sh2x sh4x'
x In (x + J1+x2) 2116 8+ 22 17 5 + y 4——---32

2118. Ch;x ~ch x. 2119. "’;ix "*i‘éx - Chgzx . 2120. In ch x. 2121. x — cth x.

2122. 0,5[In (¢ + et~ — 1) + arcsin (¢7%%)). 2123. a) % arctg 3712 ( 2th ’_2‘ + 1); 6)

3thZ
Ji_ arctg Eh_j_‘_z; B) _?/_(L arctg [J—_z-], r) —%x~ %ln |3 sh x — 4 ch .
5 5 3J11 11
2124 achaxsinbx - bshaxcosbx 2125 achaxcosbx + bshaxsinbx
) a?+ b2 ' a? 1 b2 :
1 1 1 1 x4+x3 1 1
2126, —— + — — = - t . 127. = - = A,
5xt | 3. x  OTOEX 2127. ¢ (1-x%)? 16 1-x
2128, L | lrxfBuxt 1 L0 102" 9199 5 [z - 31/x + 6% -

4./3 1-x./3 + x2 2./3 x3
-61n (&% +1)(x > 0). 2130. —_(15+10x+sx2) x(1-x) +g arcsin J/x

(0 < x < 1). 2131. —3 JT—xt —In 2212 g 0 1) 2132, -2 1 - x/x

| x| 3
(x>0).2133. — (8 4% +3x%) /1 + x2.2134. 1 1nih_2)_ J3 arctg 271
3

r;(ez=31_x. 2135. — 1 In (23224 2J1r x84 x8) 9936 1 arccos XL,
X

x3 ) 2 x2.J2
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2187, -255 — 2 152 — 2arcsin x (] < 1). 2188 -1 (1L + 07 + 222 x
X
X X+ x% + % In x+é + Jx+x2 | (x> 05 x < -1). 2139'_1n(11+x+x22 _
+ X

Sl 0 Baretg 12X 9140, -22+21 e g0 +(x2+
J§ 4

2 1+x+x?

+3x - %5-] arccos (2x — 3) (1 < x < 2). 2141, —* + & ln (4+x)+2 arctg =

2142, —1=%% aresin x + —é (arcsin x)2. 2144. —-’f% x2+1 + ng 1 : X
X

xIn Jx?= —%m_—w (x> 1). 2145( —% I X )A/l—xZ—

NJxZ+l+1 1-x
2tgX + 1
~ 1 aresinx—In Lroi=x? (0<x<1).2146, 05X + L arctg
2 x 3(2+sinx)  3./3 J3
2147, 1 In 7+4J'2_+cos4x. 2148. 1 1 J'2_+A/1+cosx
J2 7-4.2 - cosdx J1+ cosx 2[ ,,/_ J1 + cosx
2149.a[x arctg x — 1 1n(x2+1)} -4- .2150.a ( xln |21 -
2 : x+1

—ln|x2—1[)+a—1—-”ln2x_‘l. 2151, —Inx__ 4 (x> 0).

19n
x+1 2(1+ x2) 4 1+

2152, J/1 + x% arctg x — In (x + J1+ x2). 2153. =In (cos? x + /1 + costx).

2154. —"—xg—x" - 31312 J1 - x2 arccos x (x| < 1). 2155. —%2 - ( x- %3) x

1 2, 2 2 x 1-x2
+ = c: + x9). - - .
x arctg x 5 (arctg x) + In (1 + x%). 2156 79 1125 arctg x
2157, Inlre 1 a2 +_1_1 S xf? g <) 2158, 24 L T2
2(1*352) 4./2 A/1+x2+x»\/— (|| )

x arcsin x + = (arcsm x)? (o] < 1). 2159. E + 1% i(l + x?)? arcctg x.
2160. x* (x > 0). 2161. x — ¢ ¥ arcsin (¢*) = In (1 + J1—e2%) (x < 0).
x x N
2162. x —In (1 + ¢ - 2¢ 2 arctg e? —( arctg ez) . 2163. —Ctill [x - In(1+

./1+th2x+,,/_thx
J1+ thzx—2thx

2165. e*tg’_zf. 2166. %"' 2167. ’”3"4. 2168. 33L(x+[x|).

2169. (1+x)2|1+x[ +d ‘xyl_x' L2170.¢— 1, ecmux < 0; 1 — ¢, ecnu x 2 0.

+e¢*ch 1)]—

1+ th2x

2171. x, ecan |xf < 1; %3 + % sgn x, ecqu jx| > 1. 2172, i + i ((x) - %)x
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1-2 ’(x) - %{ % rre (1) = x = [x]. 2173 Z{la] - (1) cos mxh.

2174. x — %3 npu jx| < 1; x — J—Clac{ + é sgn x npw [x| > 1. 2175. x, ecoin
—00 < x < 0; —é-+x ecnn 0 < x < 1;x2+ é ,ecnu x > 1. 2176. xf'(x) — f(x).

2177. %f(Zx). 2178. f(x) = 2.J% . 2179. a)x — 6) f(x) = x upu —© < x < 0;

f(x)=e*—1nmpu 0 < x < +o00,

Pasgen IV

1 1 175 125 1 175 125
. = . . = - - = == - + =22 ;
2181 122 2182.a) S, 164 T 4n , S, 164 T T

10

_ 1 i _ . 10230 3~ _ 1023027

6) S, = 3 Z, “/g _Z «[ ( TR n
2“1) n(2”—1)

2183. 5, = 31. M2-1. 31 oig4 7+ lgr2 2185.3. 2186, A1

n

5/35 - 5 2 Ina
2187.1. 2188.sin x. 2189.% - % 2190. 821 -a™ ! 9491.1n k.
a

2192. 2) 0, ecnut |of < 1; 6) mIn o, ecou [of > 1. 2193. 5. -b;—a[f(a) - f)).
2201. Boo6bme rosops, Her. 2203. He obszarenbHo. 2206. lli. 2207. 2.

2213, 21 _
1-¢2

. 2216. a) IloasiaTerpanbHas QyHKIHA 1
X

2208.76‘. 2209.75‘. 2210. 1. 2211.1.

2214. L 1n 1+f_” . 2215.
Jab - Jab 2I bl

u ee nepBooﬁpaaﬂaﬂ In |x| paspeIBHEI B IIpoMeskyTke upTerpanuu [—1, 1];

6) pyHKUUA L arctg (tgx) , Arpawiasg poJib llepsoobpa3Hoil, pa3puiBHA
J2 J2

npa 0 < x< 2n; B) QyHKUHUA arctgi paspuiBda npu x = 0. 2217. %

2218.200.2. 2219. 1. 2020.1n2. 2221.%. 2222 2. 2223 L
2 4 m p+1

13
2224. 2(2./2 - 1). 2225. 1. 2226.1. _1_j flx) dx. 2227. 2. 2228, T .
3 e b-a 6 Jﬁ
2229, x + .21. 2230. ﬁg 2231. 0; —sin a?; sin b2.  2232.a) 2x./1+ x*;
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6) _Sx? _ _2x ; B) (sin x — cos x) cos (1 sin? x). 2233. a) 1; 6) %2 ;B) 0.

Jl+x2 o J1+ a8

r) A. 2235.1.2237.3)2;6)§.2238.a)§ - £, eonn a < 0; % - ¢ +°§,

a1 . n . T .
ectu 0< o< 13 5 ~ 2, ecmu o> 15 6) 3, ecau o < 1; S0 oo o > 1;
B) 2, ecru Jof < 1; é ecau Jof > 1. 2239.% In £. 2240.7. 2241.4n.
2242, 2 ( 1- 1). 2243.1. 2244. 2% — L3 2245 1. 2246 T8

e 3 2 6 16 °

1 9+ 4J§ n2 n
2247. — In . 2248. 2 — =, 2249, — | 2250. — . 2251. a) O6parHasa
J2 7 4 ﬁ ) P

l\')IFl

3
GyHKuua x = +¢2 grysHausa; 6) GyHKUUA X = % paspsiBHa npu t = 0; B) He

CYILeCTBYET OJHO3HAYHON HenpePLIBHOH BeTBH QYHKI UK X = Arctg ¢, ompe-
JeJleHHOM Ha KOHeYHOM cerMeHTe u mpoberamwimneir aHayenusa or 0 go «.

2252. Her.  2253. Moxkno.  2256. f(x + b) - f(x + a). 2260. g e?

2261. J‘ [f(arcsin ¢) - f(n — arcsin £)} dt + J' [f(2n + arcsin t) — f(r — arcsin t)] dt.

2262. 4n. 2263. ’f{ 2264. arctg% - 2m. 2268. 315i.

1 on 5 3 2 _aab n 29
2269. 2 In 3 voh 2270. 2 ¢' - 2. 2271.-662 . 2272. - % . 2273. .

4 1 1 1
2274. 2o - /3. 2275.2x(L - L),  2276.2nJ%2. 2277. 2.
3 (Jﬁ 2@) 6

no_n 3 3 225 _QE-1 .1
2278. % - 2.2279. 2 (& - 1).2280. 2 In2 - . 2281.1, K—L(ka z
ecnun =2k I,= é:—f% ecinn = 2k + 1. 2282. Cm. No 2281.

qw [ _ _ 1 1 _ -1 "*1) 2n_ (n1)?

) T o et S} 2284, 22n_(n)*
2283. (1) |:4 (1 3 5 2n-1 ] 84 (2n+ 1)
2285. . No 2281, 2286. 1, = ~=10'0 20871 = (- 1)"% ~In /2 +1 [1—

(m+ 1)+t
_1 _q1y-11 n(2m)''(2n)! .
5 +...+(-1) n} } . 2290. P TE ey p——r 2291. 0, ecnu n yeTHoe;

7, eciu 1 HeueTHoe. 2292, (-1)'m. 2293 §T£n . 2204, 2—7[,1 sin %E

2295. 0. o) €3, +2 Z C““z';(z(f Zk)J
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2298 L ( 1)1, 2299. ﬂ@_{)'ﬂ 2302. B Toukax paspoiBa PYHKI[UU

f(x) npousBoatasn F'(x) MOXeT KaK CYIIeCTBOBATh, TAK U He CYI[ECTBOBATh.

2303. |x| + C.  2304. arccos (cos x) + C.  2305. x[x] — Xl ";'* D +c.

2306. xzéxl ENE ] (E4E: i)Z(ZIxIQ) + C. 2307.C + 1—1[ arccos (cos 1x).
2308. l(ll +x-{l-x)+C. 2309.-1. 2310.14 - 1In7! 2311, %
2312. -=. 2313.In n! 2314. —th I, 2315. 8 . 2316.a)—; 6) +; B)+; 1) ~-
2317. a) Bropoii; 6) Bropoii; B) mepBslii. 2318. a) l ; 6) 6— ; B) 10; r) =~ cos .

2319.1. —£_ = b — manaa nonyocs smnunca. 2. v, Vep = %(v0 +uv,), rae vy —
1-¢€?

KOHeYHas ckopocts Tesa. 2320. -21- is.2321.A4.2322.2) 0=, 1 1 6) 0 = % ;

8)0=1 1 =1 1im o=1, lim o= 1.2323.8% + 4% (o< 1).
x x x—0 2 3 3

x — =00

2324. Baxmouaeres MeXLY —— u - . 2325. 0,01 — 0,0050 (0 < 0 < 1).
lOﬁ 10

2326.2. a) 1; 6) (0) In 9 . 2328. —‘L (0 <0< 1). 2329. Zo (ol < 1). 2330. 9

(o] < 1). 2334. 1. 2335.-1. 2336. 7. 2337. 7. 2338. 2 ln 2. 2339. 4}
373

27 T n 1 2 b4
2340. ==, 2341. . 2342, 2.2343. - In| 1+ £2).2344.0.2345. = - 1
3.3 2 ( Jé) 2

= — (2n-3)!!  ma" 'sgna
.2348.1, = n12349.1, Zn o2 -
(ac-b?2) 2

2350. I, = n! Z (-1 *1Ck In(k + 1), rae C¥ — uucino coueranuit us n

k=1

— " _ %

anemenToB no k. 2351. 1, = g"—y—}Lg, ecnu n — uerHoe, u I,= (n '})-‘ ,
n:. ntt

(n-1)

s

- 1"
ecnu n — HeueTHoe. 2352. ], = Ln—nl-)— T, ecJIK 71 — 4eTHoe, U [, = =
nt! n!t

ecau n — HedeTHoe. 2353. a) —7-2‘ In 2;6) —7-2‘ In 2.2354. ?';—Jg_e_“ . 2356. a) 1;
p— e*ﬂ

6) g ;8)0.2357.a) 1;6) % ;B) 1;1) é f(0). 2358. Cxoaurcs. 2359. Cxoaurcs.

2360. Pacxogurcs. 2361. Cxoaurea npu p > 0. 2362. Cxogurcs, eciu p > —1
u g > —1. 2363. Cxoaurcsa, ecoiu m> —1, n — m> 1, 2364. Cxogurcsa npu
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1<n<2. 2365. Cxogurcanpu 1 <n <2. 2366. Cxogurcsa, ecnu m > —2,
n—-m > 1. 2367.Cxomgurcsa npu n > 0 (a# 0). 2368.Pacxoxurcs.
2369. Cxogurcst, ecnu p < 1, ¢ < 1. 2370. a) Cxogurca npu n > —1;
6) Cxoaures. 2371. Cxoxutcsa, ecau min (p, ¢) < 1, max (p, ¢q) > 1.
2372. Cxopurcsa. 2373. Cxogurca. 2374. Cxoputes, ecnu p > 1, g < 1.
2375. Cxopgurces npu p > 1, ¢ nponssonsHoM, r<lunpup=1,¢g>1,r<1.

2376. a) Cxogures, ecnup, <1 (i=1, 2, ..., n), Z p; > 1; 6) exogures npu

o>-1,3> -1, a + < -1. 2377. Cxoaurca, ecnu P,(x) He uMeeT KOpHel
B npomexyrke [0, +] u n> m+ 1. 2378. Cxogurcss He abCOMIOTHO.
2379. Cxonurcsa He ab6conrorHo. 2380. a) Cxogurca abCconwTHO, ecau

1< &21 o 0; cxogurcsa ycuaoBHo, ecau 0 < e+l 1; 6) cxopurcs;
q q

B) cxoputcd. 2381. Cxoaurca abconroTHo, ecnu p > —2, ¢ > p + 1; exopurca
VCJIOBHO, ecnu p > —2, p< g < p+ 1. 2382. Cxoxurcs yenosso npu 0 < 2 < 2.
2383. Cxopurcss abconamoTHO Opu n> m + 1; CXOAUTCA YCAOBHO HPHU

m<n<m+1.2385. Her. 2392. ln =.2393. 0. 2394. n. 2395. 0. 2397. az

2398. 4%. 2399. 4%. 2400.2) 9,9 — 8,11ge = 6,38; 6) 2 — HE ~ 0,56;

B) % + % =0,97. 2401. 7. 2402. na”. 2403. nab. 2404. é a®. 2405. §_8 J2 p2.

2406. ——— . 2407. 3na®. 2408. ’““ . 2409. 2™ 2410. l cth T ~0,546.
AC ~ B? n+ 2

2411. (31 + 2) : (9n - 2). 2412. x = ch S, y = sh S. 2413. 3na®. 2414.

3.
15°
2415. %(4;& +3n). 2416.6na%. 2417, a) %" - £, 6) na® ( )

2418. a?. 2419. 37;“2. 2420.’{%3. 2421. P_(3 +442). 2422, a) T2
(1-¢%)

2
2

6)11n;B)%[.2423.(n-1)%2.2424.%( 1—1n2+%) .2425.a)§;6)71[;3)4f%;

r) n( 1+ %“’) : 1) n( 1- %‘) a?. 2426. gaz. 2427. na® /3 . 2428. a®. 2429. gnaz.

A/;.0Jr xo+E

2430. 192 2431, 8 (10['0 - 1). 2432. 2 xo(x0+”) +pln — A2,
& 4 ;
2

2x
2433. Jht—a?. 2434. %, 2 + J1+ 20 —Jp LEAlre ® 413_‘5 2435. “2; 1
1+ 42

a+b _ o (T 4 a a
2436.aln 220 ~ b 2437. 1ntg(4 +2). 2438.aln 2. 2439, 4a(1+
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+ 3 In 14@) 2440, 6a.2441. 2@ =) 9440 1 (1 +/2) 9443 g4
2 ab 2

ﬁchg + AchT
1+ ﬁ ’

3
6) % (ch? 2T ~ 1). 2446. ma./T+4n* + & In (2 + J1+4n2). 2447. __—41;'”2 a

2444. 2n%a. 2445. a) 2(ch g JohT - 1) -2 1n

2448.8a. 2449.p[J/2 + In(1 + J2)]. 2450. §12‘_“ 2451. a(2n — th 7).
2452. a) 2 +% In 3; 6)6%;3) sh R; 1) T. 2455. 2—}% = (,73. 2456. b’l (2a + o).
2457. %[(ZA + a)B + (A + 2a)b]. 2458. %”[(2A+ QB + (4 + 2a)b].
2459. %SH. 2462. —abc 2463. %nabc. 2464. fi”%llﬁ 2465. E
2466. §a3 [n - g) . 2467. }—gazm. 2468, 14 ““ . 2469. £ . 2470. 4”J§

2472. %nab2 2473. )16”, 6) %". 2474. a) 1‘2-2; 6) 2n2. 2475. a) I“gnabz;

6) 2420, 2476.2) &; 6)2n. 2477. 2n%a%. 2478. 8%% o479, T .
S 5 3 5(1-c 77)

2480. a) 5n%a®; 6) 67°a’®; ) Tnla®. 2481, a) nab2 6) mna Zp.

24821V, = ¥ v, = S n 2483, 1. a) S ma’; 5)13 nfa®. 2. a) 14 [ﬁ,x

_ 27. gy rfa?, oy nfa? 2 (11 _ gn2)ad 2
xIn(1 + 2) 3},6)”2,3) L. 2484 1.2 (n'-6ne’. 2.5n

2485, "Zj‘é’ 2486. 4’“’ (21J’3 + 21n 3*!_) 2487. 2a Jn%a?+ 4b® +
2

+§nﬂzln“‘”————— «W_ 2483_n[([_ﬁ)+1n@l§fiﬂ},

2489. a) [(2x0+p) /2px, + p? — p?; 6) [(p+4x0) [2x4(p+2x4) —p?x

1n_-—__“2"°+[ 4’”2"0] . 2490.a)2nb2+2mb@ +6) 2n0 + 3’;_”5 In [5(1 +£j:’,
D

2_ H2
roe € = Y2287 _ sxcuenrpucurer snnumca. 2491. 4nab. 2492. %naz
a

2493. a) na(2b+ash -2;”) 6) 2na(a+bsh b _ach 9). 2494, 4na®.
a a
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2495. a) 84 64 na?; 6) 16na?; B)—Tra 2496. 3"a2 442 - 1). 2497. —na

2498.a) 2na® (2 - J2); 6)2ma®J2; B)4ma®. 2499, J_[l 4.5 +
+171n (2 + 5)] = 1,013. 2500. V—‘“‘ 2, p= 2np2[(2+ﬁ)+1n(1+f)]
2501.1. M, = 2a%; M, = zﬂ[ﬁ +51n (1 + J2)]. 2502.1. M, = bgz
— bh? 8 =84y |8 (i} (x) _ mab?,
M= 2.7 - Bt g, =8 aj;,r,, a [0.2503. M - Tab,
MY = ’“14”’ 2504.1. M, = 7”1 hY M, = L rn.2.1= EMRZ. 2507. xo =
smot _ 4a b 3
=qsl = 0. 2508( ,20 ) 2509( 3n).251o.(0 0, 3 )
2511. 9y = ¢ — @, e o = arctg = ; ry = —L  Jlorapud)MUHeCKyIO CITH-
Py =@ om0 i pud y
_ __am m(gy+ o) _ - - - 5
pallb 1y = ——mm @ . 2512, 0, r 3 4. 2513. xo = na, yo = 2
0 i Po o~ & 0 Yo

2514. xp = 2 -0 a) Rh
X0 = 38 Yo . 2515.1 0, 0, 5} . 2516. 75 kr. 2517. 4, = mg—li

rae R — paguyc 3emnu; A, = mgR. 2518. 5 [xx. 2519, 1740 Tox. 2520. g a’.

2521. 708% T. 2522. 0,7 + 4 7°. 2523, %n&mzRﬁ. 2524, TIpoeKuun cHIbI

NPUTKEHUA Ha KoopauHaTHbee ocu: X =0, Y = _2kmiy , Plie k& — rpaBuTa-
a
[UOHHAA OCTOAHHAA. 2525. 2nkmd, (1 - b ) , TRe k — rpaBUTALMOHHAA
Na?+ b?

nocrossHHasg. 2526. Ipumepuo 3 yaca. 2527. Cocyx moskeH ObiTh OrpaHu-

YeH MOBEPXHOCTbIO, 06pAa30BaHHOH BpaleHneM KpuBoil y = Cx! Boxpyr
e .
BepTHKANbHOMH oci Oy. 2528. Q = @, - 2 190 , 2520, 99,92% . 2530. "6’2 .

B orserax Ha npUOIHMKEHHOE BHIUMCIIEHUE ONpPEJeleHHbIX HHTErpasoB
nasbl Tabauunkie 3auvesuda. 2531, -6,2832. 2532. 0,69315. 2533. 0,83566.
2534. 1,4675. 2535, 17,333. 2536. 5,4024. 2537.1,37039. 2538. 0,2288.
2539. 0,915966. 2540. 3,14159. 2541. 1,463. 2542. 0,3179. 2543. 0,8862.
2544. 51,04.

2545.

27 4n 51

X 0 3 27

wlA
w
w

y 0 0,99 1,65 1,85 1,72 1,52 1,42
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Pagpgen V

25486. § 2547. g 2548. 3. 2549. 1. 1550. % 2551. a) —Isind .

1-2gcosa+q?’

6) _qeosa=q* 9559 1 — J2. 2553, Cxopsires auiib npu X = kn (k —
1-2gcoso+q?

eJsoe). 2556. Pacxoaurca. 2557. Pacxogurca. 2558. Cxogurcsa.
2559. Pacxoaurcsa. 2560. Pacxoaures. 2561. Pacxogurca. 2562. Cxoaurcs.
2563. Cxogurcsa. 2564. Pacxoaurcsa. 2566. MoxeT Kax CXOAUTHCA, TAK U
PacXomgUThLCH. 2567. a) MoxkeT Kak CXOAMThCS, TAK M PACXOLUTLCHA;
6) pacxogutcsi. 2578, Cxogurca. 2579. Cxoaurca. 2580. Cxomurcs.
2581. a) Cxoapurcs; 6) pacxogurca. 2582. Cxomurca. 2583. Cxoxurcs.
2584. Cxomurcsa. 2585. a) Cxogurcs; 6) cXOAUTCA; B) CXOLUTCS IIPU JIIO-
661X O 1 x. 2586. Cxogurcs. 2587. Pacxoaurca. 2588. Pacxoaurcs.
2589. a) Cxoaures; 6) cxogquTes; B) CXoAuTed; I') cxogurtes. 2591, 2. n > 13.
2595. Cxopurca. 2596. Cxoxgurcs. 2597. a)Cxomurcsa; 0)cxoauTes.

b &a > 1. 2600. Cxogurca

2598. Cxogures npu p > 2. 2599. Cxogures npu
npu p > g . 2601. Cxoaurcs. 2602. Cxogures npH p + g > 1. 2603. Cxogurcs

npu q > p. 2604. Cxopurcsa npu g +qg>1. 2605(x). Cxoaurcs npu

a(qg — p) > 1. 2607. Cxogurcsa npu ¢ > p + 1. 2608. Cxogurca npu p > 0.
2609. Cxopures nipu p > 0.2610. Cxogures npy p > % .2611. Cxoanrtces nipu

b# 1. 2612. Cxougurca npu p > 1. 2613. a) Pacxopurcs; 6) pacxoaures.
2616. Cxoaurca npu x < 1 2617. Cxopurcs. 2618. Pacxopurcs.

'(: .
2619. a) Cxogurca npu p > 1; 6) cxoaures upu p > 1, ¢ npoON3BONALHOM U
mpu p = 1, ¢ > 1. 2620. a) Pacxogurcsa; 6) CXOAUTCH; B) PACKXOLUTCS.

2621. Cxogurea. 2623. 1,20. 2626. Cxojurtesa npu o > % . 2627. Cxopurcs, ec-

Ima= % . 2628. Pacxogurca. 2629. Cxopurcsa. 2630. Cxongurtca npu a > 2.

2631. Cxoaurcsa. 2632. Cxogurcesa., 2633. Cxogurcs. 2634. Cxopurcs, ecau

c =0, 3 < —~1.  2635. Pacxogurcsa. 2636. Cxomurcs, ecau o # 0.

2637. Cxonurcs. 2638. Pacxoaures. 2639. Cxonurca. 2640. Cxogurcsa, ec-
nu a = Jbc. 2641. Cxonurcs, ecau a < —1. 2642. Cxoaurea, ecnu o > %
2643. Cxogurca npu a’ > e, ¢ = 0 u npu a > 1. 2644. Cxoxutcs upu a +b > 1.
2645. Cxoaurca. 2646. Cxogurca. 2647. Cxonurcsa. 2648. Pacxoxurcs.
2649. Cxogurcs. 2650. Cxopurca. 2651. Cxogurca. 2652. Cxoaurcsa npu
o <2. 2653. Cxogurcsa. 2654. Cxopurcsa. 2655. a) N > 100 000;6) N > 12;
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B)N > 4. 2659. g 2660. 1?{. 2661.1n 2. 2662.a) g In 2; 5)% In 2.

2664. Cxoxgurcsa. 2665. a) Cxoaurest; 6) cxogurcsa. 2666. He caexyer.
2667. Cxopurcsa. 2668. Cxogurtesa. 2669. Cxoaurca. 2670. Pacxogurcs.
2671. Cxopurca. 2672, Cxogurca. 2673. a) Pacxopurcs; 6) cxomurcs.
2675. A6comorno cxogurces npu p > 1; yenosHo cxopures npu O < p< 1,
2676. A6conrorro cxopuTes npu p > 1; yenosHo cxofaures npu 0 < p< 1.

2677. A6conwrHo cxonutes npu p > 1; yCAOBHO CXOAUTCS NPU % <p< 1.

2678. AGCONIOTHO CXONTCS IIpH |x — Tk} < ZI[ (k — 11e710€); YCIOBHO CXOAUTCA

npu x =7k + g . 2679. CxonuTtcs ycJOBHO OpH N1060M X, HE PABHOM UeI0MY

oTpulLaTeasHOMy yucay. 2680. AGcomorHo cxoguresa npu p > 1; ycnoBHO
cxoaurca npu 0 < p < 1. 2681. AGCOJIOTHO CXOZUTCA NPU p > 2; YCIOBHO
cxogutes npu 1 < p < 2. 2682. AGCOJIIOTHO CXOAUTCA HNPH p > 1; YCAOBHO

CXOJUTCS IPH % < p< 1. 2683. YcaosHo cxogurces. 2684. AbconoTHo cxo-

auresa. 2685. Pacxoaurcsa. 2686. YcanosHo cxoaurces. 2687, AGcom0THO CX0-

auresa opu p > 1; YCIOBHO cXOZUTCA NPU % < p< 1. 2688. Pacxogurca.

2689. AGCONIOTHO CXOAUTCA NPH p > 2; yCJIOBHO cxogurces npu 0 < p < 2,
2690. Cxopurca. 2691. Pacxoxgurca. 2692. AGCOMOTHO CXOAUTCA IIPH
q > p +1; ycinosHo cxopurca npu p < g < p + 1. 2693. AbconmorHo cxoxurea
npu p > 1, ¢ > 1; ycaoBuo cxoaurces npu 0 < p= ¢ < 1. 2694. A6conwTHO
cxopuTesa npu p > 1; yenosso exoautest npu p = 1. 2695. a) A6contorHo cxo-
QUTCS OpU p > 1; ycJlIOBHO CXORUTCs TPH p = 1; 6) abconoTHO CXOANUTCA IPH
p>1,q>1; yenosso cxogurca npu 0 < p=¢< 1.2697.a)p> 1;6)0<p< 1.
2698. a) Cxoxpurtcsi; 0) CXOQUTCH; B) CXOXUTCS. 2699. a)g > p+ 1;
Byp<qg<p+1. 2700. Cxoaurca abconworno npu m 2 0; cxopurcs
yemoBEo mpu -1 < m < 0. 2703. a) n > 1000000; 6) » > 1,32 - 10,
2706. a) Pacxogurcsa; 0) MOXKeT KaK CXOAHUTHCSA, TaK M PacXOgUTHCA.

2707. % . 2708. % . 2709. —% . 2710. -il—lx% . 2716. Cxopurcs abCcoNOTHO IPU
lx| > 1. 2717. Cxonurca aGeomoTho npu x > 0; cxoguTcs yeaoBHo npu x = 0.
2718. CxopuTcst abCOMIOTHO IIPU X > —% unpu x < —1.2719. Cxogurcs abco-
morHo npn x| # 1 u cxoaurca ycaosso npu x = —1. 2720. Cxoxurca ab-

COJIFOTHO TIPH ~“/_T’;‘_3 <x< % U OpHU g <x< —“/T% 2721. Cxogurca

abcomorro npu |x — R} < & (k= 0, +1, £2, ...).  2722. Cxoxurcsa abco-

T
6
motHompu p > 1 u x 2 k (k=-1, -2, ...) 1 cxoxures ycaoBHo npu 0 < p< 1,
x # k. 2723. Cxoaurcs abcontorHo npu ¢ > p + 1 U cXOAUTCA YyCAOBHO IIPH
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p<q<p+1,2724. Cxoaurca abcomorso npu |x| < 1. 2725. Cxoputes abeo-
morso opu || < 1. 2726. Cxogutcs abeooTso npy |x| # 1. 2727, Cxonutea
abcomtorro npu x # —1. 2728. Cxogures abecontorso npu x > 0. 2729. Cxo-
auTest abeomorso npu 0 < x| < +00, ecau |a] > 1; pacxoaures, ecnu la| < 1 umn
ecau x = 0. 2730. Cxonurca abconoTHo npu x = 2 u npu x > g, 2731. Cxo-
aurcs abcomorHo mpu x > 1. 2732, Cxoaurcs, ecau 0 < min(x, y) < 1.
2733. Cxogures abcomoTHo npu x| < 1, 0 < y < +00 u mpu |x| > 1, y > |x|;
cxoauTesa yeaosdo npu x = —1, 0 < y < 1. 2734. Cxogurca abcoOTHO Ipu
max (x, ) < 1. 2735. Cxopurca abeomorso npu: 1) 0 < x < 1, —00 < y < +00;

Nx=1,y>1u3)x>1,y> 2. 2736. Cxoxurca abconoTso npu jx — ki < ZI[ ,

— Y 1 . Bx(x?-1)
rae k — nenoe uncxo. 2738. 5 < el < 2; PRI ITh 2739. a) Cxoxurcs

abcomorao npu x 2 0, cxoaurca ycaosHo mpu —1 < x < 0; 6) cxoAuTca
abcomorso npu p + x> 1 unpu x =0, 1, 2, ..., cxoqurcd yCI0BHO NpHU
0 < p+ x< 1; B) cxoauresa abeonorso mpu: 1) x| < 1, y — npousposbwo;

2)x==+1,y> %; 3) x — mpouseonbHo, y = 0, 1, 2, ...; cxoguTCa YCJIOBHO
mpu x = 1, —% <y< % 2743. Tlpu € = 0,001 u x = %0, 1, N > 3m. Her.

2744. n > % .2745. n 2 26. 2746. a) Cxonurcsa paBHoMepHO; ) CXOAUTCA He-

paBHoMepHoO. 2747. Cxogurcs paggoMepno. 2748. Cxoaurcs HepaBHOMEDHO.
2749. Cxoxurcsa paBsomepuno. 2750. Cxoaurcsa pasunomMepHo. 2751, a) Cxo-
IUTCA PABHOMEDHO; 6) CXOAUTCS HEPABHOMEPHO; B) CXOAUTCS DABHOMEPHO.
2752, a) Cxoaurcsa HepapHOMEpPHO; 6) cxoauTcsa pasaomepHo. 2753. Cxoaut-
ca paBHoMepHo. 2754. CxoguTcd HepassoMmepno. 2755. a) Cxopurcsa paBHo-
MepHO; 6) cxoauTca HepaBaOMepHO. 2756. a) CxoauTcsa HepaBHOMEDHO;
6) cxoxuTes paBHoMepHo. 2757. Cxoaurcs HepaBHoMepHo. 2758. a) Cxoaur-
cs1 paBHOMepHO; §) cxonuTtes HepaBHoMepHo. 2759, Cxogures paBHOMEPHO.
2760. a) Cxoxurca paBEOMepHO; §) cXogUTCa HepaBHOMepHO. 2761, Cxoxur-
ca paBHoMepHo. 2762. Cxomurcs paBnoMepso. 2763. Cxonurcs Hepas-
HoMepHo. 2767. a) Cxoxurcss paBHOMepHO; 0) CXOAUTCA HePaBHOMEDPHO.
2768. 1, Cxogurca pasHoMepHo. 2, Cxogurcsa HepaBHoMmepuo. 2769. Cxo-
AUTCA HepaBHOMepHO. 2770. CxoauTes paBaoMmepso. 2771, Cxoaurcs Hepas-
HomepHo. 2772, Cxogurca pagHoMepHo. 2773, a) CxoauTcsa HepaBHOMEDHO;
6) cxoxuTcs paBHOMepHo. 2775. a) Cxopurca paBHOMEPHO; 6) CXORAUTCH He-
paBHOMEpHO. 2776. Cxonurca HepasaoMepHo. 2777. CxoguTes paBHOMEPHO.
2778. Cxopurca paBHoMepHo. 2779. Cxoaurcs pasaoMepso. 2780. Cxopur-
csa paBaHoMepno. 2781, Cxogurcsa paBHoMmepHo. 2782. CxoauTcs paBHOMED-
Ho. 2783. Moxer. 2785. He oGasatensno. 2795. a) CymecTByer u Hemnpe-
peIBHA 1pH |x| < 1; 6) cylecTByer u HempepsIBHa mpu |x| < +00; B) cymurect-
ByeT npH |x] < +00, paspriBaa npu x = 0. 2799. a) Cymectpyer u auddepesn-
mupyema npu x = -k (k= 1, 2, 3, ...); 6)cymecrByer mpu |x| < +00, qud-
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depeHLUpyeMa BCIOAY, 3a uckaiouenuem x = 0. 2802. a) o npousBoJIBHO;

6)a< 1; B) o< 2. 2805. Her. 2806.% In2. 2807.1. 2808. a) 1; 6)%2.

2809. 3akounno. 2810. ITa. 2812. R = 1; (-1; 1). IIpu x = ~1 cxoanTces abco-
JNOTHO, ecau p > 1, u yenosHo, ecnu 0 < p < 1; mpu x = 1 cxogurea abeo-

JNOTHO, ecnu p > 1, u pacxogured, ecsim p < 1. 2813. R = % ; (*% ;—%) . TIpn

x = —% CXOIUTCS YCJIOBHO; IPU X = —% pacxogutcsi. 2814. R = 4; (—4; 4).

IIpu x = +4 pacxogurca. 2815. R = +00; (—0o, +00), 2816. R = 1 ; ( -1 ; l) .
e e’ e

IIpn x = i% pacxoaurcs. 2817. R = +00; (—00, +00). 2818. R = 2; (-1, 3).

Ipu x = —1 cxoguTtca aBCoONIOTHO, eClu p > 2, M YCIOBHO, ecnu 0 < p < 2;
1IpH £ = 3 cxoguTcA aBCONIOTHO, ecau p > 2, U PACKOJUTCA, ecau p < 2.
2819. R = 27; (=27, 27), Ilpu x = —2P cxomurca abCONIOTHO, ecii p> 2, n
pacxoauTea, ecau p < 2; npu x = 27 cxogurca abconoTHo, ecau p> 2, u
CXOAUTCA YCIO0BHO, ecnu 0 < p< 2. 2820. R=1; (-1, 1). IIpn x = -1 cxo-
auTca abconoTHo, ecnu m = 0, u pacxogures, ecau m < 0; npu x = 1 ¢cxo-
aurca abcoaroTHo, ecau m = 0, ¥ CXOOAUTCA YCAOBHO, ecan —1 < m < 0.

2821. R = min (1 : 5) ; (-R; R). Ilpu x = —R cxoguTcs yCAOBHO, ecnu a = b,

1 abcoNoTHO, ecau a < b; npu x = R pacxoguTes, ecnu a 2 b, U CXO0aUTCA
abcontoTHO, ecnu a < b. 2822, R = max (a, b); (—R; R). IIpu x = R pacxo-
aureda. 2823. R = 1; (—1; 1). TIpu x = +1 cxoaurcsa abeonorHo, ecnu a > 1,
u pacxogurcs, ecnu a < 1. 2824. R=1; (-1, 1). IIpu x = 1 cxogurca ab-

conmwoTHo. 2825. R=1; (-1; 1). IIpu x = ~1 cxoauTcsa ycaoBHO; Ipu X = 1

pacxoauTc. 2826. R= 1; (-1, 1). IIpn x = -1 pacxoaurcs; nopu x = 1

CXOAHMTCSA YCJOBHO. 2827. R=1; (-1; 1). TIpn x = *1 pacxogurcs.
1 1, 1 1 1 1

.R= =3 11 =+= . R=Z | -5, 20,
2828. R y ( 1 4) P4 x 1 pacxoautcsa. 2829. R 3 ( 3 3)

TIpu x = i% pacxogutca. 2830.R=1; (-1; 1). IIpn x = +1 cxoaurca
abcomorHo. 2831. a) R=1; (—1; 1). IIpu x = +1 cxoAuTcsa yCJIOBHO;
6) npu 0 < x < 2 cxoauTca abCOMIOTHO; MPU X = 2 CXOAUTCHA YCJIOBHO;
B) cxoputes aub npu x = 0, 2832. R =1; (-1, 1). TIpu x = —1 cxogurca abeo-
JIOTHO, ecau Y — oL — 3> 0, u cxoguTest yeaoBHO, ecin —1 <y— o — B < 0; npu
x =1 exonurea abcomoTHO, ecnu Y — o — 3> 0, u packogures, ecnuy — o~ B < 0.

2833. x > 0. 2834. [x] > £ . 2835.0 <[x] < +00. 2836, x > ~1. 2837.|x ~ k| < ]

rge k£ — uenoe uucao. 2838. -1 + 3(x + 1) - 3(x + 1)®2 + (x + 1)3.
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b n . s n

2839. a)z 2 (lxf < lal); ©) z"—b)L (- bl <la- bl B>w"; o

(> |al). 2840. Z (-1)*1 ﬁx—lﬂ (0 <x<2);In2. 2841. Z o - Sl 1‘), (] < +00).
x2n 1\n+ 22n- n

2842, Z Gl < +09), 2843. ,,Z‘( 1) 1(2 ), X" (|2 < +09).

2844, Z In2a yn (1) < +o0). 2845.ux+M1—23j %) % 4 “(1‘“2532‘Eﬂx5+...

=0

(< 1). 2846.1 - %fxz— W2 pE) (el < 1) 2847.1 + (x— 1) +

4!

_ 124 (x—-1)3 < _x 11 2 T .3 )
+(x 1)+LL2 . (0<x 2).2848.6(1 R CAEC E A
(ld < 1).2849.sin{(x + h) =sinx + 1 cosx—%ﬁ: sinx—%—f cos x + ... (}h) < +ooy;

: h? hd .
cos(x + k) = cosx — hsinx - 51008 % + 37 sin«x + . (B < +00).

2850. 1. a) (-2;2); ©) (3,7). 2 Her. 2851 3 CIV2 (< too).
n=0 -

- ,.22" 1 2,; § - _1yr+1 32"'1 2n+1
2852. 1.1 + ;1( 1) @ * (|« < +00). 2853. 5 ;( 1) "
(x| < +o0). 2854. ) x" (] < 1). 2855. 3" (n+ 1)x" (o <1

n=10 n=0

= (2n— 1) a+1( _1 1 o xZnrl
2856. x + ZIL_;!_)_x ( 5<x<§]. 2857. Zo o (< 1.

2858.

ol

nil[l i (lxl < %) 2859. i[l * %ﬂ x, (o < 1

2860. 1 i [+ 12C0 o o] < 1), 2861, 7:) a,x", e a, = %[([.5;—1)1 +

+(-1)" (L‘_IJM 1} (uncna Pubonauuu). 2862. a) % i x, sin &t-(';—”) (x < 1);

6) Zc,,x", rae ¢, =1, ecim n=4k; ¢, =-1,eciu n=2k+ 1;¢,= 0, ecm
n=0

=2k +2 uwmm n=2k+ 3 k=0, %1, £2, ...). £1999 (0) = 1000
2863. 3 x" cos na (< 1). 2864. " x"sin na (x| < 1). 2865. > x"shna

n=1 n=0 n=0

oo +1
i 2n+ DI g Em v (1R (= 1)2 n
(Ix < ™). 2866. "Z::o TN L x% (o < 1). 2867. Z . x

n=1
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(-1 < x < 1). 2868. Z SOSE x* (Ja] +00). 2869. Z -1 £ x“” (1l < 1); 2

n=0

92870, x + Z(Zn— ML 1< 1), 2871, x + Z {( 1y Zn- Dt

2n)!! 2n+1 = (2n)!t 2n+1
cosna < ntl _xn+l
(< 1). 2872.-2 Z COSY xn (x| < 1). 2873.a) x + Z( U D

_ < . x4n+1 —1)r22n-1 2n -1
(-1<x<1); G)Z (-1<x<1); B)arctg 2 + Zﬁ—zh—x

_1 1 . [} x2n+l nt1 x2n

(-1 < <§),r)z{< ey }(le <2 ) Z( 1y

(] < 1); e)2|x]{1+i%l)—1”m'2iil1}npm0<x<1n~1<x<0;
pa) i

x> @n-1y a2 ] yr (2n- 1)
w) L+ +"z::l*(2n+2!!)2n+1] < 1s0)-1+ % +Z( ererie

x2n+ 2

- (+<1).2874.2) e‘z[(Zx)" "(" 1>(2x)n—z+ﬂ 1)(2' 2)(n-3)

x(2x) "4+ ... s6) EL)" ox an+ 1) gy n(n =D 2 2) ga-2y2 T
x2n 1! 2!

)( 1)r-1n! [xn-1_gn—1!(n—2!x,,-3+ (n—1)(n~2)(11—3)(n—4)x,,~5_m]

(1+x?)" 3! 5!
o (—1) M9 < 4 < v 1
2875. ,,Zl El@+ " (-2 <x <o) 2876. z} = (I« > 1.
2 x-1 > 0). X S gzn—lg!!( x !
877. Z 2n+1 (x+ 1) (x>0) 2878 l+x * Z (2n)! 1+x)

- Sl L 1 __1)_‘(."_—12 n
(x> )28811 5% 24x .. (d <1).2882. 1+Z x
(x| < +0). 2883. Z [ B ] x" (1] < +0), rae 01 = 1

Cn)  (2n-2)  (2n-4) ’ ’
~1) = o0, (=2)! = N L,ooply ozt o
(-1 = o0, (=2)! OOHT.LI.2884.2“Z:! (1+2 +...+n) T (-1<x<),
o 1 ; o 234:05%t
-13) 2n+1 < n
2885. x + 2 2 Q_L—4n2_1 x (¥ <1). 2886. 20 - x (x| < +00).
~ 225111’”(

4 2 (x| < +o0). 2888. z {( VIR +1)x"}

n=1 "=



514 OTBETBL

- S (1) ! 1 1y x <
(-1< x<1). 2889. ’ZH( 1) ( L+ 4+t 2”_1) C (< D)
> 22n+1(pt)2 z" l 3 2 s n
2890. Z, __A_L(Z SR (A< 1), 28910+ g0+ (|x1< .
1 2 *_ 1 5 2 5 _
2892. x gx + —15x +. ([x| ) 2893. 5 et

En-k

- N Y
(% < 7). 2804.E,= 1, ¥ {( D e

k=0

} = 0. 2895. P, (x) =

_ (2n-1)" n_ o nn-1) _n-2 nn-1)Y(n-2)(n-3) .n-4 _
Pu(®) ol [x 2en-1)Y zan-Den 8" }

(n 2 1) (muorounens! JlexxaHapa). 2896. Z s,x", rme s, = Z a,.
n=190 k=0

xin+1

2897. a) R > min (R, Ry); 6) R > R,R,. 2901. i U T

(x| < +00).

2902, x+ 3° Rz DUXL (4121 2903, (-1 S (fa] < +oo),
n=1 n=0

2! 4n+1 2n+1)(2n+1)!
I £y
2904. ,ZO (-1) Gni 1) (o < 1). 2905. x + 7 36 + 96 (|x| <1)

2906. % In i* X (lx] < 1). 2907. arctg x (x| < 1). 2908. ch x (|1 < +o0).
- X

2909. 1 + 1= In (1 — x) (|« < 1). 2910. (-1 < x < 1). 2911.
X

1 X
J1-x (1-x)*
(o < 1). 2912. ﬂL_‘_’ig (x < 1). 2913, —2% x (o) < 1). 2916. R = 2;

(1-x
(x—1)2+(y—1)2<4.2917.R = ﬁ ;x? 4+ y? <— .2918. R=1; 2%+ 2 < 1.

2919.R:1;x2+y2<1.2920.R:12sin %;(x~cosu)2+(y—sin(x)2<

< 4 sin? %. 2921. 2,080. 2922. a) 0,87606 = arc 50°1140”; 6) 1,99527;

B) 0,60653; r)0,22314. 2923.0,30902. 2924.0,999848. 2925.0,158.
2926. 2,718282. 2927. 0,1823. 2928, 3,1416. 2929. 3,142,
2930. 3,141592654. 2931.1n 2 = 0,69315; In 3 = 1,09861. 2932. a) 0,747;
6) 2,835; B)1,605; 1r)0,905; a)1,057; e)0,119; =x)0,337; 3)0,927;
n) 8,041; R)O 488; JI)O 507; M) 0,783. 2933. 3,82. 2934. 4,84. 2935. 20,02 m.

2936. 3 5 5 cos 2x + § cos 4x. 2937. Pag Pypee coranaet ¢ MHOrouwneHoM P, (x).

sin (2B + 1) &

sin(2k-Dx, 7 A_24a 1
2938. 42 2k-1 4 2939. 2 T kzo 2k+1



OTBETHI 515

n+1 Sinnx 2 sinnx _4 = cos(2k+ 1)x
2940. 2 z (-1) 941. z . 2942. ”;0 2k D

n=1

(a-b)m _ 2(a-b) = cos(2k+ L)x n+ 1 sinnx
2943. 1 — Z ke l) + (a+ b) V’ (-1) —.

nl

2944. T[ + Z ﬁ_.)_ cos nax. 2945, £sinna fl + z (~1)r 1 acosnxJ'

a?

2046. 2sinna 2 (—1)”"nsl‘1nnx . 2047. 2shna Z tl)"”ns}nnx )
n nt-a? n : n?+a?
n=1 n=

n .n
ahcos®X —npsin X

1 - { ht
. — + E ~-1)" . 2 . + 1+
2948. 2shah (:2“1 2 -1) } 949. a4 1+

(ah)?+ (mn)?

+yz:l(sin"—mE cos LE _ cpg BATX sm"—\) (a < x < a+ 2.
non { l {

2050.1- 1 cosx + 2 Z CDD oos nx. 2951, 18 Z -QI—I-LHE sin 2nx.
2 “~, nz-1 T4 (4n%-1

4 - rcos(2k + Dx 4 c } o
2952, - kzo {( 1) TR 2953. - ,Z (2/; - sin (2% + 1) x.

4 < cos(2k+ Dx 1 _1< 1n21r.nx - : .
2954, - Z TERIE . 2955, - Z (x # 1eomMy uucay).

1 2 = cos2m(2n+ )x 205 2 _ 4 o cos2ha 2958 2 n
2956. 1 p Z 2ns 1) . 2957. - N i 958. -
4 G o A1+ )
+ - T —, °08 nx. 2960. nln(l J2)

8"(—1'”.,,1 “ | .
ﬂ.Z_:OJl( 1 [ Z“;)—sm—zﬂoos(Sk+4)x}+’; j((.,1)k[1_t In(+ 43 )+

m-1

1_6 (_1)'" . __1 E ¥ 2 I(_Z +4 m‘ _1),, .
+ ,,121 T sin (2m )4] cos 8kx | . 2961. a) 5 ,; Enz ¢S N

- o (~1)nt1 sin(2k - 1)x 4n2
<x<n); 6 - 0<x<my;B) — +
(n<x<m; 6)2n > — sinnx E 2Ty ( J; B)

n=1

v

o cosnx _ - sinnx rc-" n® n? 9 2_ T
+427— 41:2 0< x<2m); &, L. 2062, x +
=1

=, 12’ 8 0y
+ 4 Z (_1)’1 COISI#C; x3 = 27'[2 Z (_1)n+1 % + 12 z (_1)/1 Sh;gx;
n=1 =

n=1
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x"=1754+8752i (1)n£95"_x+482§——L-cosnx 29639‘—@—(12
T
n=1 n=1

n? - 3na+ 302 2 9 <« 1 2nnx 1 < cos2nnx
Lot or 2964, 2 - 2 = cos + = =R en Pl (0<x<3
6 9 3 272 ’Z:l : Z n? ( )-

2965. 1 e Z Cy.* cos2kx.  2966. Y ¢"sinnx (gl < 1),

2967.1+2 3 ¢"cos nx (gl <1).2968. 3 ¢" cos nx. 2969.-2 Y L cosnx.

n=1 n="0 n=1

2970. -ln2 - Y Losnx 2971, -In2 + ¥ g-l)’“;cosnx.
n
n=1 n=1
o cos(2k+ L)x 2 - sin(2k+1)x _a _
2; shei 2978 A;, ETESNT 2974. x(s) = &

a 1 2k+Dns | 4a ~~ _(D* . (2k+ D7ns _a _
— 0S + = sin yy(s
n? kZﬂ ZEr 1) 2a n2 kz;, (2k+1)2 2a ye)=

_ e ¢ 1 g2k+ 121ts da < (-1 . (2k+ Dms
w2 @RI T kz e+ 1y O 2a "
2975. f(-x) = [(x); f(n— x)= —f(x). 2976. f(-x) = —f(x); f(n - x)= f(x).
RS 2 _ 8_(=1) m.
2077.2) -3 J[{(Zkﬂ)z S cos(k+ 1)x} (0< x< I);

2(-1)k+1 8 1 .
%) Z “(2k+1)2 T2k 1)3} sin 2k + 1)x

(0<x<-§).2978.a2n=b2,,=0

(n=0,1,2,..).2979. a5, ;=b,, ,=0(n=1,2,3,..).2980.a)a, =0
by .1 =0;6)a,=0, by, =0. 2981.«,=a, B,=-b,. 2982.0,=-a,

B,= b, 2983.4a, = a,cosnh+ b,sinnh, by = b,cos nh — a,sin nh.

n

2984. 4, ~ a,, A, = a, Sil’:}’l"l ,B,=b, %}’:” (n=0,1,2,..). 2985. A4, = a’,

A :ai + b%;

ne

B,=0(n=1,2,..). 2986.%. 2987.%. 2988.21n 2 — 1.

n

1 1 1 1 1 3
2989. % . 2990. - (1 FLob ;). 2991.1n2 - 2. 2992, 3. 2993.1.

2994. 2 (1 - In 2). 2995. 2e. 2996. 3¢%. 2997. %2 - 3. 2998.%2 - ?—g
2999. % (cos 1 — sin 1). 3000. é (41n 2 - 1). 3001. &* (a1, x™ + 0, ™ "L+ L,

.. 1 0y), rae koadpdunuenrst a, (k =0, 1, ..., m) onpegensiorcs U3 paBeHCTBA
Pny=o,n(n—-1)...(n—-—m+1)+o,_nn-...(n—-m+2)+..+oun+au,.
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ISIE

3002. ¢ (f +3 +1).3003.(x2+x+i) e‘f—§.3004.{1—%2) cos x —

X 1 (x+1 _ >,1 x+1 _s _
2smx.3005.4(ﬁ sh Jx chﬁ),ecnnx O,4(m sxnm

— cos ]| ) , ecd x < 0. 3006. In —li—x . 3007. 2x arctg x — In (1 + 2%) ({f < 1).

3008.% arctg x + iln i*x (x]< 1). 8009.(1- x) @ — 1 (d< 1)
- X

N |
I - R 1+x x(3 - x)
3010.(1 2) L 8011 5 (d < 1. 3012 202 (o< 1),

3013. (1 + 2x%)e*.  3014. - + 12 3015 T. 3016. L
3J§ 3 4
8017. 2. 3018, X (0 <x<2m). 3019. -In ( 2 sin _{ (0 < x < 2n).

X+ O
sin

3020.

DO -

In . 3021. g ,ecan 0 < x < 205 0, ecnim @ < x < 27 — 2a;

LoX -
sin

, ecat 21 - 20 < x < 2m. 3022 T sgnx (# < m). 3023. % (1 - "Ozsxj -
~Zsinx (W<m. 3024, %2 ~ Xl (d<m. 3025 £ (1 + cosx)-
—sinxIn ( 2 cos ) (Jx] < m). 3026. ¢°=* cos (sin x) (x| < +00). 3027. x = i~,

y=jn (i, j=0, +1, +2, ...). 3028. 2 (arcsin x)? (x| < 1). 3029. 4_% +

+ 4“/’_Cq arcsm“/_ ecau x = 0; Z-:l—x - 4“/—K 111ﬂ+”4 X ecnu x < 0.
(4-x)? (4-x)?

3030. —L_.  3031. ﬂ. 3032.2) =X ©) L. 3083 a) X,
x-1 1-x 1-x (1-2x)?
X n (2n- 1! 1 . n?

6) TRk 3034.1. 3035.1 + "Z: (-1) ot @ 3036. Th
B R S : - 1 n? -

3037. ; AT 3038. 2 5" 3039. 51" 3040. 5 3041. F(k)

S (20 =1)17% e _ o T(2n-1)1E
1+ 3 [ (,;”)” } k2 } 3042. E(k) -1 {1 3 [___(’;n)” } x

n-1 n-1

X 2::27“1}. 3043. 2na |:1 - (%)2 g? — (;—QJZ %4 — e } , Mae € — 9KCLEHTPHU-
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curer anmumnca. 3047. 27;“" 3048. In{1 + ) mpu jf < 1 u ; In ( 1+ —)

npu o} > 1. 3049. 0 mpu jof < 1 u 7w ln o mpu jo] > 1. 3050. 2 - 107°, 3061.

PN

3062. 2. 3063. % . 3064.a™%  3065.a) Her; 6)ma; B)ga; UI)aa.

3066. Pacxogurca ® mHymw. 3067. Cxogurcst. 3068. Cxogurest nipy p > 1.
3069. Pacxogurca k nymo. 3070. Cxoaurces npu mobom p. 3071. Cxogures,

ecnu a; = a. 3072. Cxoaurcs, eciau i a, = 2 b;. 3073. Pacxopurcs K Hy-
=1 i=1

mo. 3074. Cxomurca. 3075. Cxogurca. 3076. Cxogurea. 3077. Cxomurcsa

npu Jo6oM x. 3078. Cxoautca npu mwobom x. 3079. Cxoaurea mpu |xf < 1,

3080. Cxoaurca npu |x| < 2. 3081. Cxoaurca npu |x| > e. 3082. Cxogurca

npu mwobom x. 3083. CxoanuTes npu ]x! < 1, p, IPOM3BOJBHBIX 1 NIpu X = 1,

p>1, ¢g> é . 3084. Cxogutca npu mocom x u p. 3085. Pacxogurcs.

3088. Cxoautca ycnosao. 3089. Pacxogures. 3090. Cxogurca aBecoloTHO,

ecan p> 1; CXOAMTCA YCJIOBHO, €CIU é < p< 1. 3091. Pacxoanres.

3092. Pacxoaurca. 3093. Pacxogurcsa. 3094. Cxoaurca yciaosro. 3095. Cxo-
autca yeaosno. 3096. Pacxoaurca. 3097. CxoguTtes aGeontOTHO mpu of > 1;

CXOAUTCS YCJIOBHO MHPH -;-< a< 1. 3109. F'(x) = F(x) z 12”;,;1)'

z If () <400, |fi(0) <ec,(n=1,2,..), rae z ¢, <+00.3111. 157,970 +

n=1 n=1

+0-0,0004 (0< 6 < 1). 3112.10%% - 7,7 - (1 + (o] <

12000)

3113.0,0798 (1 + ——) (o] < 1). 3114.10% - 1,378 - (1 + 9 (|0|

. (14 00 o< 14 O
3115. 102+ 4,792 (1+ 120] (6 < 1). 8116.0,124 - (1 + i )(|o|
Cpa
3117. 0,355 - (1 + 6%) (0] < 1). 3118. (2n - 1)L = /2 2nye " 12n (0,|< 1).

8
3119. j_ e5n (0,] < 1). 3120. a) 1; 6) ¢ ) £:0) 1. 3121, Pq(x)—l—

nn

- 1%4. X2+ 21_2 x%; Py(—1) = 3,43; Py(1) = —1,57; P4(6) = 8,43. 3122.y = y, +

Yi- Y= 2yo+y-1
syl ey 1z 2Wery-l
( 0) S hE

S (x - x,)%. 3123.y= 0,808 + 0,193x —
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- 2 mxe~3% [ 1-( %) sin200~ . in 40°~ :
0,0010142. 3124. sin x 288[1 (150H,sm20 0,341:sin 40°~0,645;

sin 80° = 0,994. 3125. P(x) = %(7x2— 4xY). 3126. 7%. 3127. B, (x) =

B,(x)= x*+ X2 B ) = (1~ 1)(1 - g)x3+ 3 (1- ,_11) @+ Ly

n n n n

I ’

3128. B,(x) = 3 fla+ fi)cmaloxl ) rpe 4 = b -
i=0

3129. Bn(x) = é (1 - x)(l + x)3 + Ilg (1 + x)'l. 3130. an (x) _ i(l_;xf)ﬂ v
ey, [ () (12 ’ u_ :
X,:ZI LCZ" [(lti) +(1+i) J' 3131 Bn(x)”‘(’k [1"'((’ ]_J ] s

2x

roe l=b-a. 3132. B,(x) = 2\:(005-5—- +is= sm—)n +(coszn—n -

2n n 2n

" n-1
- i27x sin ZL) },mei= J-1.38135.6,,_; (x) =.;.‘ -8 -k cos(2k-1)x
n

nt 2n-1 (2k-1)

Paspen VI

3136. IonynnockocTs y = 0. 3137. |« < 1; |y > 1. 3138. Kpyr x% + y2 < 1.
3139. Buemnocts }cpyra £+ y*> 1. 3140.Koasmo 1 < x¥ + y? < 4.
3141. Jlynouxa x < x* + y* < 2x. 3142. -1 < x? + y < 1. 3143. Tlonynuoc-
kocTs x + y< 0. 3144.Tlapa Beptukanbabix yrios ly[< |x| (x = 0).
3145. Ilapa TynpIix BepTUKAJbHBIX YIVIOB, OrPAHUYEHHBIX OpAMBIMU y = 0
u y = —2x, BRJOYada rpaHuny 6es obiieit sepuuus O (0, 0). 3146. Kpuso-

<
<

NUHEeAHBIN TPeyToJbHUK, OrpaHUYeH b napabonamu y2 = x, y? = —x u npa-
MO# y = 2, UCKiYad Bepmtu 0O (0, 0). 3147. CeMeHCTBO KOHIEHTPHYE-
exux Kouyen, 2nk < x2+ < m (2k+ 1) (k= 0, 1, 2, ...). 3148. BuemsocTs
koHyca x*+ y?- 2°= 0, BKIIOYAA IpaHMLY 32 BBYETOM BepIUMHBI.
3149. CoBokynHOCTE 4YeTbIPEX OKTAHTOB mpocTpaHcTBa. 3150. Buyrpen-
HOCTB AByHoJlocTHOro runtepbosionga x2 + y? — 22 = —1. 3151. [TapannenbHsie
npameie. 3152. Koupenrpuueckue okpyxuoctu. 3153. CemeiicTBo paBHO-
CTOPOHHUX runepbost ¢ 00IMMU acuMuToTaMu y = +x. 3154. [Tapannensusie
npamsele. 3155, [Iyyox NpAMBIX C BEPUIMHOM B Ha4yajle KOOPAMHAT, 3a BBIYe-
ToM BepinuHbl. 3156. CemeitcTBo mogobHBIX aanuncos. 3157. COBOKyIHOCTH
PaBHOCTOPOHHUX runepbos, aCUMOTOTUYECKY NPUGIUKAIIUX K OCAM KO-
opAMHAT u pacnonoxkeHHbIX B I v II kBagpanrax. 3158. CeMeitcTBO ABY3BEH-
HBIX JIOMAHBIX JIMHUH, BEPDHIMHBL KOTOPbHIX pAaCHoJIoxKeHbl Ha ocu Oy.
3159. a) I u III xeagpauTh! 0pU 2 = 0; ceMecTBO ABY3BEHHBIX JIOMAHBIX JIH-
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HUH, 3BeHBA KOTODPBIX MAapaJUleJIbHbl OCSIM KOODAMHAT, 4 BEPLIVHBI PACIIO-
JIOMKEHEI Ha opaMoit X + y = 0 mpu z > 0; 6) INHNY yPOBHA — CTOPOHbI YIJIOB,
rnapajleNIbHpIe MOJIOXKUTENIbHBIM HANIPABJIEHUAM KOOPAMHATHLBIX oceit Ox u
Oy ¢ BeplUIMHAMM Ha OPAMO# y = X; B) ceMelCTBO KOHTYDPOB KBajpaToB C
obwum nerrpom O (0, 0), CTOPOHBI KOTOPBIX [1apaJlJIeIbHbI 0CAM KOOPJAUHAT
Ox u Oy npu z > 0; Touka O(0, 0) npu z = 0; r) npaAMble, DapajienbpHble OCU
Ox, ecnu z < 0; CTOPOHBI YIJIOB, NapajlleJNbHBIe KOOPAUHATHOMK ocn OX u
HOJIOKUTENbHOH nosyocu Oy, ¢ BeplIMHaMuy Ha apabose y = x2, ecoin 2 > 0;
nojoxurensHan noayocs Oy, ecnu 2 = 0. 3160. Ilyyok okpy>kHOCTE#, TIpO-
XOAAIUX Yepes HAaYal0 KOOpAMHAT (He BKJIIOUasa 3Toro Hayanal) u opToro-

C+x
Inx

HaJbHBIX K ocu Ox. 3161. Kpupsie y = 1— 3162. Kpussie y =
n

3163. CemeitcTBO OKpysKHOCTEH ¢ HeHTPaMHu Ha ocu Ox, OPTOrOHANBHBIX K
okpysxHOcTH x% + y? = a2, 3164. CeMeiicTBO OKPYKHOCTE, OPTOrOHANBHBIX
K ocu Oy 1 npoxogAlux yepes rouku (—a, 0), (a, 0), 3a BprueToM nocjaegHuX.
3165. Ipameie x = mn u y=nn (m, n =0, =1, £2, ..)), opu z = 0;
cucTeMa KBajparos man < x < (m+ )n, nn<y < (n+ 1)m, rae (-1)"* "= 2,
npu z=-1 mam z=1. 3166. CemelicTBO napajjebpHbIX IJIOCKOCTEI.
3167. CemeiticTBO KOHIIEHTPUYECKUX ¢]ED C IIEHTPOM B HauaJle KOOPAUHAT.
3168. CemeitcTBO ABYMOJIOCTHRIX runepbosougos npu u < 0; ceMmeicTBO
OAHOMNOJIOCTHRIX runepbosonaos mnpu u > 0; kouye npu u = 0. 3169. Cemeil-
CTBO BJUIMOTHUYECKUX LUJIMHADPOR, 0611EH OChI0 KOTOPBIX SABJAETCA [IpAMAan
x +y=0, z=0.3170. CemeiicTBo KOHIEHTpHIecKuX chep x2 + y? + 22 =
=an(n=20,1,2,...), npu u = 0; ceMelicTBO chepUUECKUX CJIOEB TN < x2 +
+y2 +22<n(n+ 1), rme (-1)" = u, mpu u = —1 umr u = 1. 3171. unuua-
pudeckas [OBEePXHOCTH ¢ Hampasiaawieh 2 = f(y), x = 0, obpasywouiye Ko-
TOPO#H MapanjenspHsl NpamMoit y = ax, z = 0. 3172. IToBepxHOCTH BpaleHU
KpHuBoit 2 = f(x), y = 0 Boxkpyr ocu Oz. 3173. Konnueckasa HOBEPXHOCTD C
BepIIMHOIl B Hauaje KOODAMHAT M Hampasiadawmei: x= 1, z= f(y).
3174. Konoung ¢ Hanpasaaioweit: x = 1, z = f(y), obGpasymwonjue KoToporo

napasniensHsl niaockoctu Oxy. 3176. f(l, %) = f(x, y). 3BL77. J1 +x2.

3178. f(t)=2 +t% z = x - 1+ .Jy (x>0). 3179. flx) = x2 - x;
z=2y+(x —y)?. 3180. f(x,y) = xzi_}s .3183.2. Her. 3. 0; Her. 3184. a) 0,1;

6) % ,1;8)0,1;1)0, 1; o) 1, 0. 3185. 0. 3186. 0. 3187. a. 3188. 0. 3189. 0.

3190. 1. 3191. e. 3192 In2. 3193.2)7 <o< ¥ 3" 16) 1 <g< 3_" n

.*Z_ <p< -4_ 3194. Touka paspeiBa: x = 0, y = 0. 3195. Bece Touku npamoit
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x+y=0.3196.0 (0, 0) — Touka 6eCKOHEUHOr0 pa3phiBa; TOUKU NPAMON
x+ y=0 (x# 0) — ycrpanumsble Touku paspsiBa. 3197. Touku, pacmono-
JKEeHHbIE Ha 0cAX KoopauHaT. 3198. COBOKYIMHOCTS TOUEK MPAMBIX X = MM U
y= nn (m, n= 0, £1, £2, ...). 3199. Touku oxpyxuoctu x>+ y>= 1,
3200. Touku KOOpAMHATHBIX MIOCKOCTEH: x = 0, y = 0 u z = 0. 3201. (a, b, ¢).
3203.1. PasroMepHO HemnpepwisHa. 2. PasHoMepno HenpepsiaHa. 3. Hepasn-
HOMepHO HemnpepsisHa. 4, OPyHKUUA HenpepslsHa Ha E, HO HepaBHOMEpPHO.
3211. 2. fi,(x, 1) = 1. 3212. 1. £,(0, 0)= 0, f,(0, 0)= 0; dynkuua
weaudPpepenuupyema B Touke O (0, 0). 2. Pyukuua meauddepenuupyemMa
B Touke O (0, 0). 3. ®dyukuua auddepennupyema B touxke O (0, 0).

3213. %—i‘; = 4x% - 8xy?, %E — 4y® - 8x%y, LU — 1242 - 8y2, QU — _16yy,
g Jdy

dx? dxdy
Pu _ 19,2 8,2 8214, % =+ L du_, x du_qg 9w g 1
Ve 12y° — 8x°. 3214. P y % x Ji ' ont  3xdy e
02u 2x au 1 Jdu 2x 0d%u d2%u 2 Jdifu 6x
- = = = s T = T — y oS = 07 - =t = 9 = —
dy? u? - 3215. y2  dy y?  ox? dxdy y3  dy? yt
3216 du _ yz du _ _ xy %u 3xy? 9%u
' (xZ+y2)32° Oy (x2+y2)32° Qx? (xz+yz)s/z ’ axay
= y2x2-y?) 9w _ _x(x2-2y%) goyq du = sin (x + y) + xcos (x + y),
(x2+y2)5/2 ayZ (x2 2)5/2 a
du —xcos(x+y), 28 = 2 cos (x + y) — x sin (x + y), =cos(x +y) -
dy dx? 8 6
: d2y : Jdu 2xsinx? du cosx?
- + — = +y). 3218, = = - T = — ,
xsin (x + y), %% x sin (x + y) 8 pp ; o )
d%u _ _2sinx?+4x%cosx? 92u _ 2xsinx? dZu _ 2cosx? 3219 ou
0x2 y > dxdy yz oy? y3 )
= 2X goc2X? du _ _x? sec?X? Q% Zgep2x® 4 Bx? gy X7 gepdx?
y y oy y? y dx? y y y? y y
d2u 2x 2x? _ 4x3 . x? 3x? d%u _2x% _ 2x? | 2x4 . x? __ 3x?
=—-Z= gect=— — — sin=— sec’=—, —— = =i-sec’=— + = sin— sec’' =,
dxdy Yt y y? y y oyt oyt * y
3220. au =yxv-t, & 9 _ yvin g, 928 =y(y - Dx¥~?, 9% =x'"'(1+ylnx),
ay dx? ’ 9xdy
Q_z_u:,,z - au= 1 . 2y 9w ____1
R £/ 1n® x (x> 0). 3221. g oy xagd ax? G
Pu _ __2y ,a_zi‘=_(_l-2“‘2. 3222, W — 4 u_ _x
dxdy (x+y?)? dy? (x +y?)? dx xZ+y?’ dy x4+ y?
0%u _ __ 2xy 0%u _ _ x2-y* Q0% _ __ 2xy 3223 du _ _ 1
axr (xt+ y?)?’ dxdy (x24+y2)2’ oy? (x2+y2)2’ Tox l4+x?’
du _ 1 d%u _ __ 2x d%u =0 9%y 2y P
dy  1+y?’ Ox? (T+x2?’  dxay Oy (1+y) Gy =1

3294. du _ |yl , du — _xsgny 0%u _ __ 2xlyl , 0%u _ (x%-y?)sgny
dx x4yt Ay x24+y?  odx? (x2+y?)?2 " dxdy (x2+y?)?

’
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d%u 2x|yl " Du - X d%u _ _ 2x2-y?-22

ay (x2+ y?)? (y#0). 3225. (x2+y2 4 22)32 ’ Ox? (x24 y2 + 2z2)%2 ’
u _ __ 3xy 322624 = Z(x]" D _2(x)" D _ (x) 2
0xdy  (x2+y?+22)52" x  x\y) oy Wy~ 0z (y n v’

o sfel)x), B sGrlya) R _ (2 ez, D sz
y y) ' 0z? ’

dx? x? ’ dy? y? y y ' dxdy xy\y

i l(’-‘) (1+zln£), LALS =—1(’-‘)z (1+21n’_‘) (2>0).

dxdz x\y y dyaz y\y v/ \y

3007, 9 _ }L“ du _ulnx du _ yu g, 0% _y(y-zju d'u _ uln’x
dx ’ dy z 0z 22 > ox? x222 7 Qy? 2t
Elulnx(22+y1n x) 6 u _(z+ylnxyu d%uw _ _yu(z+ylnx) d%u _

Dzl xdy xz? " dx02 x2? " dyoz

____Lulnx(z: In%) (xz#0). 3228 % = By, % = oy n x, du
2 [¢

x oy 0z

g2 2z — 2 ” s
=yulnxlny, a—;:=£——(—y—xz—12u, %—ﬁ =zy"u(z—1+zy°Inx)In x,

QU _ ey 1+ Ina)lnxlnPy, QU — 28 (g4 ey, 928
022 dxdy x 0x0z

= YUY (4 4y g, D‘)La“ =y lyulnx[l+zlnyd +y* Inx)] (x>0, y>0).
X yoz

3230. 2.1;, (0, 0) me cymectayer. 3235.du = x" " 'y" Y my dx + + nx dy),

d?u = x™ " %" " Y m(m— Vy?dx® + 2mn xy dx dy + n(n— 1) x? dy?].

3236. du = w, d?u = —33 dy (y dx — x dy). 3287 du = Xdx+ydy

Jtr g

Py = Ydx- xdy)? . 3938. du_xdx+yd_/ dzu_(yz—xz)(dxz—d_/?) dxydxdy
(x2+ 2)3/2 (x +J2)2

3239. du = e (y dx + xdy); dzu = e[ytdx?+ 2(1+ xy)dx dy +

+ x2 dy?]. 3240. du = (y + 2)dx + (z + x)dy + (x + y)dz,

d?u = 2(dxdy + dydz + dzdx). 3241. dy—= &2+ty?)dz-2z(xdx+ydy)
(x% + y2)?

Py = 22[(3x2-yHdx?+8xydxdy+ (3y? - x2)dy?| - 4(x%+ y* ) (xdx + ydy)dz .
(x2+y2)?

3242. dx ~ dy, ~2(dx - dy)(dy + dz). 3244. a) 1 + mx + ny; 6) xy; B) x + y.

3245. a) 108,972: 6) 1,055; B) 2,95; 1r)0,502; x)0,97. 3246. [Juaronann

YMEHBIIUTCA npnﬁnnan'rem)go HA 3 MM; IJIOMIAZh YMEHLIIUTCA IPUGIN3U-

TenpHO Ha 140 cM?. 3247, YMenbuTs Ha 1,7 MM, 3249. A'= 10,2 M%; § = 13%.

3250. A = 7,6 m. 3251. f; (x, y) u f, (x, y) He OrpaHUUYEHBI B OKPECTHOCTHU

_ _ d4u 6 U _
Toukyu (0, 0). 3256. L% — 24, a =0, 5o —-16. 3257 7k — 0.
3258. "% — _G(cos x +cosy). 3259. L —0. 3260 U

dx30y° dxdydz dxoydz
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- py2 2,22 :__6_ 48(x - &) (y - n)?
e (1 + 3xyz + x°y*z%). 3261. ———a PENERT = + o , Tae
r=J{x=E)2+ (y-n). 3262 a” S~ plgl. 3263, 2(- 1>"‘((m+n) Linzxsmy)
x y m+n+

3264. " * Y[x? + 4% + 2mx + ny) +m(m~—1)+ n(n- 1)) 3265.(x + p)x
Xx(y+qg)z+r)e v 3266.sin X ’”‘ . 3267. F(t) = f'(t) + 3tf7(t) + t3f"(¢).

3268. dlu = 24 (dx! - 2dx* dy — 2dx dy® + dy'); L% = 24, %~ g9
dx? dx3dy
dfu dlu 9ty _
dx20y? 0, dxdy? 12, dy* 24.
+ 3dx dy? + dy®). 3270. d®u = -8 (x dx + y dy)® cos (x? + y?) — 12 (x dx

+ y dy)(dx® + dy?) sin (% + y2). 3271, d"% = —93%‘){1%1‘_“ . 3272.d%
Yy

= —(dx® — 15dx*dy® + 15dx?dy* - dyf)cosxchy - 2dx dy (3dx*

— 10dx? dy® + 3dy*) sin x sh y. 3273.d% = 6dx dy dz. 3274.d%

3269: d*u = 6 (dx® - 3dx*dy +

+

I

I

—2(4 & 4 g2 3975 0% = ¢ T (adx + bdy)'. 3276. d"u =
x y z

= 3 CEXOR Y™ () dxF dyt. BRTT. d"u = [ (x+y +2) (dx +dy + d2)'.

k=0
3278. d"u=e" P (adx + bdy + c dz)". 3280. a) Au = —u, A%u = u;
6)Au=1, A%u=0.3281.a) Au=0; 6) Au=0. 3282 a)Aju = 9(x? - y2)? +

+ @2~ x2)2 + (22 xy)?], Apu =6 (x + y + 2); 6)A1u— ,Te r= Jx?+y?+ 22,

A.u=0. 3283. g—;‘ = 2xf'(x* + y? + 2%); % =2f' (2 + y? + 22 + Ax? (2 +
dx

rytaa L ” *+29.3284. 2 - (= 5) +1p (x, i‘j;
Y y Yy

ou _ _x 4 x\. d%u _ 4 x 2 40 x 1 4 xY .

W y—zfz (x, g)»ﬁ f11(x, g) +; lZ(x’ 'y') +y—2 22 (x, ;)1

d2u x2 4, ( x) X ( x) 1 ,( x) 0%u _ x? ( x)
—_— = x, =| - = x, = - = x—'——— x, =] 4+
dxdy  yr BNy BTy e f2 Tyl ayr oy 2%y

2x 0 X ou 1 ? ] Jdu du
= s =1 Yy — = y — = A A ;) — =
+ 5 (x ) 3285 i tyfy +yzf; % xfy + x2f;

2
=xyfys TR =M+ bR b2y 2ueft + el

aZ

' 0%u o, 02 1"
ay2 2f +2x22f2 +x222f33 ’ 6_ _xzyz 33 3 ax; = xy [, +xyz fas +
+xfiy Tazfly +2xyzfey + 15 +2f4; . a” =xyfys +xy’fon +xyizfys +yfy

d0%u
dyadz

= yfyy + oyl + xfy. 3286, oL = 11 + (e +)fiy + 2yl + 1
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3287. Au = Bfiy + 4+ y + Affy + 4@ + Y+ D+ 6
3288. du = f/(t)(dx + dy); d*u = ["(t) (dx dy). 3289. du = f/(r) T =¥ 5 dx .

du = £(t) (xdz{;dl[dx) - 2f°(8) Ix(xdlf—zfa'x) . 3290. du - f’ - xdx+ydy

JxZ4y? ’
dPu=1"- ("d’g*deV t fr - Wdx=xd)t 3995, du = /(1) dt; dPu = (1) dt? +
+
y (xl+J2)2

+ () d*t, roe dt = yzdx + zx dy + xy dz nd*t = 2(z dx dy + y dx dz +
+x dy dz). 3292.du = 2f *(x dx + y dy + z dz); d®u=4f" - (x dx +
+ydy + z dz2)* + 2f - (dx?® + dy* + dz?).  3298.du= af] dx + bfydy;
d’u = a®f]; dx® + 2abf}, dx dy + b f3y dy®. 3294.du=f] - (dx + dy) +
+ fi (dx —dy); dPu=f}} - (dx + dy)? + 21, - (dx® — dy®) + fo - (dx — dy).
3295.du=f{ " (ydx + xdy)+ f} M sdiu=fi} - (y dx + x dy)?* +
+2f - [de_deq 1y !qu xdq) +2f) dx dy—2f} L (ydx lxdq)d!
y3
3296, du = f, - (dx + dy) + fy - dz, dPu=fiy - (dx + dy)? + 2f), - (dx +
+dy)dz + fpy - dz®. 3297.du~=f; - (dx +dy + dz) + 2f, - (x dx + y dy +
+zdz); dPu=1f;, *(dx +dy + dz)®> +4fy - (dx + dy + dz)(x dx + y dy +
+ zdz) + 4fsy (xdx + ydy + zdz)? + 2fy - (dx® + dy? + d2P).
3298. du = f{ . ydx AZxdy +f dﬂ—z{d dz f I{dx Xdl{} +2f12 %
Y

X(de .xd_/)(zdy ydz) - (zdy —ydz)® _ 2ff - (qu xdz/)d/ 2f, x
21

y2z?
x EAUd2)d2 | 3999, du=(f; + 2/, + 36°f;)dts dPu= (fiy +4ifiy +

47y, 63+ 1283 + Oty + 2 - 6tf) dit 3300. du=
=af] dx+bfy dy +cfy dz; d?u—a?fy, dx® + b%fy;, dy®* + c? fiy d2® +
+ 2abry, dx dy + 2acfy, dx dz + 2be fyy dy dz. 3301.du=2f; - (x dx +
+ydy+2fy-(xdx —ydy)+2f; -y dx + x dy); d*u=4f), - (x dx +
tydy’ +4fy c(xde -y dy)? + 4 - (y dx + x dy)® +8f - (P da? -
—yPdy)* +8f5 (¥ dx + y dy)y dx + x dy) +8fyy - (x dx —y dy) x
x(y dx + x dy) + 2f; - (dx? + dy?®) + 2f; - (dx® — dy?) + 4f, - dx dy.

3302. d"u = f™ (ax + by + cz)(a dx + b dy + ¢ dz)". 3303. d"u — [a dx 3E +
0

+bdy é% +c dz ij" fE. M, O, rae E= ax, n = by, { = cz. 3304. d"u —

9
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_ PR 2 D opn DY 4dsfed
[dx(alag Gag + 4y ac) +dy (b,aé +byg + by ac) + dz (C‘ae; +

9 T pn s 20
* gy +c352)] f€ 1, 0). 8305, F(r) = () + 2 (1). 3316. 1. 3319, xyz.

3331.xg—; - y% — . 3332 2xﬁ +y"_2 = 2. 3333.;,% - %% — 0.

dy dy
du Ju ou Ju du 02z
S0y M, . + du =0.
3334 o o + 3 0. 3335 xa ya + 26 0. 3336. Jyox 0
2z dz 0z 92z 92z Jz dz
= 920z A R g ) x4 y%2 - g
3337. z ax 30s 3338 et e 0. 3339. x 3 y o z

3340. xza z_ 202y 02 02 ) 3341 1~ /3.3342. 92 —cos o+ sin o
dy? dx 8 al

=T = 8=, = 37 = In 2
a)a 1) 6) a 4,13)0( T 4« T 3343. =
Xo+ Yo
3344. = A/Z(a2+ b2). 3345. %L-l‘ = cos o + cos B + cos y; |grad u| = /3.
3346. |grad u| = 12; cos (grad &, x) = ~?, cos (grad &, ) = ~%’,
rO 0 0

cos (grad @, 2) = —?, roe ro= Jxi+yi+zi. 3347 g 3348. = 3142.

[]

u _ d2u J2u 92y ) 224
3350. SE T e cos® o + _ay2 cos? B + Sz cos Yt Zaxay
d%u a o B _
+ Zaxaz cos oL cos Y + 2 0,5. 3353. u',, (x, 2x)

=u'y, (x,2x) = ~4x/3, uy, (x,2x) = 5x/3. 3354. z = x@(y) + w(y).
3355. z = @(x) + Wy). 3356. z = @4(x) + yo,(x) + ... + y" " @, _ (x).
3357. u=¢o(x, y) +y (x, 2) + x (v, ). 3358. u=1+ x%y + y* - 22
3359.z =1 + xy + % 3360.z = x + y* + 0,5xy (x + y). 3362. MuOKecTBO
HyJell GyHKIUHU f(x) 4OMKHO 6BITHL HUI'ZE He VIOTHLIM Ha UHTepBaine (a, b),
T. €. HyJu QyHKUMHY f(x) He MOryT L[EJMKOM 3alOJHATE HUKAKOR MHTEepBaI
(at, B) = (a, b). 3363. MuoxecTBO HyJelk GYHKIMH f(x) HOMKHO GbITH HUTLE
He IJIOTHBIM Ha MHTepBavie (@, b), npuueM Kaxabld Hydb & dyukuuu f(x)
OJHOBPEMEHHO eCTh HyJIb QYHKIUH g(x) 1 CBEPX TOTO CYUIeCTBYeT KOHEeUHBIH
npenen limg [g(x)/f(x)]. 3364. 1) Becuncnennoe MHOKECTBO; 2) fiBe; 3) a) OfHA;

6) nBe; 3365. 1) BecurcienHoe MHOMECTBO; 2) YeThIpe: § = X; Y = —X;
=|x|uy=—|x; 3)nse; 4)a)age; 6) uetnipe; 5)oaua. 3366. 1) Hurge;

2)0<|x|<1,]x|=—1—";——“/—5;3)x=0,|x]=1;4)1<|x|< 1+“/§ ; O/{HO3HAY-

HbIE BETBU: Y = € %+ ﬁ-+x2—x4 (lxK ’1’“/— / [ 4 ox?2— x4
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(1 < o < JleJ—é) , rae € = —1, 1, 3367. Touxku sersnenusa: (-1, 0), (0, 0),

(1,0 = e(x)Jng2+ 12_ (2x*+1) (x| < 1), rme e(x) = 1, 1, sgn x 1 —sgn x.

3368.MuokecTBO 3HaueHUE OYHKUIHU O(y) MOMKHO UMETH 0BIIMe TOUKH C

MHOMKECTBOM 3sHaueHuit Qymxmmmn f(x). 3371.y = —-2H4. 7= 2a?

x-y (x-y)®
3372, = XY, /,325x2+y2). 3. = 1 L= _cesing
872y x-y’ y (x-y)® 3373. y 1--¢cosy’ y (1 -ecosy)?

3374,y = xgzzg:ir;x) sy = yzly(l—1nx)2—2(x—y4)(]:lnx)(al—lny)—x(l—lny)il.
y) x4(1-Iny)

8375.y'= L; 4" = 0. 3378.y, (0)= ~1; g (0)= 1. 3379.y, (0)=

=[] — X+ "//=_ 18 s 162x
y5(0)==+/33; 4(0) = /3 .3380.y =~ 2L5H TR e R
, r 2. 2 9z x. 0z y. 2%z x2+ 22
3381. 4 = 0: - _ 4. _ 4 Q —_Xx.02 _ _Yy.dz2 . _ .
y=0;y 3°Y 3 - 3383, dx 2z’ dy 2z’ 0x? 28
92z _ _xy. 0%z _ _y*+z? dz _ _yz ., dz _ _xz
9xdy 287 y? 23 3384. dx  z*-xy' Ay zt-xy’
d%z _ _ 2xytz 0% _ _ 2x%z | 9%z _ z(z2'-2xyzl- xPy? .3385. 92 —
0x? (22— xy)? " Oy? (22 - xy)3’ dxdy (22— xy)? ox
.z _ 1 L0%2 0%z 9%z _  x+y+2z Oz: xz
dy x+y+z-1"0dx2  Odxdy Iy (x+y+2-1)3 - 3386. 0x  xi-y?’
dz _ __yz . 9%z _ __yrz ., %z _ xyz . dfz _ _ x%z
dy xt-y?’ Ox? (x2-y2)2’  dxdy (x2-y2)2" oy? (x? -y’
338H.O_ZZQ=__1:822=822 ;__0 622_____2_,
"%y ot dxag oyt O 3388.2)726)-1. 3389, 5°
922 _ _1. 0% . _394 - (g ) e 2
dxdy 57 oy? 125 ° - 3390. dz z \az * b2 @z 23 (az *
N dx? | 2x 2 22 _ (1- d 1-x2)d
24Xty 2y (L +_J_U _(A-yz)dx+( y.
cz) ~ + Ty dx dy + 5T Ik 3391.dz = -y
42z = _2{y(Q -yz)dx*+x+y—-2(1+xy)ldxdy + x(1 - xz)dz/z} 3392. dz —
(1-xy)?
2(ydx+zdy) . dzzﬁ_zzggdx—xdg)l 3393. dz = dx — (x - 2)dy .
y(x+2) y2(x+2)? ’ (x-2)2+y(y+ 1)’
a2 _ 2{(x-2)(y+ Dl(x~2)%+ y?| - _u¥(dx+dy)-2idx
d’z d 3394. du = .
G- op Y ul2(x+ ) ul
Jdiz (x—z)(g—z} v . e /2 e
3395. = - ! -
95 3x0y T E T 22E ) [F3* F}; 2K F, Fi, + F"Fy)
_ 2(F} +2xF; )(F; +2yF} )F, 3396, 2 - Fi-F . 9z _F; —F

(F, +22F )3 ) dx Fy -F, ' oy F,-F;°
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0z F} +F, Jz F; 922 3 2
3397._—=—(1+ i ~;<_:a(1+_z.<_:~ 2 s
dx Fi j dy F;) dx? Fy IR (Fi +

TeR; 4 Fy) - 2K + BOF (Fy + By) v (B + B )
3398. 1) 2 = —xF +yF; )? WPE By - 2K B By + FUFR;) -
[¢

12 pre ;o e 2y
F’FY, -2F F, F; +F{'F3}

(F +F; ) (s = dy)’s

= 22(xF] +yF; )F;"};2)a)d*z =~

1200 DY 28 A i 12y
FyF\ -2F Fy Fy) +FFy

6) d%z =
(xF +yF;)?

(y dx — x dy)?. 3399. dz = % (2dx - dy);

d?z= -2 (2dx® - Bdx dy + 2dy?). 3401. 9% - ¥-2, dy . z-x
243 dz x-y dz xX-y

3402.a)2—x=0,z_ﬂz—1 dix _ _dly . 1, g du . xuryv. dv
2

T dz? dz? 4 0x x2+y?’ Ox

—yu-av, du — Xv-yu. v _xu+yv (2 + y? > 0). 3403. du= -1 dy,
xvy?’ dy x21y? Ay x2 4y 3

dv = —dx + 1 dy 3404. du = (sinv + xcosv)dx — (sinu — xcosv)dy .
3 ) XCOSU + ycosu ’

_~(sinv—-ycosu)dx + (sinu+ycosu)dy . 2., _ . _ (2dxcosv—xdvsinv)dv
dv= Y / L dfu=—d*v= -
XCOSD + Yy Ccosu X COSU + ycosu

_(2dycosu-ydusinu)du .3405. du = —(dx + dy) dv = —-dl/ _ —(dx _ dy),

XCOSU+ ycosu

2y — aits o= L idr — dy)? dy — y.dz _g(ppyd 4q)
d’u = dx* d’v = 3 (dx — dy)”. 3406. 2 2(t+tj,dx 3(.t+t2+1],

dy _g. d%2 6( >x2. 02 _ 9,92 28,4 #
CL-p 4t 1].8407.y > L5 92— —3uy; T=gtu@so).
34 Q_?: _ §; 9z _ _l; 6 d%z _ ﬁ; d%z _ _sinfg+ coszggcoszy_
08. 2) 2 dy ) dxdy 121 B dx? sin3@
9%z sin2v d%2 cos2v  d2z sin2v
3409, =— = ——, —~ =-—X—, == ——., 410. = 0;
409 dx2 u? 7 dxdy u? dy? u? 3410. dz

2 _ 1 2 _ 2 dz _ 2(x*-y?), d?z _ 4x-2y 6x
S dy®). 3411. 2= = ez = + .
d’z 2 (dx ¥ 1 dx x-2y  dx? x -2y (x-2y)3

3412, % — 1 4 (DY ox) pr-a Qo xrz 4 WrD@ox) -

Ix y+z (z+D)(y+2) T dy (y+2)2  (2+D(y+2)?
L0 vin) B2 _ (o dudu)  pugp 200y _ duds
3413. ox I( wdv  dvdu)’ dy I [Ouav Jdvou TR udv  Juov
3414, % - 10w, du _ _ldo. dfu _ 1 (L\UM_ Qi’a'ﬂ) (a_\u\)z _
T oox Iov’' dy Idv’ ox? I* \oyou? dvout/ \dv

pflvie poy)oudy (iwatg _dedty) (du)'], 9% _1 |(ouatg _
dvoudv  Jvdudv/) Judv dv v  Jdvav:) \du) | dxdy I3
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- 000y d0dy 9y 2% _Jo.0% ) (Dedy 1 000u) 40y D _ J0iy) dudy ;
Judu?/dvdv \dvdudv Jvdudv) \dudv v du Jvdudv  Jvov:) Jvou |’

2t __1](dudg _dediy) (d0)° _p(dv %0 _ dedy) dade | (Jude
dy? I3 ? dvdudv  dvdv?/ Jdudv du du?

2
_6_@0&) (g&) },meI dedy _ oy 3415.a)3_i =cos5;a_“ ~sin ;
u

dv dv? Judv  dvdu’ dy u
@=-(sin9~gcos9);a—”=cosﬁ+2sinﬁ Ju _ ____sinv .
dx U u u/’ dy u u dx  e“(sinv-cosv)+1
Ju _ —CcosvU L0u _ —(e" = cosv) v e+ sinv

Jy e'(sinv—cosv)+1’ dx ulev(sinv—cosv)+ 1]’ 51—/ ulev(sinv-cosv)+1]"

du _ I . d%u _ I |aah) EX p) o(h, [)
3416, % - ] : { (n t Ly, ”*)z) s Tow o (13 +

2
+12% +136‘7) g+ M( L +1203—y +135‘7;) h}, rre I, = %&b

Ny, 2) Wy, 2)’

- Xg h) g k) , 7= DU.gh) du _ af du _ of | Lhg
Nz, x)’ Iy = oy O D(x,y,2) 3417. 5 ox Yoy 9y Loy’
— g h) = Anf du _ L ou Iz, 0w _ L -

rae I a(z,t) ul a(x, t)” 3418. dx I’ dy I’ 0z I’ rae I,
= g h) I, = a(h, N I _ 9/, g) _ D, g h) 3419. dz:__lldx+12d!/
dv,w)’ 2 A, w)’ 3™ a(v, w) D(u,v,w)’ I, ’
rae I, = 0.8) f _ dLg) M .3431. x + xx = 0. 3432. x'V = 0.

ax, 1)’ I. = Ay, )" % Az,

dx _(dx Ly 38y 44y gy
3433. X t(dt) =0.3434. £ 4y~ 0. 3435, 388 124 —gy~o.

dzy - dzy 2, — 2z ~ Loy
3436. T + n?y = 0. 3437. t2 +mPy=0. 3438.u +[q(x) 1)

—%p’(x)}u 03439 +(u+3) 121 = 0. 3440. ‘” =0.3441. ¢ —¢

di?
d?u du\® _ 5 d?u 4 d?u du
L2+ 8u(=2] =0. - U FEAE T

3442. 2 Bu(dt) 0 3443. PSS + B H 1SS + 2 =0
3444 0 — i = G b)2u3446cp(1 u, ' +uf)=0.3447. Flew' + 12 —u, u, 1)=0.
3450. & = r. 3451, r'% = LoS02Q 2 3459 p(2 4 2r2 - pr) = p,

do sin2¢
3453. . 3454, K = 2200 gyns dro_opa doo ooy

- 3 dt df

(r2+ 22
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Y =-¥  3458.z=¢(x +y),

- g "
y

5456w = < ( ,2@) 3457.V = ;Y7 = L

I'le ¢ — NPOU3ROJILHAA AudPepenupyemMas GpyHkuua. 3459. z = o(x” + yz).

3460. z= £ + ¢y~ bz). 3461 z- xcp(g). 3462. 3_2+ 92 _ gughy.

2 _ 2 22 _ 1 d2 .z . z+u e
3463. 3 5 3464. > "2 3465. % e 3466. (2u + v Z)Bu +

v
(%)ﬁ(t’_ﬂZ
0z ox+y— 22 du v/
+u+2v-2)=2 =ut+v-2z 3467. ———= . 3468, ———.
5 o uTy o2
e T

3469. %% = 0. 3470, 9% =Xz 3471 X 4+ 0x _ U 3479 A-
62’; dy y Ju dv v

-z (2 ()]

3473, %4 40U L U g (et o) =

9z 95\ % ot
x k”au”au)
dw _ dw _ dw _ 2w\ L 2 ()
3474. 22 = 0. 3475. 22 = 0. 3476. 3 = 0. 3477. u (au) to (au)

ez“(l - achosz u)

_ ppdwin v _w, dw dw _ &n
w e 3478. 2w . 3479. 4 R R 3480. I 7

Ju

(9—”) 3484. w = 2% 4

or?

= u = pou oy
3481w = 2. 3482w r3t. 3483. 0 (a)

Lou , 1 0% _ 2t _ 0% _ 1(dudv _ dudv
G G 3485, w =P 3486, w = 5 . 3487, 1 g B(par)'

3488. u = @(x— at) + y(x + at), rae @ ¥ Y — OPOUIBOJNBLHBIE (DYHKIIMHU.

3489.3.9%2 | 92 _ 3490, 222 1 9%z _, 3491.a( %z _ Q) + 2p0%2
Jvou Judv

+
ou Ju? dv? Ju?  Jdu

b( L2 - %) =0.3492 32 + 22 = 0.3493. T2 + TZ + %z = 0.

dv? Ju u? 61)2 u? du?
0%z d2z 1 9z 02z 2 dz
. = 0. . = 19z 406. 9%z - __ 2 dz
3494 Judv 0 3495 dudv 2udv 3496 dudu u(4 - uv)dv
2_ 2y d%z Dz d%2z _ 2u 0z 902z 1 ( Jz
L)L = %, . (% -
3497. (' v )aut)v 6 - 3498. du?  ul+vidu 3499 Judv  u?-p? vau

az dz\ d2%z | dz 9%z _ _
~uf)=o0. 3500. 1 a—u) Doz 192 0°2 —1.3501. u = + hy) + wlx +Aay),

rae A, ¥ A, — KOpHU ypaBHeHUA A + 2BA + CA? = 0. 3503. a) Au = Z—z% + 1% ;
r rar
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diu 2d3u 1 d2u 1du d?w dw
06) AM(Au) = — + 25— - == + ===, 3504. u=— + =— + cw = 0.
) Aldw) drt rdr3 r2dr? r3idr du? du

o i w0 () o () (Y -

92z 62
3509. 9z 4 9%z _ ), 3510. L% — .
(énagan §§a§a§ ganagj dy? ayz ayg ae;z

- (9w . 1(ou)® 1 (auz_ _ 179 au) 1 3
3511. Ayu (ar) + rZ(ae) + r?sin?@ acp) P Aglt rz[ar('zar + sin000 X

(smea”) siize%%]' 3512. w(%’ + ‘7;7';’) (g‘;’) + (3—’;’)2.
3513. ‘78%’ = 0. 3514. %’ - 0. 3515. %’ =% 3516. %iz ;:5‘; - 2w.
8517. 30 4 (21 )20 — 0. 3518. 2% + 2w +(%“;’)2 +(%‘;ﬁ)2 ~ 0.
3519.% - Em;(”u___—v) 3520.%%’ + %’T‘; - 0. 3523 a‘”a = 0.
w3 R el o )
8526, x = yo(2) + 0(2). 3527. AKX, NTZ - 2B(X, N L + (X, NEZ = 0.
R T

+ (y — yo) sin o tg ¢, re x, = a cos O cos tgy, Y, = @ sin AL cos ty, 2o = a sin t,.

X L2 = _ =1 _ a2 -1 _y-1_2-1,
3529.a - 1, y= ,ax cz (a c?). 3530. X 4 y——l 5

-2=3.3532.x+2=2,

x+y+2z=4.3531 X2 .l/_%l -2z

y+2=0;x-2=0. 3533.M1(—1,1,—1);M2(—§, %,*%).3537.tg(p=

= fi (X0, o) COS O+ 1 (g, Yo) sin 0t 3538, %il‘ —-16 3539 2 + 4y -z -

243

— — x-1 _2—2 y - 2
5=0 2 4 4 127

T
< 1 -1 _y-1_°7%
3:)41.2=Z-;—E(Jc-y);"1 =-‘L_—1—= o - 3542. axox + byoy + c20z = 1;
%o ¥ Vo _ 2% 3543 x+y-20=0; 1 -yl _z2-1
ax, by, czg ’ -1 -1 2

3544. x + y — 4z = 0; 5—1—2 = -‘%2 = f—_4—1 3545. X cosy, cos ¢, +
a
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XSECW,SeCPy— O _ YSCCY,cosecy, — b zcosecWy—c
be ac ab

+ % €08s Y, sin @ +Z sin y,=1;
4

X—TpCOS¢Py _ Y—reSing, _ z-rectga

3546. + y si —-ztgoa=0;
xcos@yt+ysing,—ztig P Sinp, g

X~ UugCoSVy _ Y—Ugsinvg _ z-av,

3547. ax sin vy — ay cos vy + V2 = auyLy;
o~ 4y o 0% T sin, —acosv, u,

3548.3% - 3U 4 2 _ 5 3549. A (0, +2./2, T2./2); B(£2, T4, +2);

2

Yo g Ug

C (4, F2, 0). 3550. x = _%2, y= i%z, z= i%z, rre d= JaTtblict.
3551, x+4y+ 62 =121. 3556. 2+ y?—xy=1,2=0; 3y% + 4x%* =14,

2bz
x=0;8x>+422=4, y=0. 3557.85< 0,003. 3559.cos @ = —f_.
v ¢ aa?+b?

1
3563.3% =x5 + Yo + 293 a)x0=y0=zo=ﬁ; 6)x0=y0=zo=—%;
B) Ha OKpy»¥Hoctu x +y +2=0, x2 + y2 + 22 = 1. 3564.g—u=-——3—_—.
S
at bt
3566. x* + y* = p?. 3567.y = tx. 3568. y® = 4ax. 3569. Orubaromeit Her.
2 2 2 2

o sl S a5ay - B £ a57a g =0 —

3570. x0 +y* = 19. 3671 |yl = . 3572,y = 32 £ 3574.0)y = 0

orubawlas (reoMeTprYecKoe MECTO ToueK neperuba); 6) y = 0 — orubaro-
wadA; B) y = 0 — reomeTpuueckoe MecTo 0cobbIX TOUeK (TOUeK BO3BpaTa);
r) x = 0 — reoMeTpuyecKoe MECTO ABROMHBIX TOYEK, x = a4 — orubaromasn.

3575. Top (J/x2+y? — R)® + 2% = r2. 3576. x® sin® a + y? sin? B + 2% sin®y —

— 2xy cos acos B - 2xz cos awcos Y — 2yz cos Bcosy = 1. 3577. |xyz|=——v .

4n.f3

3578. |z + JxZ+y2| = p./2. 3579. | * v P o |v 2P 4|2 2 <
Xo Yo Yo 20 20 Yo

< R¥(x? + y? 4+ 2%). 3580.(x — x5} + (y — yo)® = (2 — 20)°. 358L. f(x, y) =
=5+ 2x-12—-(x- )y +2)—(y +2)° 3582 f(x, y, 2)=3[(x - 1)2 +
-1 + -1~ (x-Dy-1) - (x-1)z-1) - (y-I}z- D]+
+x-1P+@y-1P+E~-1P°-3(x- 1)y - 1)z - 1). 3583.A1(1, -1)=
=h — 3k + (-h? — 2hk + k%) + (W’k + hE?). 3584. f(x + h, yt+tk ztl)=
= flx, y, 2) + 2[A(Ax + Dy + E) + k(Dx + By + F) + (Ex + Fy + C2)] +
+ f(h, k, D). 3585. ¥ = 1+ (x-1D+(x-1y-1)+Ry(1+86(x-1),

1+68(y—1))(0<0<1), rae Rz(x,y)=%xy[( gdx—lnx-dy)3+3(§dx+
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. _Y gy g 2 2Y gy — 3 gy - x -
+Inx dy)( xzdx +x dx dy) +(x3 dx xzdx dyn ndx =x -~ 1,
dy =y-1. 3586.1—é(x2+y2)—é(x2+y2)2. 3587. a)1 - 1 (x o
6) 7 +x - xy. 3588.-(xy + xz + yz). 3589. F(x, y) = fT(f;; + fr )+

+ B+ Fyyy) + e 3590 F(p) = f(x, y) + B ((Fike (5, 9) + iy (5, 9))-

3591.A,, = f(x, y)—hk[ + Z Z ”"“"“”‘""‘a”f(xvy)].asgz.F(p)=

m!(n—m)! dxmiyn-m

= f(x, y) + Zm: L(B)Z' A"f(x, y), tme A = 2% 4 9% 3503 1+ mx+
’ — (n):\ 2 ’ dx? Jdy?
+ ny + -"—IS"ZI'—_UJC2 + mnxy + n(nz—'—l)y2 + o (x< 1, Jyl< D).

xmy 2n+1

mi(2n+1)!

A (DY man-1) noa n
3594, Zo T x™y" (I + [y < 1). 3595. ".Zo HZ( 1)

(# < 400, ly| = +o0).  3596. 3" z 1" Z (< oo, Jy] < +oo).

m=0 n=0 '(2 )‘
i < _qym x2m+ly2n+1 | = _
3807, 3 X W GmiiiEay (7 e b= o)

m ximy?n - nfxz'*'l[zzz"‘l
3598. z Z( 1) ———-‘/—)'(Zn), (o < +o0, ly| < +00). 3599. 3" (-1) s

m=0n= n=0

(x?+y? <+00).3600. 3 3 (~1)" "I (] < 1, [yl < 1). 3601 f(x, y) =
P Tl mn
=1+ Y= - 2y 3602, mzo z o DRI (fa] < too, Jyf < +00).
3603. Z CYA+x-DIy - 1) (0<x<+0,0<y<2).3604.2=1 +
n=0
+[2(x~- 1) - (y— D] - [8(x - 1)) - 10(x — 1)}y ~ 1) + 8(y — 1)2] + ....
3605. (0, 0) — msonuposa”Has TouKa, ecau a < 0; TOUKA BO3BparTa,
ecnu a = 0; pBOMHas, ecau a > 0. 3606. (0, 0) — gmoitHasA TOYKA.
3607. (0,0) — nzonuporanHas Touka. 3608. (0, 0) — uzonupoBaHHAA TOUKA.
3609. (0, 0) — aBoiinaa rouka. 3610. (0, 0) — Touka BosspaTa (BTOpOTroO
poxa). 3611. (0, 0) — nroiiHas Touka. 3612. Ecau a < b < ¢, T0O KpuBas
COCTOUT M3 OBana m GECKOHeYHOH BeTeH; eciau a = b< ¢, 10 A(a, 0) —
U30JIMPOBAHHAA TOYKA; ecau a < b = ¢, to B (b, 0) — apoiiHas ToUKa; ecnu
a=b=c, o A(a, 0) — Touxa BoaBpata. 3613. (0, 0) — aBoitHas TOUKA.
3614. (0, 0) — rTouxa Bo3Bpata. 3615.(0, 0) — Touka npexkpauieHus.
3616. (0, 0) — yraoras touka. 3617. x = kn (k= 0, £1, £2, ...) — TOuKM
paspbiea 1-ro poga. 3618. x = 0 — TouKa paspbia 2-r0 poga. 3619. x =0 —
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NBOHHaa touka. 3620.x= kn (k= 0, *1, *2, ...) — TOUKHM BO3BpaTAa.
3621.z,, = O npu x =0 u y = 1. 3622. Touex sxcTpemyma Her. 3623. He-
crporuii MyHUMyM 2 = 0 B Toukax mpamoil x —y + 1 = 0. 3624. 2,;, = -1
npu x=1wuy=0.3625. z,,, = 108 npu x = 2, y = 3; HECTPOTUI MUHUMYM
z2=0 mpu x=0, 0 <y <6; Hecrporu# makcumym z = 0 npu x =0,
—co<y<0 u 6 <y<+o0o, 3626. 2,,;, = -1 mpu x=1 u y=1.

3627. a) 2 ~2npux,=-1,y,=-1unx,=1,y,=1; akcTpeMyma HeT IpH

min
x =0 y=0; 6) makcumynm 2z = 0 mpu x = 0, y = 0; MHHUMYM z = —1% npu
,y==1; cepmoz=-1npux=0,y=*1, u ceqio z =—é npu

ab

3./3
npu X :—g —+ L, —ab npug ==lé -+1 .3630.2,,, = Ja’+ bi+c?

J3
min = —~a2+b%+¢? npu x =

,ecauce > 0; z
=]luopux=0mn

, y=0.3628. Munumym 2 =30 npu x =5u y= 2. 3629. z,,;, = —

ﬁl&b
@

[ B R

npux =2, y=
c

oI

, Y=<, ecnu

¢ < 0; sKcrpeMyMa Her, ecau ¢ = 0, a? + b2 # 0. 3631. z

max

y=0.3632. Munumynm z =0 npu x =0, y = 0; cegio z = %e’znpnx=—i,

y= »% .3633.Cepnio z = ¢® npu x = 1, y = —2. 3634. Makcumym z = ¢ * =

1

= 2,26+ 10 npu x = 1, y = 3; MunuMyM 2 = —26 ¢ 72 =~ —25,51 npy x = — & 56

y=- 2 . 3635. MunmyMm 2= 7 ~ 10In 2 = 0, 0685 upu x= 1, y = 2.

3636. z,,,, = 3 J3 1pu x = g ny= g 3637. z,,;, = -8 npu x =y = =5

2

[,
[\
a

Zoax = gg pu x=y:§. 3638. Ceano z= -1 + % In2 + %n: 1,70 npu

x=1,y=1.3639. Munumym z = ~51—e =~0,184 npu x =y = i—j: +0,43;

2e

MaKCUMyM 2 = 1 npu x =~y = +. L ; BKCTPEMYyMa HET B CTAIIMOHADHBIX
2e /96

Torucéx x=0, y==41 u x=%1, y=0. 3640. CrauuoHapHbIE TOUKH

_ (- m+l+ 4 n = T "1'1+ - I = + + [ N
x= Z N Ty = B e )T (m, 0 =0, 41,22, 1)

JxcrpeMym z = mn + (% + Jé ) (-1)y*'" 1+ 2-(-1)", ecnu m U n pa3AUUHOM

YeTHOCTU (MAKCUMYM IIPH /11 HEYETHOM U /1 YeTHOM, MMHUMYM NIpU M YeT-
HOM ¥ 71 HEUETHOM); 9KCTPCMyMa HeT, eCJId m U n OAUHAKOBOI YEeTHOCTH.
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3641.2,;,,=0 npu x=0 u y=0; HECTPOrMH Makcumym z = ¢! npu

x*+y? =1.38642.u,, = ~14 upu x= -1, y = -2, z = 3. 3643. Munumym
u=-6913 npux =24, y=-144, z = -1. 3644. Munumym u = 4 npu x = % s
y=1,2=1.3645.u,,, = %—Z NpU x =y =2z= % ; HecTporui sxcrpemym u = 0
upuy =0, x # 0, 2 #0, x + 2y + 3z # a. 3646. Munumym u = li—a”’,ﬁ fpu

x= % 1%/16al4b, y = i %/16a4b, z= %J% . 3647. MaxcumyMm u = 4 1pu

x=y=2z= g; KpaeBoM MUHUMYM u =0 nupu x=y=z=0uz=y=z=T1.
3648. u,, = A =X = . o= x,= 2
e Upax (m) PH X;= X, x, = prww L
1 1
8649. Munumym u = (n + 1)2°*1 mpn x, = 271, x,= 2%, ., x, = xi.
3650. Yucna a, x4, x,, ..., x,, b cocTarnmIOT TFeOMETPHYECKYIO [IPOTPECCHIO

CO 3HAMEHATEJIEM ¢ = 4 2. 3651. MunumMy™ 2, = -2 1 MakcuMy™m 2, = 6
a

mpux =1, y=-1. 3652 2,;,, = <(4+2J6) upu x=y=-(3+ JB);

Zpax = 24/6 ~ 4 ipy x = y=—(8 - ./6). 3653. HecTporuit Mutumym 2 = —LJ_
242
2 2_. 3a? ) " - a 2 2 _ 3a?
npu x° + y* = ——, 2 < 0; HecTporuit Makcumym z = —4 npn x2 + y2 = 32°
8 2./2 8
1 1 1 Ja?+ b2
2>0. 3654. 2, = 3 PEXT S, y=c. 3655 z,, = »%l—— npu
r=__ b y=—-—3% ., - Ja%+b? Hpu x = be y= 9t
Ja?+ b2 JaZigr M lab| Jaz+ b2 Ja? i b?
= - _a?b? _ _ab? — _a%
rae € = sgnab # 0. 3656. z,,, T DM x= s VT e

3657. a) 2,1, = Ay, 2y = Ay, THE Ay ¥ Ay — KODHM ypaBHeHUS (A-A)C-2) -

min

= B2=0u ), <A,; 6) MakCHMyM z = 106% npH x = il-;— , ¥ = +4; MUHUMYM

2=-30npux =*2,z =F3.3658. Drcrpemymz=1 +£-j/—1§x npux = g + %k,
y= —g + %k (k =0, £1, +2, ...) (Makcumym™, ecau k — 4YeTHOE, U MUHHU-
MyM, ecau k — HeuerHoe). 3659. u,;, = ~3 opu x = —% Y= g, z= —g;

Upoy = 8 npnx=§, y=—§-, 2=§. 3660. u,,, = 9—_fmTnrph L

(m+n+pym+ase
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2

-;51—*—%=15)—m.3661.u,“m=c2npnx=0,y=0,z=ic;umax=a
6
11pnx=ia,y=0,z=0.3662.u,‘mx=(%) npux=y=2z %3663 8) Uy iy =
1 1 2 1 2 1
= OIpUX= Y= — HZ=—"Z,Xx=2=— Hy=—-—=,y=2=— H
3.6 J6 J6 J6 J6 J6
2 1 1 2 1 2
X=-", U = —— OPUX=y=—-— U2Z=-Z,x=2=—-— Hpy=-=,
B3 76 7 IR
1 2 .
y=z=-— Hx= "2} 6) Ycaosubi#i Mmakcumym u = 2 npu x = 1,
/6 J&’

mpux =y =z = =. 3665. u,;, = Ay ¥ U, = Ag,

n
6

sina | sin?f SIDJ)A + (cosza +

rge A; 4 A, — KOpHH aBHeHnﬂX"—(
AG M 2 PHYYP a? b? c? b2c?

cos?f cos?y) _ _. R%(Acoso + BcosP + Ccosy)2
* a?c? + azbz) 0 (Al < }"2). 3666. wpi A%+ B2+ C2

n -1 n -1
Uy = B2 3667. uy, = (Z _1;} npH x, = al[z lz] (i=1,2, .., n.

j=18@; Nj=18;
3668. u,;, = ;‘7113 npu x; = % (i=1,2, ..., n). 3669. u,;, = (Z 5B )2
j=1
npu x; = \/% (i A/&Fp,.)‘l ¢ =1, 2, ..., n) 3670. u,., =
! =1
=(omzf—m'")2 T a0t o' upw :Ti - Ef - .. = ;‘T -
=@ . 3671.9kcTpeMyMbl U = A ONpEJENAIOTCS M3 ypaBHEHHA

Oy + g+ ... + 0,
la; — A8;) = 0, rme ;= 0 npu i # j u §,; = 1. 3675. Inf z= -5, supz = —2.
3676.Inf z=-75; supz =125.3677. Inf z=0; supz= 1. 3678. Inf u = 0;

sup u = 300. 3679. Infu=—%;supu= 1+ J2. 3680.Infu=0; supu=

=~ 0,37. 3682. Her. 3683. Munumym pased -}— . 3684. CnaraeMsle paBHbL.

nja

3685. MHOXXUTEAM DaBHBI X; =

rae o; (i = 1, 2, ..., n) — coorBeTcTBYWOU[ME ITOKA3ATEJH CTeNeHelH;
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1 1 1.1 1 1
= = Nt —
1 1 1 ap oy w, Ya, o
HaMMeHblllee 3HAYeHUE€ CYMMbI (-—- + = + = ad, Oy ...Q,I" v ",
o Ay a,

_ _l__ n _ _l__ n » _ n 4
3686. x i Z mix, Y= 5 Z myy;, rae M Z m;. 3687.Usmepennsa

i=1 i=1 i=1

BaHHBI 3/2V, 3/2V, %Q/ZV. 3688. H = 2R = ZA/:—?;, rae R — paauyc

n
LUJIMHApUYeCKoH nosepxHocTu 1 H — ee oGpasyrouiasn. 3689. x = % z x;,
=1

n

=]%] i Yin 2 :]% i 2, T‘AE‘N = \/(in)2+(iyi) +(i2i)2 . MunumanpHasn
i=1 i=1

i=1 i=1 i=1

2

cyMMa KBaJpATOR paccTOsIHUM parHan — 2N + Z (Jc,2 + y,? + zi2 ). 3690. Yrox

i=1

HAKJIOHA 06pa3yolLuX KOHyCA K €ro OCHORAHUIO DABEH arcsin % . 3691. Yron

HaKJOHA GOKOBBIX TpaHEH MUpaMMA K MX OCHOBAHMAM paBeH arcsin %

3692. CropoHbl IpAMOYTONBHUKA 233 74 § 3693. CropoHBI TPEyrolbHHKA

2R 2R _ R

BB B

3695. Bricota nmapaJiieienuneia paBHa % BBICOTHI KOHyca. 3696. Mamepe-

g, §f u §f 3694. lzmepeHua napajaenenuiena

HUS napajjesenumnena 2a s 26y 2¢ . 3697. Bricora napaJsnjesenunena
S22

h=lsina-M,ecnna?arctgﬁ,nlz=0,ecnu0<ot<arctg J2.

2tga -~ J/2
B
3698. Uamepenus uapamienenumena a, b u <. 3699. A%+ Byo+ C2o+ D) .
2 [AZ+ B2+ C?
1 Xy =X Y1~ Y2 2172, PRSP " o3 P
3700.d=E m, n p, |.rReA = 1y 1P| | Py
N may 1y ny P pa My

my g P2
3701. Lf . 3702. Kpagpars nmonyoceit a? = A, u b2 = A, ABNAIOTCA KOPHAMU
442
ypasnenus (1 — AA4) (1 — AC) —-A*B% = 0. 3703. Knaaparhl moayoceit a® = A,
AA-1 DA FA
b% = Ay u ¢® = A, ARNAOTCA KODHAMM YPABHEHUA | py Bi-1 EL | =0.
FA Er Ci-1
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3704. ’-?g—f’ JA?: BE: C? . 3705. nabe . 3707. Yron nage-

Ja?costa + bicos?P + c2cos?y

HUS paBeH arcsin ( n sin g) ; OTKJIOHEHHE JIy4ya paBHO 2 arcsin ( n sin g) - o.
3708. Vickombie Koa()PUIIMEHTHI a ¥ b onpeeAI0TCA U3 CUCTeMEI YDABHeH Uit

afxx] + b[x1]={[xy], a[x1]+bn =[yl], roe[xy]= 2": xy,, [x1]= 2,': x;,

i=1

[y1] = Z y;. 3anaua uMeer onpeJieleHHOE pellleHue, ecn Z (x, — x)* = 0.
i=1 i#j

n

3709. tg 20= — _2_(_;-;/_@)__ , p = xcosd + ysind, rme x = 1 x;,
[x2=(x)2] - g2 - (y)?] n 1:21
Xy = ’ll Z X;y; 1 T. M. CyTh CpeaHue 3Havyenuda. 3710. 4x ~ g 3 Dy = % .
i=1
Pazgen VII

3711. F(y) =1, ecim -0 <y <0; F(y)=1-2y, eciu 0 <y <1;
F(y) = -1, ecniu 1 < y < +00, 3712. F(y) paspmiBHa upu y = 0.

3713. a) g; 6) 1; B) g; r) In lz—:e; x) 0. 3715. Heasssa. 3716. Heabaa.

2

3717. F(x) = 2xe*® — ¢ ** — J.yze"‘yz dy. 3718. a) —(e"JSi""! sino +

cosa

+ e loos ) + f JT=3 el ds ) (1 + L) sinas + o) -

b+ a

- (-1- + —1—) sin a(a + a); B) 2 In(1 + o2); 1) f(o, —o) + 2f f. (¥, v) dx, rue
¢ a+ o [0
0

wlen @

u=x+0ouv=x-0; 1 20 f sin(y2+ot"—(x2)dy+2]5in2xzcos2(xxdx*
0

2

1!2 — L

«?

- 2 f dx f cos (¥ + y? — o) dy.  3719. F"(x) = 3f(x) + 2x f(x).

0 -

3720. F’(x)=2f(x), ecniu x € (a, b), u F'(x)=0, ecanm x € (a, b).
3721. 1. F'(x) = A_zhfizﬂ, rae A2 f(x) = flx + 2h) — 2f(x + h) + f(x).

x4+

2. F(x) = (n - 1)If(x). 3723. 4x — 1_31 3724. 0,934 + 0,428x
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3725, 4£ - E-f, dF _ _E E

dk kT dk k(1-k?) k'

(npubausurennHo!).
3729 Fy (v, y) = x(2 - BfCw) + Sf(2) + 2Py - I ().
3732. nln'ﬂ—;ﬂ. 3733. 0, ecmu Ja| < 1; mlna? ecan o > 1.

3734. g sgnaln (1l +la)). 3735. marcsina. 3736. g In (1 + J/2).

b+1 b-—a . 1, b2+2b+2 >
3737. In e . 3738. a) arctg —————1+(a+ D7 1),6) 2111‘1—_;!+2‘H2.3741.a 0.
3742. Max (p, q) > 1. 3743. IP_—ll <1.3744.p<1.3745.n <Oun > %
3746.p > = . 3747. Cxonurcanpua > Qunpua = %'12—_——1-11 n=1,2,.).

3748. Cxo,zmTCﬂ npu n > 4. 3749. Cxogurca npu p > 1. 3750. Cxogurcsa
npu —1 < n < 2, 3755. 2. a) Cxogurca paBHOMEPHO; 6) CXOAUTCA HEPABHOMEDHO.
3756. a) Cxogurca HepaBHOMepHO; 6) cxoauTcsa pasHomepHo. 3757. Cxo-
autea passoMepHo. 3758. CxoguTcsa paBHOMEPHO. 3759. Cxogurca
HepaBHomepHO. 3760. a) CxoguTcd paBHOMEPHO; 6) CXOAMTCA PABHOMEDHO.
3761. Cxogurca pasHoMepHo. 3762, Cxonurcsa HeparHoMepHO. 3763. a) Cxo-
JUTCA paBHOMEDPHO; 6) cxoguTca HeparHomepHo. 3764. a) Cxogurcs Hepas-
HOMepHO; 6) cxogutca paBHoMepHo. 3765. b > 10", 3766. a) Cxoaurca
paBHOMepHO; 6) cxogmuTcsi HepasHoMepHo. 3767. CxoauTcs paBHOMEDPHO.
3768. Cxomurca HeparHomepHo. 3769. Cxoaurca pasHomepro. 3770. Cxo-

puTca paBHomepwo. 3772. Her. 3776.1. 12_7—[ 3777.1.1. 3778.2. a = 1.

3779. Henpeprieaa. 3780. Henpeprisua. 3781. Henpepnirna. 3782. Henpe-

poieHa. 3783. Paspriema npu o = 0. 3784. tl)"’_m' .3785.% - @n-1y {3

2n )"
3788. In 2. 3790. In%. 3791. 0. 3792. *In 2. 3793. 1 £,
a a 2 b 2 o
3794.1n @_“2%_)(23@% 3795. arctg £ —arctg & (m #0). 3796. 1 1n Bem,

3797.~n(1 - J/1- a?). 3798, nln Lol 421‘0‘2 +8799. % sgnat-(1 +jof - 1+ 0?),

3800. l_g-‘ Inof +B) B=0). 3801 I1In ﬁ—%——" (@> 0, B> 0).

3802. %" fofa+B)+®Ina+ B ln P - (& + B% In(a + B)] (> 0, B> 0).

_ac-h® h2

ac - b2
. 3805. (a+2b%)a, - 4abb, + 2a? C‘fe r
a

2qa2

3803. ﬁ‘ 3804. f
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b2

o b2
3806. Jé eta. 3807 _f’.re-Za. 3808. Vi (JB - Ja). 3809. 1 Jg‘ ¢4,

22n+1 gp2n

HeverHad. [Ipy x > 0 MEUHMMYMBI B TOUKax 2kT ¥ MAKCUMYMBI B TOUKAX

@2k -1n,rpe k=1, 2, 3, ... AcuMnToTH § = g ope x — +0 u y = ~g

3810. a) W} 4a-s)( 1) A% Ju_ de (e-t?). 3812.1. E sgn B. 2. ®yukuus

wpn x — —c0. 3813. nlll — Jro. 3814. 2 In ﬁg . 3815. 0, ecau |of < |Bl;
o
g sgn o, ecan |of = Bl g sgn o, ecam jof > [Bl.  3816. g sgn o.

o

n 3n n 3 n
3817. Zlo|. 3818. Zfojal 3819. 7. 3820. % In : 3821. .

3822. % arctg %ﬁ - % arctg % +% 10 %i%z;gg .3823. D(x) = 1
npu | < 1; D(x) = % npu x = +1; D(x) = 0 ipu || > 1. 3824. a) 7 sgn a cos ab;

6) 7 sgn a sin ab. 3825. E e, 3826. 1‘ sgn oe®.  3827. ’_‘(1 - e?).

-U ac - b
3828, M1+loD) bl 3g29, T __ 052 ¢'a . 3830, 1 A[ f
4 /

ac - b?
3831. [ sm

L4l sgnot) 3832. ﬁtcos(a + = ) 3833. Jﬁ’sm(a +4)

3835. a ; 6 Jn ;B L hpu >0 ——1-—, ,eln 1+ )
)M )w,_) ) g TPHP > G ) ) P ) ( .
_a? _a?
m)a—‘/;ie“!’. 3837.a) 1; 6) x>+ &; n) e2exra?; r)le 4 cos ax.

2pNp 2 2

x2

3839. ¢(x) = —L_ ¢ 20° ,rrec = Jo' + 03.3343. . 3844. ’“‘ . 3845, .
o 2n 2./2

27 n 3n n @n-1H
3646. =% 3847. -E-. 3848. % 3849, . 3850, 22D /.

nsin®
n

+1

(0 <m <n). 3852. B (n~ m, m)(0 < m < ). 3853 “”(b) x

3851.

nsin—
n

b-—qg)yn+n+l

(a+c)'”1(b+c)'"+1B(m+ 1,n+1)

><B(m+1 p- m+ 1)(0< m+1<p).3854.
n n

n

(m > -1, n > -1). 3855.13(1,1—1)(n<0 unu n > 1).
m m n
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n-1
2 X

3856.%B('"—*—l "+1)(m> -1,n>-1). 3857.

; - (< 1). 3858.

2 cos AT 2 (l—kz)g

xB(LZE )(n>0) 3859. 1r()(n>o) 3860. 11’(’"”) (Ml >o).

|| n n

3861 I'(p+1)(p>-1). 3862. a%[f‘(LI_)] (p>-1). 3863, —Ticospn

ar+1 sin’pn

(0<p<1). 3864 a)n’ Lioospm (o, 1y g 2 o p) ST

sinfpn 27 32./2 )
th
3865.In |2/ (0<p<1,0<qg<1). 3866.x ctg mp. 38867. .~ tg OF,
L 26 26
2

3868. In ./2n.  3869. In .2z +a(na-1). 3870. %(1+ln g)

3871 L. 3876, —ma"' (.0 agyy __ mami (a > 0).
4n 2r(m)cos™X 2I'(m)sin 21
2 2
1 1° zazrz(l) 2 o A
n =2 sin
3879. aB (5, ﬁJ 3880. . 3881. f(x) z j 2 cos dx dh.

it °
n
+o0 +00

3882. f(x) = % f _I_.Zi(’ﬁs)* sin Ax d). 3883. flx) = Tg[ J‘ sinA(x -~ a);\ sinA(x - b) dh.
o

[

3884. f(x) = i—:ll J. L_—iﬁzﬁﬂ cos Ax dA. 3885, azsz = }l j €™ cos Ax dh.
0
roo $oo
. f ¢ sin Lx dh. 3887. f(x) ~ 2 f ST Sinda d). 3888, /(x) =
ay x i3 1-A2
4] 0
roo cosM 1eo sin——zmm

- 2Aw w s _
T f 1 )&2 cos )\'x d}" 3889 f(t) - T f m Sin )\.t d}\.. 3890. f(x)
0

+0o

— 20 cos)&x 1 1
f ° d). 3891. f(x) = * f [m m] cos Ax dA.

U (A + B2+ a2

3892, f(x) = 4aB Asinhx dh. 3893, ¢ - L
=) n ! [(A-B) T

+0a )~z

X f e ¥ coshx dh. 3894, xert — _1_ j K sin Ax dh. 3895.a)eF =
2 )

0

lv
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_ 2 coshx . x _ 2 Asin)x
—;L'[ﬁdx(o x < +00); 6) e —;L'[ Rsilx gh (0 < x < +0).
0

x2

3896. F(x) = JZ -2 | 3897. F(x) = -i ﬁ_“?‘— 3898. F(x)=¢ 2.
1

x2 4 2 (x2+ a?)?
xfia?
3899.F(x)=¢ 2 choux.3900.a)¢(y)=e"(y>0);6)y(y) = % : T&jz (y >0).

Pazgen VIII

1 40 _ 11 5 .o _40 11 5 1
.= . = L — = —_ = — ._—|—_..._.; = . . 9, .
3901 1 3902. S 3 + 3.3 S 3 + ” 3t 133 3903. 9,88

Tounoe snauenne 21 (7 — J24 )= 13,20. 3904. 0,402. Tounoe 3nauvenue 0,4.

3905. 6 < 0,00022. 3906. 1. 3907. %) . 3908. "Tag . 38910.I =F (4, B) -

-F(A, b)—F(a, B)+ F(a, b). 3912. a) OrpunarennHslii; 6) OTpHLATENbHBLH;

B) IOJOMXUTeNbHBIH. 3913. i 3914. 1,96 < I < 2. 3915. a® + % + 1—;—2 .
2 1

3916.j dx] f(x, v) dy=j dyj f(x, y) dx. 3917. j dx.[ f(x, y) dy =
' 0 ] ¥ -2 1]

2
2y 1 x4 1 1 1

=j‘ dyj f(x, y) dx. 3918..[ dx j f(x, y) dy='[ dyf f(x, y) dx +

2y 0 1;22 o ./1()—”2
I dy f fix, y) dx. 3919. j dx j f(x, y) dy = j dy j f(x, y) dx.
et Sy
% %*P 1 -2 1 1
3920. .E de '! _ fx, y) dy = 1 dy‘ uj | fx, y) dx. 392L. '[ dx [ fx, y) dy =
2 4 ’
1 N -1 1~ <2 122
J‘ dy j f(x, y) dx. 3922. .[ dx J‘ f(x, y) dy + '[ dx J‘ flx, y) dy +
[} A i< R

4~ <2 2 412

+ f f(x, y) dy +.[ dx j f(x, y) dy. 3924.
ors S

dy | f(x, y)dx +

C
e s
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4 2 0 2/T+y -y
, ) dx. 3925. d
+! dyg (f(x, y) dx j dszij fix, y)dx+j yjj_ flx, y) dx.
1 £ Sy i N
3926. j dy J' f(x, y) dx. 3927. j dy j f(x, y) dx + j dy f f(x, y) dx.
SR o -Ji-y
1 el g2 a-dJaZ_ g2 2a
3928. j dy j f(x, y) dx. 3929. f dy j f(x, y) dx + j f(x, y) dx! +
2a 2a =~ arcsiny
+ J‘ dy ;[ f(x, y) dx. 3930. jdy J‘ f(x, y) dx. 3931. jdy .[/ f(x, y) dx ~

2a
[} 2n + arcsinny
—I dy J' f(x, y) dx. 3932. 2. 3933, (2[2 - g)aﬁ. 3934. “E‘

-1 ® - arcsing

2n a
3935. 14a'. 3936. 351’;““. 3937. j do I rf (r cos @, r sin @) dr.
[1) 0
g acos@ 2n ibt
3938. j do f rf(r cos @, r sin @) dr. 3939. f do j rf (rcos @, rsin ¢) dr.
n [ [ |t
2
'E‘ ﬁcosec(q) + ,’]‘) % ‘;:'2“0

3940.]@ I rf(rcoscp,rsin(p)dr.3941..[dxp j rf (r cos @, rsin ¢) dr -+

a asin 2
sing 2

ros’ @
dae j rf (r cos ¢, rsin @) dr + do j rf (r cos @, r sin @) dr.
[} 0

e, B

i

n

+
N e N Y

=}

3942, B Tom cayuae, ecam o6JaCTh MHTErpauuy orpaHUJYEHa ABYMsl KOHIEHT-
PHUYECKUMH OKDYXKHOCTAMHM C IIEHTPOM B Hayajle KOODJAUHAT U JABYMs JyuaMmH,

b 1
1

cosq

HUCXOAAIIMMY K3 Havasa KoopauHar. 3943. j do j rf (r cos @, rsin ¢) dr +

1

sing 1

do j rf (r cos @, rsin @) dr j rdrj f (r cos @, r sin ¢) do +
[:3 [} [

n
2

+
P L]
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ﬂrt:sinl
;

f f(r cos ¢, rsin ¢) do. 3944.

1

J

Lcosec(q; +

V2

V2
+jrdr do
1

O, 13

arccos=
r

)

. m‘cmsL

1 4 raf2

rf(r cos ¢, rsin @) dr=

2
cosgp

do f rf (Fdr =

3946. } do x
o

f(r cos ¢, rsin¢) do +

J. rf(r cos ¢, rsin @) dr =
[1]

arccos”
a

r
—&rccos -
a

H
= I rdr f f(r cos @, r sin @) do. 3945. J.
—1_ E—ﬂl"CCOSL E
7 1 : 4
2.2 4
~ = o 2
ﬁ J rf (rYdr + J (3 arccos p rf(r) dr.
0 2.2
i arcsin?lt 41
cos¢ 1 2r
X jrf(rcoscp,rsin(p)dr= Irdr j
sing o 0
cosztp
aresin¥~12C — 2 1r4r2-1 2
2 2r 4 aJcos2g
+ Ir dr I f(r cos @, rsin @) dg. 3947. f dip
1 8!"0005; ";'l'
Larecos™
a zﬂl"(‘CUSﬁ a
= J' rdr f f(r cos @, rsin ¢) dg. 3948. j dr j f(@, r) do.
o —lnrccos!ﬁ o
a2

2
2_Loresins
272 pr]

3949.} dr f (@, r) do. 3950.} drjt o, r) de.

1

2

r
~arccos—
2 a2

3952. 1 J‘ rf(Adr +

0

1

(n ~ 4 arccos 1) rf(r) dr. 3953.

r

——

3954.

1

3951. 21 J‘ rf(r) dr.

[

f(tg @) cos® ¢ dg.

e, 1213

1]

L breb(beh)+ (ba h)2e (2b+ h)JB(b ),

2’;“3 . 3955. -6n%. 3956. g

I

a

4-u

J

—u

3
2

y 2
3(b 1
5(5) . 3957. f u du f(u, uv) dv. 3958. 3 .[ du

3959. 4

[EL Y

[}

Ja(a+ h)(Ja+ Ja+ R)(Jb+ Jo+h)

u+v.,
2 ’

A

”; v) dv.

sin® v cos® v dv f uf (weos* v, usinv)du. 396l.u=xy,v=x-y.
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3962. j f(w) du. 3963. 2f JT=u? fuJaZ+ b? +c) du. 3964. In 2 j f(w) du.

3965. *. 3966. % . 3967. 2 nab. 3968. = . 3969. 5431  3970.1 3% —1n 2.
2 3 3 /2 15 128

8971. 2n. 3972. S 3973.3 +T. 3974. n+81n1;[@. 3975. 6.

>

3976. §(4—3ﬂ +4.43). 3978. f0, 0). 3979. %F(t), ecnit ¢ > 0.

2nr

3980. 2 2*Y _ dx dy. 3981. F'(t) = J‘ tf (t cos @, t sin ¢) dg.
o [+ g v o ¢ 9) do
x- +{y- <

3984. (%@ - 21n 2) a?. 3985. g(p +q) Jpq . 3986. na’. 3987. 3_%‘_"(12.

3988. T + g In(l + 42). 3989. ’%2 3990. az(_gz + arcsin %)

6
} 3993. “b( +2.

3991. "‘”’(“ +k2) 3992. “b[Z"(a: +£‘)+

4 \ht Blzp\nt kY T R ne R
a‘bk(ak+2bh) . 1 (ab)’ ab —a)(b*-a?
3994. a) LrEinl) ;o) k. 3995. 22, 3996. LL—22<M1)(3+1>'
3997. L In2. 3998 ) 1(g - P -1 ©) & (° - @) -d Y
2l axly, _prl
Ny R e Bl | By S e 65 189 1
B) (p+1)(q+1)( (=P —at I)( J d j 3999. a) 108ab 6) — (arcth +

lg) ab. 4000. —([(‘) - 2) arcsin 1 . 4001. [;‘l 4002, € 2 (0~ v1)(sh 2u, -

— sh 2u,) — (up — u;)(sin2v, — sin 2v,)]. 4003. na 4004. 5% 4007. 2.
7ﬁ 6
nRa _ 2 po 88 17 _
4008. 28 — Zp0. 4009. 35 4010.7. 4011 m 4012 I -2m2.
4013. __PZ( 3, 4. T, 4015. 51 4016, 1843 . ma?
v )a 4014. 7 2n. 4016. 184 4017. 8

4018. (1 - e-F*). 4019. 2a’%c - ﬁﬂ—‘%"—‘ﬁ .4020. 7. d021. Lrabez - J2).

CAD

4022. %nabc(Zﬁ - 1). 4023. 3"T‘w” 4024. —nabc 4025. “_g_c

4026. 3 abe (31 + 20 — 16.4/2).  4027. "bal_ﬁ—;il 4028. ga“. 4029. g

4030, & ¢ In ﬁ .4031. 2 . 4032, i5_nabc 4033. a )"1‘2‘8” 6) (n— m)(e™ — ea.
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4034, 4b¢ .rs('_ll) 4035 abce l‘(%l.)r(%)

3n? [‘(é) ' “2m+n r(l+g)
n m n,

. 4036. § na® (242 - 1). 4037. 1642

4038. 8a? arcsin g 4039. % 4040. 8a2. 4041. 1./2. 4042. "_é_‘“
4043, 27 4 2.2 (1+7m3) +8arctg L. 4044 & (20 - 3m).
3 /2 9

4045. 2) 2% 6) 2[3/T0 +In (3 + JT0)}; ») L abe (% + .1_)‘1 [(i + 1
a

b? a? b2

3
+ .1.)2 - .1.} :0) 2 ab 22 - 1)arctg %0 F In(e +e7l). 4046. S = 4n(3 +
c? 3 b 2

c2
+2J8)a V = %‘a“. 4047. (¢, — @y)(sin yp — sin y;) R, rre @1, @2 —

JONTOTHL MEPHAMAHOB, \Jf,, \J, — LINPOTHI Tapanjeieit, R — paauyc cdepsi.

4048. 1 | aJaZ+ h? + h? In Aroalrh? W;“’“ } . 4049. S = a(@; — 9)[b (w; — ) +

+ a (sin y, — sin y,)]; 4nab. 4050. ®» = arcsin b = b
J(a?+b2)(a?+ c?) a?

4051. p"T"Z[er 201+ f2)) 4052, % = -2y = S 0. 4058. 1y =y, = £
. = 256 _ ab . _. ab -, = Ta

4054. x, = y, = sisn & 4055. x, = Taet Yo = i Yo g

4057.x0=ga;y0 o 6 4. 4058. x, = nta; y, = —a 4059. x0—~§;y0=0.

4060. TTapatona y, = 1 /30px, . 4061. T, = bl_h; i1, = ’””11—22 (= |b, — by).

7 -~ a _ _ 21lnat, 49nal _ 31La4
4062. I, = I, = 47 (16~ 5m). 4063. 1, = 2505 1, = 4550 4064.1, = I, = ¥22.

4065.1, = I,— ga“. 4066.1. I, = "“‘ .2 ““

Y =0, rge X, Y — npoexkuuu cunbl gaBieHus Ha ocu koopauHar Ox u Oy.
4071. P, = na® (h - %a ) ; Py = ma® (h + %a) . 4072. TIpoeKIHA CUIBI
naBneHus Ha ocH Ox u Oz, PacIlONIOKEHHbBIC B BePTUKANbHOM IIJIOCKOCTH, 1IPO-

xofsiuell uepes och HUJIMHAPA, U3 KOTOPBIX ock OX — TrOpPU3OHTAJbHAA, a4 OCh

Oz — BepTHKAJbHASA, COOTBETCTBEHHO PABHHL: X = —Ta2d (h - g cos a) sin a,
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Z, = -na% (h - g cos a) cos o X, = na? (h + g cos a) sin a,

Z, = na?s Lh + g cos (x) cos o. 4073. IIpoexkuuu CUIBI IPUTSIKEHNA Ha

_2kmM

ocu Ox, Oy, Oz, cooTBercTBEeHHO, paBHpl: X =0, Y =0, Z = 7
a

{Ib|— b — K|+ Ja? + (b - k)2 — Ja? + b2}, rae k — rpaBUTALMOHHAA IOCTOAHHAA,

4074. p, = L p. 4075. A="2 2ab JaT+ 57 + @ In AL BTy g ax JaR 2 BEL
Pyp™3 12 a b
4076. L. 4077. Y m2- 3. 4078. L. 4079. $nabc. 4080. E.

364 2 16 48 5 6

4081. j dx {j dz ljx flx, y, 2)dy + j dz ’jf f(x, y, 2) dy} =

1

=J' dz U dy 1_"” f(x, y, 2) dx + j’ dy T/ f(x, y, 2) dx

0

1 1 ’12_172 1 x [zz_yz
4082. f dx'[ dz f fx, ¥, 2) dy=.[ dzj dy I f(x, y, 2) dx.
| xl T 0 Zx T

x2 1 241 1

4083. jdx szf f(x, y, 2) dy + j dz I fx, y, 2) dy | =

0 x z-x2

1 Jx 1 1 1 2 1
=J' dz J' dy f f(x, y, 2) dx + I dyj f(x, y, 2) dx +J' dz J' dy x
0 ] Je-g? Jz [ 1 Jz-1

1 x 1

j fx, 9, 2) dx. 4084. 1 J‘ (x - & fE)dE. 4085. 1 J‘ (2 - 29 f(x)dz +
[4] [4)

2

X

z-y

2

+ %J‘(Z - 2 f(x)dz. 4086. F(4, B,C) - F(A,B,c) - F(4,b,C) -
1

- F(a,B,C) + FA4,b,¢c) + F(a, B,¢c) + F(a, b, C) — F{(a, b, c).

z arctg—1- P
4 cosg cosgcosy

s m _
4087. L . 4088. - (2./2 - 1). 4089. J do f cos y dy j 7 f(r) dr-
o ° siny.

cosZy
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4090. Tabc 4091, 107, RN R R (b W NN
: o91. 12 4092. Z (L BJ(J& ﬁ)hJiz

) +41n g} 4094. ‘5’

1 (1 _ 1 _ _
4093.ﬁ(m_2 n_z) (b - a®) L(Bz a‘*)k1+

REE
4095. 3 (e ~ 2). 4096. u = L | — , T |6] < 1. 4098. a) F(t) = ant? f(t?);
3 Ja?+bZ+c?+OR

6)F’(t)—-[F(t)+”f xyzf(xyz)dxdydz} rnet>0uV={0<x<¢,

0<y<t,0<2z<t). 4099. 0, ecnu ofHO U3 YMCEN M, It N P HEYETHOE;

4in . (m=-D(n-D(p- 1
m+n+p+3 (m+n+p+ 1)

» €CJH 4Yucaa m, n M p YeTHBIe.

4100, K+ DU+ DICr+y DI(s +1) 4107, 3 . 4102. 7 . 4103. 2 3(3n—4).
Cp+q+r+s+4)

4104. ™2 | 4105. —(3n~4) 4106. 32 1. 4107. na®. 4108. 22753 . 4109. _21.

4110. T2 - J2)(b* - a®). 4111. T - 25 4312, a) & abe; 6) Al
3 3 4 WG

1), 4116. a) %8¢ “b”

Smabe (g _ [3 8n abe  mp2
4113, 3140 (3 - /5). 4114. B abe. 4115. 2 «[r(‘;,

"

+

—
=i

abc : abce abc
. 4117.a) ———— 554400 ° )3 .4118.a) =—

a b\ a? ) abc
a 49174 4 6) 2o¢ .
X(h k) (h? k2 )

=18
R‘IG*

abc | _y4mn 9 2 3 3 4n 3 nabc?
)1680 ) abc 4119. a 4120. (b )A/rI‘zk4 4121. —a’. 4122, =S

x(1-el). 4123. -g abe. 4124. 5 abc (l - %) .4125. 37 : 27. 4126,V = 5"6“' ;
e

et 6 /3 + 5.5 — 1). 4127. Slets 4108 4TRS 4109, . abe?
6 Il 3lal 3nsmE h
n
) (5))
4130, —4b¢ - (”‘) ( ( .4131. 3. 4132. 4np0(l + 2 4 20 ok
mn+mp+np l‘(—l-+-1-+l) 2 k k R
m n p
3 =2, =1 .2 = ey = ()
4133.(0, 0, $c ) 4134. x0 = yo = 203 2 = - 4135, 2 = £ 3 Yo = 05

7 3
20— mp. 4136. Xog = =a; Yo =

8 §b;2°=26'4137'5‘70:!]0:0;2023—({.

8

" b; =3,

4138. x, =y, =1; 20=§- 4139. x, = 2L YT

. = 3
148 ® Yo~ ag
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o)

Yo=P;zo=7.4143.1,, = %53 1= ;l(;c i1, = agoc 4441, = = 4 nabe’;

414O.x0:y0=0;20=%.4141.%=y°=?“=%- . 4142, x, =

_ 4 3 .. _ 4 3 _ mabc?®, _ madbc, _ nabic
Iyz— i—s-ﬂta bC, sz/ Eﬂ:ab C. 4145. IJ(!/ 5 ’I[/Z 20 I 20 .

4146.8) I, = 225 (15n - 16); 1, = 2‘“’ 2 (1057 - 272); I, = — 2a%c 1057 92);

225 1575
_ 7 3. 4 3. 4.3 _ 15m2 3, |
6) I, = §nabc I, = §nab c; I, = 37 be. 4147.a) I, = ma be;
GG
1502 3 b 3 _ n 31 ..
I, = ————ab'c; I,= abc’; 6)I,= -~ + ———~ - a’be;
2562 Y1282 Ve = 5 r g)
n
GG MDA
1 n n 3 1 n n 14
_ 1 . cabe; I = L - .4148. 1, = 14
Y 5p? (5 avie Ly T F0 5 15°
2) IG
n n,

AT 4 5 _5)6) Rad 4 prp2 M (g2 2
4149.0) [, = £ (442 - 5);6) T a®. 4150. S MR’. 4153.1 3((1 +3h),me

245
M = 2npyath — macca Lpinusapa. 4154, I; = = ag Po . 4155, u = 2mp, (Rz - %2) ,

4nR3p, 3 3
ecitt r< R; u= z , ecnu r> R, rae r= Jx?+y?+22. 4156.u =
r

Ry

= 41:.[ f(p) min (972 , p) dp,roer= Jx2+y2+22. 4157, u = np,

Ry

(h—2)x

4158.X:O;Y=0;Z=—G‘j\l{1]n,ecnnla[ >R, Z= GMma ecnu |a| < R.

4159. X = 0; Y = 0; Z = —2np,G{Ja2 + 22 — Ja2+ (h-2)2 — (|| - |n - 2}
4160. X = 0; Y = 0; Z = -Gp,Rsin®? a.  4161. Cxogurcs mpu p > 1.

xJa+ (h—22) +zfa?+ 22 ~[(h - 2)|h — 2| + 22]] + a®In

4162. Cxogurcs mpup > 1 ug> 1. 4163. Cxoxures nupu p > —21- . 4164. Cxonutcs

npu 1 + 1 <1, 4165. Pacxoaurca. 4169. —L . (p > ¢ > 1).
p q

(p-q9)g-1)
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4170._1_1 (p>1). 4171.2n. 4172.;£I (p>1). 4173.742(/2-1).
p- ~

>

4174. 1. 4175.n. 4176. F. 4177. . 4178. L of ,ecm s = |90 | u
2 2 JS b e
abd REalh?
A=|pcol-4179. T ab. 4180. ———l——-a .4181.Cxogurca. 4182, Cxoaurcsa
def ¢ 2(1- ¢2)?

npu p < 1. 4183. Cxoaurcsa npu 141 .4 4184, Cxoautcsa npu p < 1.
p q

4185. Cxoaurca npu p < 1. 4187. g 4188. ma. 4189. -%2 In 2. 4190. 2.
4191. CxopuTrcst npup) . 4192. Cxogurca npup < - . 4193. Cxonurcs
1

npu 1oy 1o 4104, Cxopurcs npu p < 1. 4195. Cxoaurcs npu
p q r

p<l. 4196.(1-py' 1 -1 -nN"' (p<1,¢g<1,r<1). 4197 531‘

3 -
4198. 21'LB(% ,1-p ] (p < 1). 4199. 7z . 4200. E , rme A = la,|. 4204. a) '31 ;

n(3n+1) a" 2 . 2nhyhy. . .k,
6) 2 . 4205. 4206 . 4207. G DER D 4208. T
n=1 a n-1

4209, & a2| " 4210, — % a,a,...a,. 4211. _mfa"  goy9 M Z a" lh?
n! LA LU

o 1) F(” j l‘(” + 1)
n ( 5 2+ 1 12 2

4213, —“° . 4218 R" " jf(ﬁ)uz du. 4219, u = 18 x2p2 po,
= 7 i
2 2

A
4220. fy ed,raed=lajuA=

a;b;

b, ¢

— OKaMMJIeHHBbIH olpefenuTeNb.

3
4221. 1 + 2. 4222. Z%a? 4223. 2n2a’(1 + 2n%). 4224. ﬁf(chz 2, — 1).

7

4225. 407 . 4226. 2(c" ~ 1) + Dac". 4227. 22%(2 - J2). 4228. Eﬁli__ Tt

4229. 2¢%. 4230. T. 4231.5. 4232. /3. 4233. |xy| + |z}, rme |x,| < a.
a

3,3z A/‘i:j 235.( 1+ 22 236.a./2 arctg —L2
4234‘4‘]5[37”3 3(.4 35.( )ﬁzo 4236.40./2 arctg .



550 OTBETEL

I
4237. %(3(12 + 4n2p?)Ja £ b2. 4238. —na 4239. é[(z + 22 - 22}.

a? 25 +4.J38 arcsine
J38 - 72— 25+ 4./387 1,26 ( b+ gdresing)
ﬁ[mo 38 - 72~ 17In 2224 ] 4241.1 b(b R )

raee = Y27 = 0% __ sy cnempucurer smwmrca, 2.§p2(2ﬁ - 1. 3.% [ 343 -1+
a

31.,3+2/3 —p_g kza., b, __ab _4
+3 3208 }.4242.x0 b-a L=ty -1 2J177——a‘2 .4243.5,=y,= .
4244. 1. S, =S, = gaz. 2. na®. 3. a) '3.32(13; 6)?'{-5(13. 4. ry= %
4245. g = yo = 2, — 28 4246. xy = 2y, ~~Liz, = L. 42471, =1, =

cXg = Yo = 2 3’ - Xg 5’.l/o 5»20 I,

=(“_2 + ’_‘5) JAmaZ+ ht; I, = a*JAnta?+ h:. 4248. a) 0; 6) g; B) 2.

2
4249. a) 2; 6) 2; B) 2. 4250. — 14 . 4251. 4 . 4252. 0. 4253. —2na’®. 4254, —27.

4255. 0. 4256.0. 4257. Z—I —1. 4258.8. 4259.12. 4260.4. 4261.-2.

a+b *2 V2

4262, f f(w) du. 4263.—-3—.4264. 9. 4265. j @(x) dx + f W(y) dy. 4266. 62.
o

4267.1. 4268. 1 + 1. 4269. ¢ cos b — 1. 4271, z = £33 + x%y - xy? - L“ +C.

1
4272, L arctg 3¢ + ¢, 4273 z = -2~ 4 Inlx + 4 + C.
2@ e 2y,J_ ( y)z ] yl
4274 2 = e *V(x —y + 1) + ye* + C. 4275 z = 2278 4 ¢

axnaym

4276. 7 = 921" (arctg E) +C. 4278. |I] < 8" . 4279. L . 4280. -na?.
dxndym y

4281. 212 a® sin (g —a) 4282. -"2° 4283, —4. 4284. 531 4285. 0.
Xotyp+izy

*2 Y2 22
4286. b — a. 4287. J' o(x) dx + J' w(y) dy + I x(2) dz. 4288. j f(w) du.
x y

fy el ey
4289. j uf(u) du. 4290. u = %(x3 + 3 + 2% - 2xyz + C.

4291 u=x- % + 2 + C. 4292. u=1In J(x+y)2+2% +arctg - +C.
y z x+y
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4293. A = —mg (z, — z,). 4294. A = —g (a2 - b%), kB — Ko3pdUIUEHT

ynpyroctu. 4295. A = G(rl - rl) , tpe r; = A/xf+y?+ zf (i=1,2).
1

2

4296.1 - f J y? dx dy. 4297. —46§ . 4298, ’lzi-“‘ . 4299, ~2nab. 4300. —% (- 1).

4301. 0. 4302. I, — I, = 2. 4303. “”;“2. 4304. mS + e*2 @(y,) — €™ oly,) -

-my,—y)— = (xg = x)(yz + yy)- 4305. P = a——u,Q=kx+ (22, rae u —
2 dx oy
ABaXkabl auddepeHnupyeMas (PyHKLUA U B — NOCTOAHHASA BeJMYMHA.

4306. %[xF(x, ] = %[yF(x, 9] 4307. 1) I = 0; 2) I = 2. 4308. nab.
[¢
4309. —nab 4310. %2 4311. gaZ. 4312. a®.  4313. % + A

943
rz(%). 4316. 22 |1 + (___1—%)ﬂ

I 2 n sin®
n n

4314. ‘;B(Zm +1,2n +1). 4315. g_b.
n

4317. _abe? . 4318. 1t (n + 1)n + 2)r% 6nr2. 4319. nw (n ~ 1)(n — 2)r%;
2(2n+1)

6nr?. 4320.1. 4% 4321. sgn (ad - be). 4322. 1 = Y sgn é(‘P’_E rae cyMMa

pacmpocTpaHeHa Ha BCe TOUKM nepeceueHust KpuBbix @ (x, y) =0 n y (x, y) =
neskalue BHyTpHu KoHTypa C. 4324. I = 28, rae S — njomanb, OrpaHu-

yennaa Koutypom C. 4325. X (x,, yo) + Y, (x4, o). 4326. IIpoexnuu cunt

2GmM

Ha ocu KoopauHaT paBHbl: X = 0; Y = , rre G — rpaBUTAIlMOHHAA

nocrosaHHad. 4327. u = 2nxR In % ,ecaup = Jx2+y? <Ryu=2muRIn % , €CJIN

p>R.4328.1, = % p™ cos m, I, = p™™ sin mo, ecan p > 1. 4329. u = 27, ecin

TOuKa A(x, y) IeXKUT BHYTPU KOHTypa C; u = T, ecsiu Touka A(x, y) JeKUT Ha
koHType C; u = 0, ecnu Toura A(x, y) gexuTt Bue Koutypa C. 4330. K, =

= p™ cos m@, K, =np™ sin mp, ecnu 0<p<1; K,=0,K,=0,ecmup=1;

=_T =-T g = _g_t v .
K, o cos m@, K, on sin me, ecoin p > 1. 4339. @ ff e + ay) dx dy;
S

du v _ - i £ 1 — _ _ .
TR -0 4340. H, klﬁra[(n y) dz — (§ - 2) dyl;

c
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kljS (€ - 2) dx = (& = x) dz; H, = ki § 5[~ ) dy = (1 =) dx).

c

4341. 1, - I, = (41 - 2./3)a'. 4342 gn 24°. 4343. na’.

4344. Z(1 + J2). 4345, 3;2@ +(fA-1)In2. 4346 1254?)_1.

4347. A7 gpe (l + L4 l). 4348. na 1+ a? +1n(a+ JI7a?)).

2 b2 c?

4349. % gin o cos? a (o <a< g) . 4350. g—; J2at. 4352.1. Zl(l;s—ﬁﬁl

1 4354, nppa(3a?+ 2b%).Ja? + b? . 4355.2) x, a.

2
2.na% 3. —— . 4353. —npoa 3 =3

2

Yo = 0; zo—;—sa, 6) Xo = Yo = Z_‘Eﬁ; 20= 2(J/Z +1). 4356.1. a) 40a*;

6) nR[R(R + H)? + §H3:| . 2. {g . 4357. TIpoeKI MK CUIbI IPUTAMEHU A Ha

a

ocu koopaunat X =0; Y = 0; Z = nkmp, In % . 4358. u = 4np, min (a, ‘?) ,

[
THe ro = NXo+ye+zh. 4359, F(t) = L (3 22, ecau |t} < 3 F(t) = 0,
ecnu || > 3. 4360. F(t) = ﬂs—*(f—@ #. 4361.F =0, ecn ¢t < r - a;

F=“Tt[az—(r—t)z],eCer—a<t<r+a;F=O,eCJmt>r+a(t>O).

4362. 4na®. 4363. ["(‘”‘f(") + &0 -g(0) | "(C)"’(‘))} abe. 4364. 0.
a b c
4365. 4Tﬂc (a%b? + a?c? + b%c?). 4366. %’T (@ +b+c)R. 4367. -na’J3.
a
4368. %3 4369. 2 nn S. 4370.0. 4371. —2na (a + h). 4372. 2nRr2.

4373. —ga‘"‘. 4374.0. 4376.3 f” (* +y® + 2%) dx dy dz. 4377.0.

. dxdydz JJJ ot 2%, 0t
4378 zf” _LW . 4379. Budz dy dz, tae Su= 55 + 55 + 55

4380. 0. 4384.4—3’3 (a + )|c| 4385.1. a 2. 2n%a?. 4387. 3a‘.

4

4388. %naE'. 4389. 1.  4390. —%. 4392. a) I=0; 6) [=4n.
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4401.1. a) grad u (0) = 3i ~ 2j — 6k; |grad u(0)| = 7, cos o =

3w

=-2
, cos B 5o
cosy=—g; 6) grad u (4) = 6i + 3j, |grad u (4)| = 3.5, cosa=%,

cos f = % ,cosy=0; 8) grad u (B)=7i, |grad u (B))= 7,cos .= 1, cos § = 0,
5

cosy=0; grad u = 0 B Touxe M (-2, 1, 1). 4401.2. grad u (M) = 12i — 9 — 20k,
= =12 --9 -4, Ju_ 3

lgrad u (M)| = 25, cos 550 COS B 550 COSY SR

4402.a) xy = 2%, 6)x=y=0 u x=y=2; B)x=y=2. 4403.r=1.

(x2+z£)+422 =1 x2+y? + 2?2 _ 4. -
4404. T = (u > 16); 960 054 1; max u = 20.

4405. cos ¢ = —— . 4406. IToBepXHOCTH YPOBHS ~— IOJIOCTH KOHYCOB; IOBEPXHOCTH

PaBHOTO MOAYJA rpagueHta — Topwl, inf u = 0, sup u = 1; inf ]grad ul =

=1 1A L - r
sup |grad u| 5" 4407. Taradi (o, 7o, 20 .4409. a) - ; 6) 2r; B) .4410. 1 (r)

lau Ju

4411, c. 4412. 2r{c * ¢y — 2c(c ' r). 4415. a) grad u = 5- et = "0 e, + 3, G TAE
e, =icos ¢ + jsin ¢, e, = —isin ¢ + jcos @, e, = k — opreI, KacaTeNLHLIE K COOT-
BETCTBYIOLM KOODIUHATHBIM JMHUAM; 6) grad u = %—u e .+ lgg 9 rsinegz; o

raee, =icos @sin @+ jsingsin0 +kcos 6, eg =1cos ¢ cos 8 + j sin ¢ cos 6 —
—ksin®, e,=—isin @+ j cos ¢ — opThl, KacaTeabHbIe K COOTBETCTBYIOIUM

KOODAMHATHBIM JHHUAM. 4416. ‘3’; =% rrer=JxItyz+22; au — |grad ul,
ec.mda=b=c.4417.a—u = _(ﬂl_r) =0, ecmml Lr. 4418. %4 au =gradugradv;
ol ré {gradv|

~0, ecmgrad u L grad v. 4419. g = KSx2y?+y2)-j(JxiryPrx2)vk(x-y)z

al (x2+ y2+ 22)Jxt + y?
_ 2 . _ 18, . 24
4420. y = c,x, 2 = cyx°. 4423.1. div a (M) 55 II 155 ned. 2. 0.

4425, div (grad u) = Au, rae Au = % + aa% 4 Q%u 32“ . 4426. f(r) + 2 f(r),

f(n=c+ S rpecu ¢, — noctosiuubie. 4427. a) 3; 6) % . 4428. L’_&r_) (c-r).
r

4429. 3f(r) + rf(r); (fr) = =, rae ¢ nocroaHua. 4430. a) u Au + (grad u)?;

r3

6) u Av + grad u - grad v, rae Au — oneparop Jlannaca. 4431. div v = 0;
divw=-2w?% 4432. 0, BHe npuTAaruBamouux neyTpos. 4433. diva =
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=1 L;l (ra,) + aa—‘;i‘] rae a,, 4, — NPOeKLMH BEKTOPa & Ha KOODJMHATHBbIE
r r
JuHuM @ = const u r = const. 4434. diva = 17\31.1\7 [ (MNa,) + = (NLa,,) +

+ a—a- (LMaw):l , TAE a,, a,, @, — NPOEKIIMU BEKTODA & Ha COOTBETCTBYIOILIUE
w

- af ag ah ag Oh
KOOPAMHATHHIE INHUU U J E au , M= av av
N = J —f a—g (g—f)) Ecnu r, ¢, 2 — nuauHapryecKkre KOODAUHATHI,
w
. 1 da da,
To div a = = [— (ra)) + =2 + r—]; ecau r, 0 u ¢ — cdhepurueckue
r Lor o) 0z
KoopauHaTtsl, To div a = = Slme [— ("a, sin 8) + r— (aq sin 6) + ra—a(-p}

4436.1.a) 0; 6) 0. 2. rota (M) = —gi —j+ .gk, [rot a (M) = 5/141,

_ -5 _ -4 _ 10 f'(r) .
COSOL = —=—, COSP = ——, COSYy= —r, 4437. a r xcl;
J141 B 141 v J141 ) r [ ]

6) 2f(r)c + ﬂrﬁ [e(r ) — Hc-r)]. 4439.a) 0; 6) 0. 4440. rot v = 20.

4441.1. rot a = -1; [i (ra,) — %a, ] k, rae a, 1 a, — OpoeKLMH BEKTOpa a

or o
COOTBETCTBEHHO Ha KOOpDAMHATHBIE JHHHUU r=const mu (p=const.

1da da da da 179 da,
2 - (__z - _n) + (._' - _:) + _[_ - _'] ,
a) rot a rog 02 ) & dz ar ) & rlLor (ray) 0] G
rape a, = a,cos¢ + a, sin @, a, = —a, sing + a,cos P, a, = a,;
| ~ %% 1r L .da 9
6) rot a ey [ (a, sin 6) a(p] e, + p [sine 50 3 (ra,) } ey +

+ % [53_; (rag) - %i.‘;’:l €y, A€ @, = @, cos @ sin 6 + a, sin ¢ sin 6 + a, cos 0,

ag =a,cos ¢ cos O + a, sin ¢ cos 6 — a, sin 0, a, = —a, sin ¢ + a, cos .
3] x Y z (4 x y

4442.1. a) 0; 6) whd. 2.a)0; 6)0. 4443. n. 4444. §81—I . 4445.1. 0. 2. TEI

4447, dnm. 4448. Y e, 4450. cp%'-: = div (k grad u), rie ¢ — yaenbHas

i=1
TEMJIOEMKOCTh, M  — IUIOTHOCTHL Tena. 4452, 1, 2n%?, 2. 8% In 2.

s

3. %(3 + et — 126%). 4. —12. 4453. ff(r) rdr.4454.1. a) 2n; 6) 2n. 2. a) ' = 0;
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6) ' = 2nn, rge n — uyucno oboporoB KoHTypa C BOKpyr ocu Oz.

4455. rot a (M) = —j — 2k, T = —n(cos B + 2 cos y)e. 4456. Q = “‘ a_” +av)dxdy,

_dv = v
= — = 4457 1. +y+2)+
_” d ay; ax ’ ay pp u=xyz(x+y+2)+C.

2.1 4458 4 = ™. 4459. u(x,y, 2) = z 2 rge r, — paccrosnue
3 r ~on
nepeMeHHOH TOouku M (x, y, 2) oT Toukm M, (i =

r

4460. u (x, y, 2) = f tf(t) dt, rne r = JxT+yi+z?.

"o

1, 2, ..., n).
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